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Preface 


In the end of 19 century, W. Killing and E. Cartan classified the complex simple 
Lie algebras, called An, Bn, Cn, Dn (classical type) and Go, F4, Eg, E7, Es (exceptional 
type). These simple Lie algebras and the corresponding compact simple Lie groups 
have offered many subjects in mathematicians. Especially, exceptional Lie groups are 
very wonderful and interesting miracle in Lie group theory. 


Now, in the present book, we describe simply connected compact exceptional 
simple Lie groups Go, F4, Es, Ez, Eg, in very elementary way. The contents are given 
as follows. We first construct all simply connected compact exceptional Lie groups 
G concretely. Next, we find all involutive automorphisms o of G, and determine the 
group structures of the fixed points subgroup G? by c. Note that they correspond to 
classification of all irreducible compact symmetric spaces G/G° of exceptional type, 
and that they also correspond to classification of all non-compact exceptional simple 
Lie groups. Finally, we determined the group structures of the maximal subgroups of 
maximal rank. At any rate, we would like this book to be used in mathematics and 
physics. 

The author thanks K. Abe, K. Mituishi, T. Miyasaka, T. Miyashita, T. Sato, O. 
Shukuzawa, K. Takeuchi and O. Yasukura for their advices and encouragements. 
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Notation 


R, C = Rẹ Rej, H=RO Re, 9 Re; © Res denote the fields of real, complex, 
quaternion numbers, respectively. 


For R-vector space V, its complexification {u + iv|u,v € V) is denoted by V€. 
The complex conjugation in V€ is denoted by r: 


T(u 4 iv) = u — iv. 


RC is briefly denoted by C. 

For K-vector space V (K = R,C,C), Isox (V) denotes all K-linear isomorphisms 
of V. For a K-linear mapping f of V, V; denotes (v € V | f(v) = v}. 

For K-vector spaces V, W (K = R, C), Homx (V, W) denotes all K-homomorph- 
ism f : V ^ W. Homx(V,V) is briefly denoted by Homy(V ). 

Let G be a group and o an automorphism of G. Then G7 denotes {g € G|o(g) = 
g}. For s € G, G? denotes {g € G|sgs^! = g}. 

For topological spaces X, Y, X ~ Y denotes that X and Y are homeomorphic. 

For groups G,G’, G = G' denotes that G and G” are isomorphic as groups. Iso- 
morphic two groups G', G” are often identified: G = G”. 

M (n, K) denotes all n x n matrices with entries in K. 

E = diag(1,---,1) € Mí(n, K) is the unit matrix. 

For A € Min, K), 'A denotes the transposed matrix of A and A" denotes the 
conjugate transposed matrix of A: A* = ' A. 

O(n) = (A € Min, R) |! AA = E} (orthogonal group), 

SO(n) = {A € O(n)|det.A = 1} (spcecial orthogonal group), 

U(n) = {A € M(n,C)| A*A = E) or (A € M(n,C)|T(!A)A = E} (unitary 
group), 

SU (n) = (A € U(n)|detA = 1} (speccial unitary group), 

Sp(n) = {A € M(n, H) | A*A = E} (symplectic group). 

For a Lie group G, its Lie algebra is denoted by the correspoding small Germann 
letter g. For example, su(n) is the Lie algebra of the special unitary group SU (n). 


Special notations 


Y T, b K, À, H, T, U, Xs g, w. 


Exceptional Lie group G» 


1.1. Cayley algebra € 


We denote the division Cayley algebra by €. We now explain this algebra. Con- 
sider an 8 dimensional R-vector space with basis {eo = 1, €1, €2, €3, €4, €5, €6, €7} and 
define a multiplication between them as follows. In the figure below, the multiplication 
between e, €2, €3 is defined as 


€1€2 = €3, €2€3 =€1, €3€1 = €2, 


and defined similarly on the other lines. For example, e1eg = ez, e4e; = ea etc. We 
regard that e2, €5,e7 are also collinear, for example, ege; = e2. eg = 1 is the unit of 
the multiplication and assume 


e = —1, 140, ee; =-—ejei 145,140, 5 £0, 


and the distributive law. Thus € has a multiplication. zl. € R is briefly denoted 
by x. In €, the conjugate 7, an inner product (x,y), the length |x| and the real part 
R(x) are defined respectively by 


A 


€6 


7 7 7 7 7 
Xo + d Tiei = To — ` Tj€i, ( ` Tei, ` niei) = ` Livi, 
i=1 i=1 i=0 i=0 i=0 
7 
|x| = y (x, x), R(xo + d SH = Xo. 
i=1 


T 
For z € €, x # 0, we denote — by x", then we have zz! = a~'a = 1, and € 
£ 


satisfies all axioms of a field except the associative law z(yz) = (xy)z. Of course 
the commutative law xy = yx does not hold. Since the associative law does not 


hold, calculations in € are complicated, however the following relations hold. (See 
Freudenthal [6] or Yokota [58]). For a,b, x,y € €, we have 


l (zy,xy) = (x,x)(y,y), |zyl = lily]. 


2 (or, ay) = (a,a)(x,y) = (xa, ya). 

3 (ax, by) + (br, ay) = 2(a, biz, y), 

4 (ax, y) = (x, ay), (xa, y) = (x, ya). 

5 Dam, ui, Wye. 

6 (2,9) = (0) = (ey +92) = Gg + ym), Be = a8 = lol? 
7 a(G@x) =(aa)x, og) =(ax)G, x(aa) = (xa)a 


a(ax) = (aa)r, a(xa)=(ax)a, x(aa) = (xa)a, 
8 b(ax)--a(bx) = 2(a,b)a = (xa)b + (xb)a. 
9 We use a notation {x,y,z} = (xy)z —2(yz), called the associator of x,y,z. 
Then, we have 


{x,y, a} z {y, a, cj = {a, x,y} x —{y, x,a} = —{2£, a, y} "m —{a,y, x). 


For example, we have 


(ax)y + z(ya) = a(zy) + (xy)a, 
(ra)y + (xy)a = x(ay) + z(ya), 
(ax)y + (xa)y = a(zy) + a(ay). 


10 (ax)(ya) = a(zy)a (Moufang's formula). 
11 R(zy) = R(yr), R(a(yz)) = R(y(zx)) = R(z(vy)) (= R(zyz)). 


For an orthonormal basis {1,a1,a2,---,a7} of € with respect to the inner product 
(x,y), the following 12.1 ~ 12.3 hold. 

12. aj;(ajz) — —aj(a;r), in particular, ajaj = —aja;, ij. 

12.2 aj;(a;z) 2 —z, in particular, a;? = —1. 


12.3 aj(ajay) = aj(axa;) = ax(a;aj), i,j,k are distinct. 
1.2. Compact exceptional Lie group G2 


Definition. The group G2 is defined to be the automorphism group of the Cayley 
algebra €: 
G2 = {a € Isor(€) | (zy) = (ax) (ay)}. 


Lemma 1.2.1. For a € G2, we have 
(ax, ol = (x,y), «yet. 
Proof. For a € Gp and x € €, we have 


QT = QT. 


To prove this, it is sufficient to show 


From (a1)(a1) = a(1-1) = al and o1 Z 0, we have a1 = 1, while from (oe;)(ae;) = 
1 


(oz, oul = 5 (o2) (83) + (ey) ()) = 5((a2)(07) + (oy) (az) 
= o( 529 ym) = a((2,y)) = G9). 
Theorem 1.2.2. Gə is a compact Lie group. 


Proof. Gə is a compact Lie group as a closed subgroup of the orthogonal group 
O(8) = O(€) = {a € Isog(€) | (ax, ay) = (x, y)}. 


Remark. Since al = 1 for a € G2, Go is a subgroup of the orthogonal group 
O(7) = {a € O(€) | al = 1}, that is, Go C O(7). 


1.3. Outer automorphisms of Lie algebra 94 


In order to study the Lie algebra gə of the group G2, we consider the Lie algebra 


D4 = so(8) = so(€) = (D € Homn(€) | (Dz, y) + (x, Dy) = 0} 


of the Lie group SO(8). 
We define R-linear mappings Gi; : € — €, i, j = 0,1,- --,7,i Æ j satisfying 
Gijej = €i, Gijei =—ej, Gijek =0, ki, j. 
Then Gi; € D4 and (G;;|0 <i < j € 7} forms an R-basis of D4. Furthermore we 
define R-linear mappings Fi; : € — €, i, j =0,1,---,7,i Aj by 


1 
botz zes), LEC. 


Lemma 1.3.1. For i,j = 0,1,---,7,i Aj, we have Fij € Da, and when i < j, 
Fi; is expressed in terms of Gij as follows. 


2Fo1 = Go1 + G23 + Gas + Gez 2Fo2 = Goz — Gi3 — Gag + Gsz 
2F53 = Goi + G23 — Gas — Ge 2F13 = —Go2 + G13 — Gag + G57 
2F45 = Gor — G3 + Gas — Ge 2F46 = —Go2 — G13 + Gag + G57 
2Fe7 = Goi — G23 — Gas + Ger, 2F5; = Goz + Giz + G46 + G57, 


2Fo3 = Gos + G12 + Gaz + Goo 2Foa = Gos — Gis + G26 — Gaz 
2Fi2 = Go3 + G3 — Gu — G6 2Fi5 = —Go4 + Gis + Gog — G37 
2F4y7 Gun — Giz + Gaz — Gre 2P55 = Gos + Gis + G26 + G37 
2Fs6 = Gos — Gi2 — Gaz + Ge; 2F37 = —Go4 — Gis + G26 + G37, 
2Fos = Gos + Gia — Gaz — G36 2Fos = Gos — G17 — Goa + Gas 
2Fia = Gos + Gia + G27 + G36 2Fi7 = -Gos + Gir — G24 + G35 
2Fo7 = —Gos + Gia + G27 — Gag 2Fo4 = —Gog — G17 + Goa + Gas 
2F36 = —Gos + Gia — G27 + G36, 2F35 = Gos + G1; + Gos + Gas, 


2Fo7 = Gor; + Gig + Gos + Gau 
2Fig = Gor; + Gis — Gos — G34 
2F»5 Gor — Gig + G25 — G34 
2F34 = Go; — Gig — G25 + G34. 
In particular, (F;;|0 € i « j € T) forms an R-basis of D4. 


Il 


Definition. We define R-linear mappings &,7,v : 94 — D4 respectively by 
(kD)y = Dz, reg, 
n(Gij) = Fij, i,j—0,1,--, 7,4 X 5, 
V = TK. 
Lemma 1.3.2. The mappings k,7,v are automorphisms of the Lie algebra Da: 
&,T,V € Aut(94). 
Proof. Since «k? = 1, & is an R-linear isomorphism of 94. We have 
[«D4, Dale = (Di Wir Dox) — (KD2)(KD 1x) = Diir Dan) — Do(&Diz) 
= Dı Det — Də DıT = k(Dı D: — D3D1)x = K[DA, Dojļz, CG 


Hence & € Aut(®,). Since m maps the R-basis (Gi; |0 < à < j € 7} to the R-basis 
{Fij |0 <i <j € 7} of 94, 7 is an R-linear isomorphism. To show that 7 is an 
automorphism of Dz, it is sufficient to show that 


[nGij, nG] = n|Gáj, Gri], 


which in turn would follow from the relations 
[F;;, Fjk] = Fix, i, j, k are distinct, 
[Fij, Fri] = 0, i, j, k,l are distinct. 


In the following calculations, let i, j, k,l be all distinct and i, j, k,l # 0. For x € €, 
1 1 
[Fio Fox]x = (FioFox — Fok Fio)z = -39 no) + gelen) 


1 
= aei (eim) = Fina, 


= te etal — Teler (esa) 


[Fio, Pala = (FioFii — Fri Fio)æ 1 
1 1 
= -qeeieka)) + qeei(en)) = 0, 
1 1 
Wiss Elke = (Fi Ej — Pub = Ge; (ei (ex (esx) — tex(es(e5(eim))) 


= tese (65 (652) + Zeie = een + Zeien 


x Zeien = bat, 
[Figs Pale = Fay Pa — Pub = xe (esten) — ge ex es (ein) 
= zej en eser) — ges (eei) Ts 


Hence 7 € Aut(4). Finally, since v = 7K, we have v € Aut(4). 


Definition. For a € €, we define R-linear mappings La, Ra, Ta : € — € respec- 


tively by 
Laz =az, Raz=zxa, Tax =azx + za = (La + Rajt, et, 
Hereafter, we denote by Co the subset {a € € |a = —a} of €. 


Lemma 1.3.3. For a € €o, we have 

(1) La, Ra, Ta € Da. 

(2) 6kLa=—Ra, Suz —La, KTa = A 
(3) nLa=Ta, "bas Ra, nTa = La. 
(4) vLa= Ra, vRa=-Ta, vTa = -—La. 


Proof. (1) (Lax, y) = (ax, y) = (x,ūy) = —(x,ay) = —(z, Lay), x,y € €. Hence 


La € D4. Similarly, Ra € D4 and Ta = La + Ra € Da. 


(2) (kLq)x = Lat = az = xà za Rax, x € €. Hence &L4 = — Ra. 
others can be similarly obtained. 


(3) It is sufficient to show that these relations hold for a = e;, i = 1,---,7. We 


have 
Le, =2F io, Te, = 2Gio. 
Indeed, 
Lex = eix Zar, Ef, 
2ei, y=] 
Teat — et tte —2, L=e; 
0, =e; J # 0,4. 


It follows that 


T Le, = 1(2Fio) = — Zar Foi = —2Goi (Lemma 1.3.1) = 2Gio = Te 


i? 


TTe, = 71(2Gio) = 2 Fio S Le, 
ab, = If, — La) = La — Ta = — Rs. 


(4) follows immediately from (2) and (3), since v = 7K. 


Lemma 1.3.4. The Lie algebra D4 is generated by (L4|a € €o) (by taking at 
most one time the Lie bracket | , ]), that is, any D € D4 is expressed by 


D = La + M Un, bel a, bi, Ci € Co. 

Proof. Let D’ be the Lie subalgebra of D4 generated by (L,|a € Co}. Since 
Le, = 2F 9 and Be dl = A[Fio, Fjo] = =4Fij; i Æ 0, Æ 0,2 Æ j; we see that D 
contains F;;, i, j = 0,1,---, 7, is j. Since {F;j, i < j }is an R-basis of D4 (Lemma 
1.3.1), D’ coincides with D4. 


Theorem 1.3.5. In the automorphism group Aut(94) of Da, the subgroup G3 
generated by k and m is isomorphic to the symmetric group Sa of degree 3. Further- 


more, &,m,v have the following relations. 


Proof. Since (L,|a € €o} generates D4 (Lemma 1.3.4), it is sufficient to check 


k? = 1, 1? = 1, v? = 1 etc. for La. However, these relations follow from Lemma 
1.3.3.(2),(3),(4). The mapping f : 63 — 53 defined by the correspondence 


3 ff Qu zn Dien 
gw Us 2 1 3 WU Ng 2 1J’ 


gives an isomorphism as groups. 


X 
WO UN 
Nr 
wn NN 
= C3 
Ny 
NS 
N 
V. CONS 
w =e 
=. N 
h2 C2 
uA 
is 
ES 
Z7 7X 
RR 
w bv 
N C2 
NIC oy, 


Theorem 1.3.6. (Principle of infinitesimal triality in 94). For any Dı € 
D4, there exist Do, D3 € D4 such that 


(Diz)y + z(Doy) = Da(zy), rue. 
Also such Dz, Da are uniquely determined for Dı and we have 
Də = v Di, D; = t Dı. 


Proof. Ifa € €o, then La, Ra,Ta € D4 (Lemma 1.3.3.(1)) and the equality 
(ax)y + z(ya) = a(xy) + (xy)a implies that 


(Lax)y+x(Ray) =Ta(ry), x,y E€. (i) 


Similarly, for b € €o, we have 
(Lox)y + z(Hyy) =Tr(xy), x,ye€. (ii) 
Applying Ta on (ii) and using (i), we have 
(La Lyz)y + (Loa)(Ray) + Lar)(Roy) + «(Ra Roy) = TaTy (xy). 
Exchanging a for b, and subtracting from the above, we get 
((La, Lo]x)y + 2([Ra, Roly) = (Ta; Te] (£y). (iii) 
Since D, € D4 is expressed as 
Dı = La + > [Ls,Le], a,b,c € Co 


(Lemma 1.3.4), putting D2 = Ra + Ņ [Fœù, Re], Da = Ta + 3I, Te] and using (i), 
(iii), we obtain 
(Dix)y + z(D2y) = Da(xy) x,y €€. 


Next, we shall show that D2 and Da are determined uniquely for Dı. To prove this, 
it is sufficient to show for Dı = 0 that Də = D3 = 0. Now, suppose 


z(Doy)-— Ds(zy), x,y €€. 
Putting x = 1, we have Doy = Day, so that Də = Ds (= D). Therefore 
a(Dy) = D(xy), v,y€ €. (iv) 


Putting D1 = p, we have 2(p, 1) = (p, 1)-- (1, p) = (D1, 1)-- (1, D1) = 0, which implies 
p € Co. Furthermore, putting y = 1 in (iv), we have xp = Dz, so (iv) becomes 


x(yp) =(ay)p, for all z,y € €. 


We therefore see that p € R, so that p = 0 since p € Go Hence Dx = xp = 0, 
and so D = 0. This proves the uniqueness. Finally, if we express Dı € D4 as 
Dı = La + Y [Ly Le], a,b,c € €o, then Dz = Ra + X [M, Re], Da = Tat My. Te] 
from the arguments above and the uniqueness. Hence we have Da = v Di, D3 = 7D, 
(Lemma 1.3.3). 


Lemma 1.3.7. For Di, D2, Da € 394, the relation 
(Diz)y + z(Doy) = (KD3)(zy), zue 
implies 


(Dox)y + z(Dsy) = (k«Di)(zy), zueg, 
(Daz)y + a(Diy) = (&Da)(vy), x,y €€. 


Proof. For D» € D4, there exist D3’, Dy’ € D4 such that 
(Dax)y + z(Ds'y) = (kDi')(zy), x,y €€, 


and D3’ = vD», KD,' = «D» (Theorem 1.3.6). The assumption of the lemma is 
Də —vDi, «D3 = 1D, (Theorem 1.3.6). Hence, using Theorem 1.3.5, we have 


Ds! = vDə = vv Dı = v D, = kr D, = KKD3 = Ds, 
Dj = &r D» = v-1Ds = Dj. 


1.4. Lie algebra g» of G» 


Theorem 1.4.1. The Lie algebra go of the Lie group Ga is given by 
a, = (D € Homg(&) | Die) = (Dz)y + (Dy). 


Proof. If D € Homg(€) satisfies (exp tD)(xy) = ((exptD)x)((exptD)y),t € R, 
then by differentiating with respect to t and putting t = 0, we get D(xy) = (Dz)y + 
x(Dy). Conversely, if D € Homg(€) satisfies D(xy) = (Dx)y + x(Dy), then it is not 
difficult to verify that a = exptD satisfies a(zy) = (ax)(ay). 


In order to study the Lie algebra gə, we need the following Lie algebra ba = so(7) 
of SO(T): 
bs = {D € D4 | D1 =0} 
= (De9$94|kD— D) = (De 94|vD =7D}. 


Lemma 1.4.2. go is a Lie subalgebra of b3. Moreover we have 


82 = (De 94,|vD—- D, tD = D} 
= {D € D4 |AD = D, à € 63} 
= {D € bz |7D = D). 
Proof. Let D € gj. Putting x = y = 1 in D(zy) = (Dz)y + x(Dy), we get 


D1 = 0. We next show that 
DrE Co, cce. 


If i 4 0, then (De;)e; + e;(De;) = D(e;e;) = D(—1) = 0, and so De; € €o. Together 
with D1 = 0, we have Dx € €o, x € €. Now, note that 


ry yr = —(zy-cyx)-— —2(z,y), x,y E€ Co. 


Applying D on the relation above, we have (Dx)y + «(Dy) + (Dy)z + y(Dx) = 0. 
Since Dx, Dy € Go, we get 


(Dz,y)-t(z,Dy)—-0, "neg 


Hence gy C b3. The relation in the lemma follows easily from Theorem 1.3.5 and 
Theorem 1.3.6. 


Theorem 1.4.3. Any element of g4 is expressed by the sum of elements of the 
following seven types. 
AGo3 + uG4s + vGez, | —AG13 — UGag + G57, 
AG 12 + UGa7 + VG56, —AGi5 + UG26 — VG37, A WYER 
AG 14 — uGa; — VG36, —AG17 — HGoa + G35, Ac uv —0 
AGig + HG25 + vG34. 


Conversely, the above seven elements belong to go. In particular, the dimension of gs 
is 14: 
dim g, = 14. 


Proof. Let Deg, Since D € b3 (Lemma 1.4.2), D = Sloe; 2; AijGij, Aij € R. 
The condition 7D = D (Lemma 1.4.2) implies that 


3. Ag Fy = J, Anti, 
0ci«j 0ci«j 


Applying the above element on 1 € €, we have 


5 Aijejei =0. 


o<i<j 
Replacing eje; by e; and comparing the coefficient of each e1, e2, ez, we have 
A23 + A45 + Àez = 0, —AÀ13 — Aue + As = 0, 
A12 + Aus + Aso = 0, —Au15 + A26 — Aus = 0, 
A4 — À27 — A36 = 0, —A17 — Ava + Aas = 0, 


A16 + À25 + Aza = 0, 


from which the first result follows. Conversely, any of these seven elements D obvi- 
ously belongs to ba and the condition tD = D (Lemma 1.4.2) is verified from the 
table of Lemma 1.3.1. 


1.5. Lie subalgebra su(3) of go 
The Cayley algebra € naturally contains the field C of complex numbers as 
C = {ao + x161 | x; € R}. 
Any element z € € is expressed by 


L = To + L1e1 + LQeq + X363 + X4e4 + X5€5 + Xeeg + x7e; (a; € R) 


II 


(£o + £121) + (£2 + £3€1)e2 + (£4 + £5€1)e4 + (16 + $7€1)eo, 


that is, 
T =a + miez + mae4--maeg, a,m EC. 


We associate such element x of € with the element of C 6 C? 


my 
a+ ma 
m3 
In C 6 C^, we define a multiplication, an inner product ( , ) and a conjugation — 


respectively by 
ab — (m,n)) + (an -- bm -mx m), 


(a -- m)(b -- n) 


TTE 
© 

+ 

E 

2 


(a+m,b+n 


3 
l 
al 


ao 
where the real valued symmetric inner product (m,n), the Hermitian inner product 
(m,n) and the exterior product m x n are usually defined respectively by 
1 3 3 
(m, n) = zmn + n^m) SERA (m,n) = Do mati, 

i—l EH) 

T9T13 — nima 
mani — nam 


m xm -— 
ming — T4 Tt 
TI ni 
form = | m],n= |{no] € C?. Since these operations correspond to their 
n3 


respective operations in €, hereafter, we identify C 6 C? with € , that is, 


Cp =E. 


We shall study the following subalgebra (gə)e, of go: 
(G2)e, = (D € gə | De = 0}. 


Theorem 1.5.1. (g5)e, = su(3). 
: su(3) = (D € M(3,C)| D* = 


Proof. We define a mapping Yx 


0j > (G2)er by 
e.(D)(a-- m) - Dm, a- meCoc?-e. 


We first prove that y.(D) € (g3)e,. For elements 
€1(E22 — E33), Eiz — Eoi, 
e1(£43 + E31), E23 — E32, 


€1(Ey2 + E21), 


e1(Ei1 — F22), 
E3 — E31, e1(Eo3 + E32) 
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of an R-basis of su(3) (where Eu € M(3, R) is the matrix with the (k,1)-entry is 1 
and otherwise are 0), we have 


px(e1(E11 — Eo2)) = —Ga3 + Gas, o«(e1(E22 — E33)) = —Gas + Ger, 
(E12 — E21) = Goa + Gas, leo + E21)) = —Gos + G34, 
Lia — E31) = G26 + Gar, x (e1(F13 + E31)) = —Go7 + G36, 
(px (E23 — E32) = Gag + Gsr, (px(€1 (E23 + E32)) = —Ga7 + Gse. 


Hence y.(D) C gə (Theorem 1.4.3). Clearly y.(D)e1 = 0, so that y.(D) C (g5)«,. 
Obviously Y, : su(3) — g> is a homomorphism as Lie algebras and is injective, so 
that we identify su(3) and qw, (su(3). We set 


Sı = 2G12 — Gaz — Gsg, S2 = 2G13 — Gag + Gas, 


53 = 2G14 + G27 + G36, S4 = 2G15 + Gog — Gar, 
S5 = 2G16 — Gos — G34, Se = 2G1; — Goa + Gas, 


and let G be the R-vector subspace of gy spanned by 51,---,5¢6. Then we have the 
following decomposition of go. 


go = su(3) 6G. 


Now, we shall show that qw. : su(3) — (g2)e, is onto. Let B € (g5)e,. Denote 


6 
B - D ziSi, D € su(3), xi c R. 


i=l 


From the condition Be, = 0, we have 


211€9 — 2x2e3 — 21364 — 21465 — 215€; — 2xge7 = 0. 


Hence mz, = xe = 0, so that B = D € su(3). Thus the proof of Theorem 1.5.1 is 
completed. 


1.6. Simplicity of g^ 


Let €€ = {x1 + iro | x1, £2 € €) be the complexification of the Cayley algebra €. 
In the same manner as in €, we can also define in €© the multiplication zy, the inner 
product (x, y) such that they satisfy properties 1 ~ 12.3 of Section 1.1 (except some 
formulas about the length |x|). € is called the complex Cayley algebra. €^ has two 
complex conjugations, namely, 


xı ir2 = Tid 1%, zim + ix2) = zi — rz, ti E€ €. 


The complex conjugation T is a complex-conjugate linear transformation of €C and 
satisfies 
e 
T(zy) =(ra)(Ty), 2, yee. 
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For a while, in the Lie algebra su(3) C gy, we use the following notations. 
Hı = —Go3 + Gas, Ha = —Gas + G67 
Lia = Ga4 Gas, Lai = —Gə5 + G34, L13 Gäet G37, 
Loi = —G27 + G36, L23 = Gae- Gsy, L32 = —Ga7 + Gre. 


Lemma 1.6.1. The Lie brackets |D, S], D € su(3), S € 6 are given as follows. 
Kn $5 Kë 94 $5 S6 


Hi S2 —Sı —S4 $3 0 0 
Hə 0 0 S4 —S3 — De Kë 
L3 S4 —53 S2 Di 0 0 
Lia —$95 —S6 0 0 $1 Kë 
Lai De  —95 0 0 Sy  —9 
Loa 0 0 — Ss — De Kë $4 
L32 0 0 De —S5 S4 —S$3 


Lemma 1.6.2. G is a su(3)-irreducible R-module, and hence we have 
[su(3), 6] = 6. 


Proof. Evidently G is a su(3)-R-module. Let W be a non-zero su(3)-invariant 
R-snbmodule of G. If W contains some Sr, then, from the table of Lemma 1.6.1, 
we can see that W contains all Sj, k = 1,2,---,6, and hence W = G. Now, let 
S= Ma të, £k € R be a non-zero element of W and assume that x; Æ 0 (without 
the loss of generality). Applying Hı on S, we have z1 S2 — 1394 — £354 + z483 E W. 
Next, applying Lı3 and La; on it, we have 


—2196 + 13995 H -++(i) and — z185 — 2956 € W -++ (ii) 


Taking (ii)xz2— (i)xzi, we have (zi? + %27)S5 € W. Since zi? + z2? 4 0, we have 
$5 € W and so W = G. Consequently the irreducibility of G is proved. Finally, since 
[su(3), 6] is a su(3)-invariant R-submodle of 6, from the irreducibility of 6, we have 
[su(3), 6] = 6. 

Theorem 1.6.3. The Lie algebra g4€ is simple and so go is also simple. 


Proof. We shall prove that g is simple, because the proof of that g4€ is simple 
is the same as the case of gy. We use the decomposition of gs 


go = 5u(3)9 6 (Theorem 1.5.1). 


Let p : g4 — su(3) and q : gy — GS be projections of g = su(3) 6 6. Now, let a be 
a non-zero ideal of gẹ. Then p(a) is an ideal of g4. Indeed, if D € p(a), then there 
exists $ € G such that D+ S € a. For any D’ € su(3), we have 


a» [D', D+ S] = [D', D] -[D,S], [D',S] € & 
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(Lemma 1.6.1), hence [D’, D] € p(a). 

We show that either su(3) Ma 4 {0} or GN a F (0). Assume that su(3) Ma = {0} 
and G Na = {0}. The mapping pla : a — su(3) is injective because GN a = {0}. 
Since p(a) is a non-zero ideal of su(3) and su(3) is simple, we have p(a) = su(3). 
Hence dima = dim p(a) = dimsu(3) = 8. On the other hand, since su(3) N a = {0}, 
qla : a > G is also injective, we have dima < dim G = 6. This leads to a contradiction. 

We now consider the following two cases. 

(1) Case su(3) N a Z {0}. From the simplicity of su(3), we have su(3) N a = su(3), 
hence a D su(3). On the other hand, we have 


a> [a, 6] > [su(3),6] = € (Lemma 1.6.1). 


Hence a D su(3) 6 6 = go. 

(2) Case GNa {0}. Choose a non-zero element S € GNa C a. Under the actions 
of su(3), we can see that Sı € a (Lemma 1.6.1). Hence 0 4 4H; + 2H» = [S1, S2] € a. 
So this case can be reduced to the case (1). Thus we have a = gy, which proves the 


simplicity of go. 
1.7. Killing form of g” 


Lemma 1.7.1. In su(3) C gs, the Lie brackets between Hi and Lij, Lj; of Section 
1.6 are given by 


[Hi,Li9] Zon, [H1, Lai] = —2Li2, [H1, Lis] = Dai, 
[H1, L31] = —Lís, [Hi,Los] = —L32, — |Hi,La2] = Los. 


Theorem 1.7.2. The killing form B» of the Lie algebra g4€ is given by 
Bə(Dı, D2) = 4tr(Dı D2), Di € go”. 


Proof. Since tr(Dı D2) is a g5C-adjoint invariant bilinear form of g.° and go is 
simple (Theorem 1.6.3), there exists k € C such that 


Bə(Dı, Dz) = ktr(Dı Dz). 
To determine this k, let Dı = Də = Hı. Then from 


[Hi [H1, Lio] ] = [Hi 2521] = —4L12, [H1, [Hi Lai) ] = [H3, —2L12] = —4L21, 
[H1, [H1 L13] ] = [H1, Lai] = — L13, (A, [Hi, L31] ] = [H1, —L13] = Lan, 
Lë. [Hi D23]] = (Ai, —L32] = — L23, Lë, [Ai, L32] | = [H1, L23] = — Las, 


(Ay, |H1, $1]] = [H3, $5] = — $1, [E EH ST] [H1, S1] = - 82, 
[Hi, [H1 S3] | = [Hi, —54] = —53, (H5, [H1, S4]] = [H1, $3] == Sa 
(Hi, [Hi,S5]] = 0, [H3, [H1, S6]] = 0 
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(Lemma 1.6.1), we have 
B3(H4, Hı) = tr((adH,)”) = (—4) x 2 + (-1) x 8 = —16. 
On the other hand, 


Hı Hez = Des = —e2, | HiHies = —Hies = —es, 
Af, Hye, = —Hies = —e4, HıHies = Hye, = —e, 
A, Aye; = 0 otherwise. 


Hence tr(H1i Hı) = (—1) x 4 = —4. Therefore k = 4. 
1.8. Roots of g^ 


We recall the C-Lie isomorphism f, : sI(3, C) — su(3)€ and the embedding c. : 
su(3)C c 92°, 
- 1 . 
f(A) 2 £A —£'A, e= 5(1 + ter), 
y.(D)\(a+m)=Dm, a4 me C* oi = e^, 
and we regard sl(3,C’) as a subalgebra of g7 under the composition of f. and gx. 


Further we know that the Lie algebra sI(3, C) has roots E(Ay — A1), 1 < k «1x3 
relative to the Cartan subalgebra 


M` 0 0 
b={ 0 X 0 Aer Az +s = OF 
0 0 A 


of s((3, C), and Eu is a root vector associated with the root Ar — Aj. 


Theorem 1.8.1. The rank of the Lie algebra g4€ is 2. The roots of gẹ? relative 
to some Cartan subalgebra of go? are given by 


X(Ai—A9) -cx(OQ4-—2s8) (A2 — A3), An, A2 As 


with Au + À2 + A3 = 0. 
Proof. b = [—iMG»3 — iA2G45 — 1A3G67 € gF | Ak € C} e s[(3, C) C d 


is an abelian subalgebra of gẹ? (it will be a Cartan subalgebra of g5€). The roots of 
s[(3, C) is also roots of gẹ, so we have the table of roots and associated root vectors 


as follows. 
#(Ay — Az) : £(Goa + Gas) + i(—Gos + G34), 
(a — Aa) H -(Gag + G37) + i(-—Go7 + G36), 
(A2 — Aa) : +(G46 + G57) + i(—Gaz + Gs). 
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The remainder roots and associated root vectors are found as follows. 
XA : (2G12 E Gaz — Gs) mE i(2G13 = G 46 ETT G57), 
+2 : (2G14 + G27 + Gao) + 1(2G15 + Gog — G37), 
+A3 : (2G16 — Gos — G34) T i(2Gi7 — Goa + G35). 


Theorem 1.8.2. In the root system of go° of Theorem 1.8.1, 
ai = An An, 02-22 
is a fundamental root system of the Lie algebra go? and 
L = 2a, + 303 


is the highest root. The Dynkin diagram and the extended Dynkin diagram of go? are 
respectively given by 


2 3 
CEEO e—— — e 
Q1 a2 H Q1 Q2 


Proof. All positive roots of g.% are expressed by 
Ay — An = Q}, Ay — As = Zen + 305, Ag An = Q1 + 302, 


Ay =a, + Q2, A2 = Q2, —A3 = Q1 + 2aa. 


Hence IT = (01,02) is a fundamental root system of ga". The real part of Bg of h is 
0g = (—iMGos — tA2Gas — iA3Goz | à; € R, Ai + A2 + A3 = OF 


and the Killing form B2 on hp is given by 
3 
Bo(H, H’) 289 Ant, 
k=1 
for H = —iMG»3 = 1A2Ga45 m 1A3G¢67, H' = —id1'Go3 ET iro! Gas SC Me E br (The- 
orem 1.7.2). Now, the canonical element Ha; € hpr associated with a; (Bo(H., H) = 
a(H), H € hp) are determined as follows. 


1. J; ER 1. 1. 
Ho, = —giGz + sitzun, Has = 21123 — 45Gas + alter, 
Hence we have 


11 
L—8-c-c 


1 
(01,01) = B»(Ha,, Ho) Ski ke? 


11 1 
(a3, 02) = Bo(Ha,, Haz) = 8——(1 +4+ 1) a e, 


24 24 12 
See: cde ee 
01,02) = 2 ayo taz] — 824 — 8 
1 1 


(Cm -u)= 7 Lis, (7502) = 0. 
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Using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 
C 
82 - 


According to Borel-Siebenthal theory (Borel and Siebenthal [4]), the Lie algebra 
gə has two subalgebras as maximal subalgebras with the maximal rank 2. 


(1) One is a subalgebra of type C1 ® C, which is obtained as the fixed points by 


an involution y of go. 


(2) The other is a subalgebra of type A» which is obtained as the fixed points by 
an automorphism w of order 3 of go. 


These subalgebras will be realized in the group Ga in Theorem 1.10.1 and Theorem 
1.9.4, respectively. 


1.9. Automorphism w of order 3 and subgroup SU(3) of G2 
We shall study the following subgroup (G2)e, of Go: 
(G3)e, = {a € G2 | wey = ey}. 


Theorem 1.9.1. (Ga)e, = SU(3). 
Proof (cf. Theorem 1.5.1). We define a mapping e : SU(3) > (G3)e, by 


y(A\(a+m)=at+Am, a-meCoc?-e. 


We first prove that y(A) € (G2)e,. For a = y(A),A € SU(3 and z = a + m,y = 
b--n € C 6 C? = €, using that if A € SU(3) then A (which is the adjoint matrix of 
A) = A^! = A*, we have 
(ax)(ay) = (a+ Am)(b+ An) 

= (ab— (Am, An)) + (aAn + bAm — Am x An) 

(ab — (m, A* An)) + (aAn + bAm — ! A(m x n)) 

(ab — (m,n)) + Alan + bm -mx m) 
= e(A)((a + m)(b + n)) = o(vy). 
Hence y(A) € G2. Clearly y(A)e1 = ei, so that y(A) € (G2)e,. Evidently y is a 


homomorphism. We show that y is onto. Let a € (G2)-,. Note that o induces a 
C-linear transformation of C?. Now let 


Q€2 = aj, QC€4 = Q2, aeg = a3 


and construct a matrix A = (a1, gz, ga) € M(3,C). From (aez)(ae4) = a(ese4) = 
—aeg, we have a1a» = —a3, namely, — (a1, a2) — a1 X a2 = —aa, hence we have 


(a1, EN = 0, a3 = Q1 X a». 
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Similarly we have (a2,a3) = (a3,a1) = 0. Moerover from Ioerloerl = o(exex) = 
a(—1) = —1, we have (oral = 1, hence A € U(3). Finally det A = (a3,aı x 
az) = (a3,@3) = (a3,a3) = 1 (where (a,b) is the ordinary inner product in C?: 
(a,b) = tab). Hence we have A € SU(3) and (A) = a, which shows that q is onto. 
Ker o = {E} is easily obtained. Thus we have the isomorphism SU (3) = (G2)e,. 


Theorem 1.9.2. G2/SU(3) ~ Sê. 


Proof. 59 = {a € €| a = —a, |a| = 1} is a 6 dimensional sphere. Since the group 
G2 is a subgroup of O(7) = {a € O(€)| a1 = 1} (Remark of Theorem 1.2.2), G2 acts 
on S. We shall show that this action is transitive. To prove this, it is sufficient to 
show that any element a € S can be transformed to eu € S by some a € Gz. Now, 
for ou € S9, choose any element a2 € S? such that Ion, a2) = 0. Let 


a3 = Q142. 
Then a3 € S? and ag satisfies (a1, a3) = (a2,a3) = 0. Choose any element a4 € S? 
such that (a1,a4) = (a3,a4) = (a3, a4) = 0. Let 
a5 = 0104, Q6 = 4402, Q7 = 0304. 
Then the set {ao = 1, a1, @2,---,@7} is an orthonormal R-basis of €. Indeed, |a;| = 
1,0 <i < 7 are trivial, and we need to verify that (a;,a;) = 0,i # j. However this 
can be checked by direct calculations such as 


(a4, gel = (a4, a3a4) = (1, a3)(a4, a4) = 0, 


(a1, gel = (a1, a4a2) = —(a1a2,a4) = —(a3, a4) = 0, 
(a3, gel = (a3, a4a2) = —(a3@2, a4) = (a1, a4) = 0, etc. 
Now, since (eo = 1,€1,€2,:::,e7) and (ao = 1, a1, a2,---,a7} are both orthonormal 


R-bases, the R-linear isomorphism o : € — € satisfying 
Qei = aj, t1=0,1,---,7 
belongs to O(7): o € O(7). Moreover we claim that a € G2, that is, a satisfies 
a(ry) (ax)(ay) x,y E€. 
To show this, it is sufficient to note that 
a(e;ej) = (ae;)(ae;), i,j =0,1,---,7 
which can be also checked by direct calculations such as 


(ae4)(ae7) = a4a; = a4(asa4) = —a4(a4a3) = a3 = aes = a(ea4ez), 


(ae1)(aeg) = aias = a1(a4a2) = —a4(a1a23) = —a4aa = a344 = az 
= ae; = a(e1ee), 


(ae3)(aeg) = asas = (a1a2)(a4a2) = —(asa1)(a4a2) = —a2(a1a4)a2 


= —090502 = 4204245 = —d5 = —aes = a(ezeg), etc. 
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Hence o € Gz and ae, = a1, and anolo = ei. This shows the transitivity. The 


isotropy subgroup (G2)e, of G2 at e1 is SU(3) (Theorem 1.9.1). Thus we have the 
homeomorphism G2/SU(3) ~ S. 


Since Sê and SU(3) are both simply connected, from G2/SU(3) ~ S9 (Theorem 
1.9.2), we see that G2 is also simply connected. Hence we have the following theorem. 


Theorem 1.9.3. G5 = {a € Isog(€) | o(zy) = (ax)(ay)} is a simply connected 
compact simple Lie group. 


Remark 1. Since G% is connected, G2 is contained in SO(7) = {a € O(7) | det a = 
1k G2 c SO(7). 

Remark 2. Since we know that the dimension of the group G5 as dim G9 = 
dim gs = 14 (Theorem 1.4.3), G2/SU(3) ~ S9 is proved as follows. The group G2 
acts on S9. The isotropy subgroup (G2)e, of Gz at e1 is SU(3) (Theorem 1.9.1) and 
dim(G2/(G2).,) = dim Gz — dim SU(3) = 14 — 8 = 6 = dim Sê. Therefore we have 
Ga/ SU(3) = S6. 


Using the mapping v : SU(3) — Go, we define a mapping w : € > € by 


w = p(diag(w1, w1, w1)) 


1 3 
where w1 = E + e € C CE. This v is defined as 


w(a--m)-a-wjm, a-meCoc?-e. 
Then w € G5 and w? = 1. 
We shall study the following subgroup (Cal of Go: 
(G2)” = {a € Go| wa = ow). 


Theorem 1.9.4. Ian = (G2)e, = SU(3). 


Proof. Recall the mapping o : SU(3) — G2 of Theorem 1.9.1. We first show that 
y(SU(3)) € (G2)”. Indeed, for A € SU(3) and a + m € C 6 C? = €, we have 


met Alto +m) = w(a-4- Am) =a +w Am 
= a+ Aum = o(A)w(a + m). 
Hence wy(A) = q(A)w, so that y(A) € (G2). Conversely, let o € (G3)". We 
consider the R-vector subspace €w = (x € €| wx = x} of €, then €u = C. Since a 


satisfies wa = aw, Cy is invariant under a. Since the restriction of o to €,, induces 
an automorphism of C', we have 


OCI =e, or ae, = — €l. 
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In the latter case, consider the mapping ou : € — € defined by qıla + m) =@+™. 
Then we have yı € G2 and ye, = —e;. Let 8 = 441a. Since Ge, = e1, we have 
8 € SU(3) C (G2)e, (Theorem 1.9.1) C (G3)". Therefore, ou = baT! € (G5)", 
which is a contradiction. Indeed, 


wm = wlm) = y (wm) = Wim — Umi for all m € C^, 

which is false. Therefore ae, = e1, and so a € SU(3) (Theorem 1.9.1). Thus we have 
(G3)" = (Gade: 

1.10. Involution y and subgroup (Sp(1) x Sp(1))/Z2 of G2 

The Cayley algebra € naturally contains the field H of quaternions as 

H = (xg + z161 + 23€2 + 2363 | x; € R}. 
Any element x € € is expressed by 
TX = To + L161 + L2€2 + v3€63 + X464 + $565 + 2666 d- x76; (x; € R) 
= (£o + T161 + T262 + £363) + (£4 + L561 — tee + z63)e4, 


that is, 
r=m+aeq4, macdH. 
In H © Hea, we define a multiplication, an inner product ( , ), a conjugation — 


and an R-linear transformation ^y respectively by 


(m + ae4)(n + bes) = (mn — ba) + (ami + bm)ea, 
m,n) + (a,b), 


mi d-ae4 = m — aez, 


( 
(m+ ae4,n + be) = ( 


y(m+ae,) = m — aes. 


Since these operations correspond to their respective operations in €, hereafter, we 
identify H o He, with €, that is, 


Hd He4 = €. 
We shall study the following subgroup (G2)? of Go: 
(G2)! = {a € G2 | ya = ay}. 


Theorem 1.10.1. (G2) & (Sp(1) x Sp(1))/Za, Za = ((1,1), (-1, -1)}. 
Proof. We define a mapping e : Sp(1) x Sp(1) > (G2)7 by 


y(p, q)(m + ae4) = qmq + (pag)e4, m--ae4 € HO He, = €. 
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We first show that y(p,q) € (G2)". For a = y(p,q), p,q € Sp(1) and x = m+ aes, 
y =n +be4 € H 6 He, = €, we have 


(ax)(ay) = (qmq + (paq)ea) (qna + (pbq)ea) 
= ((qmq)(qnq) — (pbq)(paq)) + ((paq) (qna) + (pog) (qmag))ea 
= q(mn ba)d + (p(an + bm))q)ea 


= (p, q)((m + ae4)(n + bea)) = a(zy). 


Hence (p,q) € G2. Clearly yyp(p, q) = e(p, gl, so that y(p, q) E€ Ia", Evidently v 
is a homomorphism. We shall show that y is onto. Let « € (G2)?. Since a satisfies 
ya = ay, €, = {x € €| yx = x} = H is invariant under a, so that the restriction of 
a to €, induces an automorphism of H. Hence there exists q € Sp(1) satisfying 


om = omg, mec H 


(Proposition 108 of Yokota [58]). By putting 8 = y(1,q)~ta, we have 3 € (G3)? and 
B|.H = 1. Therfore 8 induces a transformation of €_, = {x € €| ya = —x} = De 
By putting Ge, = pes, where p € H, we have |p| = |pe4| = |8e4| = |e4| = 1, which 


implies p € Sp(1). From 
B(m + aes) = Bm + (Ba)(Be4) = m + a(pe4) = m + (pa)ea = ep, 1)(m + ae4), 


we have 8 = q(p, 1). Therefore we have 


= eil, ali = e(1, De, 1) = e(p,a), (p.a) € Sp(1) x Sp(1), 
which shows that y is onto. Ker o = ((1, 1), (C1, —1)) = Ze is easily obtained. Thus 
we have the isomorphism (Sp(1) x Sp(1))/Z2 S (G35)*. 
Remark 1. (Sp(1) x Sp(1))/Z» = SO(4). 
Indeed, a mapping f : Sp(1) x Sp(1) ^ SO(4) = SO(H) defined by 


f(p,q)x = prg, «eH 


induces the isomorphism (Sp(1) x Sp(1))/Z2 = SO(4) as groups. 

Remark 2. Since (G2)? is connected as the fixed points subgroup by an automor- 
phism ^ of the simply connected group Go, the fact that y : Sp(1) x Sp(1) —^ (G3)? 
is onto can be proved as follows. The elements 


2G12 — Gaz — Gse, —Gaz + Go, 
2Gi3 — Gag — Gs, ` Gao + G7, 
2G»3 — Gas — Ges, —Gas + Ger 


forms an R-basis of (g5)". So dim(g5)" = 6 = 3+ 3 = dim(sp(1) @ sp(1)). Hence o 
is onto. 
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1.11. Center z(G5) of G2 
Theorem 1.11.1. The center z(G2) of the group G2 is trivial: 
z(G2) = {1}. 


Proof. Let a € zial, From the commutativity with y: ya = ay, we have 
a € SO(4) (Remark 1 of Theorem 1.10.1) and so a € z(SO(4)). Since the center 
z(SO(4)) of SO(4) is the group of order 2, we have 


However y € z(G2) (Theorem 1.10.1). Hence a = 1. 
1.12. Complex exceptional Lie group G5C 


Definition. The group Cat! is defined to be the automorphism group of the 
complex Cayley algebra po. 


G5* = (a € Isoc(€^) | a(zy) = (ax) (ay)}. 
Lemma 1.12.1. Fora € Go", we have 
(az, ay) = (x,y), «yee. 


Proof. The equality ax = (a1)(ax) holds for all z € €F, and so we have al = 1. 
We shall show that 


Q 


€x; = —aey, k=1,2,---,7. 


Note that (ae,)(aex) = oleterl = a(—1) = —1. Let z = aep and N(x) = zz € C. 
Then zx = —1 and N(x)N(z) = 1, which shows that N(x) = £1. If N(x) = —1, 


then z = —zxz = —zN(r) = x, so x € C. From zx = —1, we have z = +i. Then 
a(ex,) = a(i), and so e; = +i, which is a contradiction. Hence N(x) = 1, that is, 
XX = 1 and T = —zxr = —zN(x)-— —z. Thus we have 


ar-—or, reg, 
Now we have 


(ax, ay) = 5((ax)(ay) + (ay)(ax)) = 


We define a positive definite Hermitian inner product (z, y) in €^ by 
(v, y) = (rz, y), 
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For a € Homc(€°), we denote the complex conjugate transpose of a with respect to 
the inner product (x,y) by o": (a*z,y) = (a, ay). 


Lemma 1.12.2. (1) For o € G5€, we have a* = ra™!r € Go”. 

(2) For any a € Go, its complexificated mapping of : EO ee. belongs to Gar 
o€ € G5€. Identifying a with of). we regard Gz as a subgroup of Goo: G3 C G5€. 
Now, for a € Cr we have, a € G2 if and only if Ta = aT, that is, 


G3 = [a € Gf | ra — ar). 


Proof. (1) (a*z,y) = (oui = (rz,oy) = (atre, y) = (ra rz, y) for all 
LYE €^. Hence a* = ratr € GE 
(2) Let a e G5 satisfy ra = ar. Then since Taz = atx = oz, we have ax € € 


for x € €. Hence a induces an R-transformation a’ of € and a’ € Go, further we 
c 


have a = (o) 
Theorem 1.12.3. The polar decomposition of the group G2 is given by 
G27 ~ Go x R". 
In particular, Gf isa simply connected complex Lie group of type Go. 


Proof. Evidently G2© is an algebraic subgroup of Isoc(€^) = GL(8,C). If 
a € Gf, then o € Gaf (Lemma 1.12.2.(1)). Hence, from Chevalley’s lemma 
(Chevalley [5]), we have 


G5? e (G° n U(e€)) x Ri = Go x R, 


where U(€%) = (o € Isoc(€^) | (oX, oY) = (X, Y)! and d = dimG2° — dim Gs = 
2 x 14 — 14 = 14. Since Ca is simply connected (Theorem 1.9.3), G2© is also simply 
connected. The Lie algebra of the group G2° is of, so that G2° is a complex simple 
Lie group of type G3. 


1.13. Non-compact exceptional Lie group Gaz of type G2 
In €' = H 6 Hey’, we define a multiplication by 
(m + ae4") (n + beg’) = (mn + ba) + (ami + bm)e4'. 


This algebra €' is called the split Cayley algebra, and is isomorphic to (€), = (x € 
€C | ryz = x} as algebras. Now, the group Gaz is defined to be the automorphism 
group of the split Cayley algebras €": 


Goa) = (a € Isor(€’) | a(zy) = (ax) (ay)}. 


and which can also be defined by 
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Ga) = (Go°)"? = {a € G5 | Tya = ayr}. 
Theorem 1.13.1. The polar decomposition of the Lie groups Gaz is given by 
Gogo) = (Sp(1) x Sp(1))/Z2 x RË. 
Proof. In the split Cayley algebra €’, the inner product (x,y)! is defined as 
1 
(x,y) = gy + yz). If we define an inner product (x,y) of €' by (wz,y)', then 
(x,y) is a positive definite inner product. For o € Gas, the transpose ‘a of o with 


respect to the inner product (x,y) is *a = ya7!y € Gaz, Since Gaz is an algebraic 
subgroup of Isog(€^) = GL(8, R), from Chevalley's lemma, we have 


Gaz = (Gas n O(8)) x R^ 
= HOT WI x RY = ((G5*)' x RY = (G3! x RY 
= (Sp(1) x Sp(1))/Z2 x R? (Theorem 1.10.1), d — 8. 
where O(8) = {a € Isog(€^) | (ax, ay) = (x, y)}. 


Theorem 1.13.2. The center z(Ga(2)) of the group Gaz is trivial: 


1.14. Principle of triality in SO(8) 


For a € S"! = (a € R"|(a,a) = 1}, we define an element Da € O(n) = 
O(R") = (A € Isor(R") | (Av, Ay) = (v,y)) by 


Dax = z — 2(x,a)ja, r€R'. 


D, is called the reflection with respect to the hyperplane orthogonal to a. Its deter- 
minant is —1: det(Da) = —1. 


Lemma 1.14.1. The group O(n) is generated by reflections, that is, any A € O(n) 
can be expressed by the product of finite number of reflections: 


AS De coc Dos e 
In particular, A € SO(n) can be expressed by the product of even number of reflections. 


ASD, t° DaDa, aues. 


a2m 


Proof. (See Theorem 24 of Yokota [58). 


From now on, the group SO(8) is identified with the group 


SO(€) = {a € Isog(€) | (ox, ay) = (x, y), deta = 1]. 
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Theorem 1.14.2. (Principle of triality in SO(8)). For any az € SO(8), there 
exist 01,03 € SO(8) such that 
(aiz)(oogy) = oan, x, yee. 


Moreover, a1,Q2 are determined uniquely for a3 up to the sign, that is, for oz, such 


01,02 have to be oi, oz or —0o1,—02. 


Proof. Since ag € SO(8) is expressed by the product of even number of re- 
flections (Lemma 1.14.1), it is sufficient to show the existence of o4, o» only for 
az = DpDa, a,b € €, |a| = |b| = 1. Now, since 


Dax = x — 2(x,a)a = x — (xū + aT)a = —aTa, v €€, 


we have agx = D,D yx = b(axa)b. Define mappings 01,02 : € — € respectively by 
ax = b(ax), azx = (xa)b. We then see that a1, &2 € SO(8) and 


(aiz)(a2y) = (b(ax))((ya)b) = b(a(zy)a)b = as(xy), x,y €€. 


Next, we shall show the uniqueness of œ1,@2 up to the sign. To prove this, it is 
sufficient to show in the case a3 = 1. Now, let 


(aiz)(azy) = zy, «yee. 


Let a,1 = p, then |p| = 1 and p(agy) = y, so oan = py. Similarly we have a,x = 2G, 
where q = a21. Hence (xq) (py) = xy. If we let x = y = 1, then qp = 1, so G = p. 
Therefore we have 

(xp)(py) = zy, x,y E€. 


Putting py instead of y, we have 


(xp)y=a(py), neg, 


From this, we see that p is a real number. Hence p = +1 because |p| = 1. Thus we 
have on = a2 = loro; = a» = —1. 


Lemma 1.14.3. For ou, oz, os € O(8), the relation 


(aiz)(a2y) = a3(Fy), z,y E€ 


implies 


(azx)(azy) = ol, x,y €€, 
(aax)(aiy) = oam, c,yc €. 


Proof. If x = 0 or y = 0, then the statement is trivially valid, so we may 
assume z, y # 0. Now, multiply oix from left and as (Ty) from right on the relation 
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(a1x)(agy) = a3(%y)). Then we get |z|?(o2y)(oa(zy)) = o1z|xy|?. Therefore 


(a2y)(a3(7y)) = avz|yl". 


Putting yZ instead of x, we have (o»y)(aa(yyz)) = oa(yz)|ul?, that is, 


(a2y)(a32) = 07. 
The other relation is similarly obtained. 
Lemma 1.14.4. If a1, oz, oa € O(8) satisfy 
(aiz)(azy) = os(zxy), c,y€ €, 


then a1, a2,a3 € SO(8). 


Proof. Suppose o4 d SO(8). Since the mapping e : € — € defined by ex = x 
belongs to O(8), and since dete = —1, we have /, = eoi! € SO(8). Using the 
principle of triality (Theorem 1.14.2) on the element 5, (cf. Lemma 1.14.3), there 
exist G2, 33 € SO(8) such that 


(G1 (a1%))(G2(a2y)) = Bs((o12)(o2y)) = B3(as(ry)), zue €. 
Setting Boaz = y2 and 6303 = 73, the above relation becomes 
T(y2y) = Yzy), wT yee. 
Put x = 1, then y2y = yay, so "y = ya. Hence we have 
T(y2y) = 2(zy), 7, yee. (i) 
Put y21 = p, then |p| = 1. Lett y = 1 in (i), then Zp = yox. Hence (i) becomes 
"nl = (vy), x,y E€. (ii) 
Again let y = p, then 7 = (Zp)p, and so z p = Tp. Then 
px =axp forall reg 


Therefore p € R, hence p = +1 since |p| = 1. Thus (ii) becomes z y = ZY, and so 


zy=yx forall z,yc €. 


But this is a contradiction. Therefore o4 € SO(8). As for oz, 03, use Lemma 1.14.3 
and the argument above, to show az, a3 € SO(8). 


As a corollary of the principle of triality (Theorem 1.14.2), we have the following 
proposition. 
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Proposition 1.14.5. For a € € such that |a| = 1, the mapping o, : € —^ € 


defined by 


Agr = ara |, LEC 


belongs to the group G2 if and only if a? = 1. 


Proof. If we apply Lemma 1.14.3 to the Moufang formula (ax)(ya) = a(xy)a, 
then 
(ra)(aya) = (ry)a, x,y € €. 


If we replace x by ax and y by ya respectively, then 
(ara)(aya?) = a(zy)a?, neg, 
Now, the mapping a, belongs to G2 if and only if 
(arxa)(aya) = a(xy)gà, ue. 


From the uniqueness of the principle of triality up to sign, we have 


2 


aya” = raya. 
Therefore a? = ca, so that a? = +1. The converse also holds. 
1 vi n - 
Let uw; = cg 61 € C C €. Then wi? = 1, so oz, € G» by Proposition 1.14.5. 


This oz, is nothing but w of Section 1.9: ag, = w, because 
o, (a + m) = Tila + m)ui = Daw, +01 M =a+uim = w(a +m), 
fora+meCocC®=€. 
1.15. Spinor group Spin(7) 


If we use the principle of triality for o € SO(7), then there exist a, a’ € SO(8) 
satisfying 


(ax)(ay) =a (xy), x, yee. (i) 
Putting x = 1, we have ay = a'y, and so @ = a’. Then (i) becomes 
(ax)(ay) =a(ry), x,y E€. (ii) 


Conversely, suppose that o, à € SO(8) satisfy (ii). Putting x = 1, we have (a1)(ay) = 
ay, and so we have al = 1. Hence a € SO(7). 


Definitioin. We define a subgroup Bs of SO(8) by 


Bs = (à € SO(8) | (ax) (Gy) = (zy), v, y € € for some a € SO(7)}. 
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Bs is a compact group. 


Theorem 1.15.1. B3/G2 ~ S", Bs N SO(T) = Gs. 
In particular, the group Bs is connected. 

Proof. S” = (a € : €| |a| = 1) is a 7 dimensional sphere. Since Bs is a subgroup 
of SO(8), the group Bs acts on S7. We shall show that Bs acts transitively on S". 
To prove this, it is sufficient to show that any bo € S7 can be transformed to 1 € 97 
by some o; € Bs. Now, we choose any element a, € ST such that (1,a,) = 0. and 
choose any element a2 € S" such that (1,a2) = (a1,a3) = 0. Let aa € S" be the 
element determined by agbo = a»(aibo). More precisely, if we let a3 = (aa(a109))0o, 
then a3 € S" and satisfies (1,a3) = (a1,a3) = (a2,a3) = 0. Choose any element 
a4 € S" such that (1,a4) = (a1,a4) = (a2, a4) = (a3,a4) = 0. Let a5, ae, a7 € S" be 
elements determined by 


a5bo = a1(aabo), a6bo = a»(a4bg), azbo = ag(arbo). 


Then, (ag = 1, a1, @2,---,a@7} forms an orthonormal R-basis of €. To prove this, we 
need to show (a;,a;) = óij, i,j = 0,1,---,7. We will only show the following two 


since the others can be proved in a similar manner. 


(a2, gel = (a5bo, agbo) = (agbo, a2(a4bo)) = (bo, a4bo) = (1, oul = 0, 
(as,a7) = (asbo, azbo) = (a2(a1b0), @6(a1b0)) = (a1(a@2bo), a1(aebo)) 
= (a2b0, agbo) = (a2b0, a2(a4bo)) = (bo, aabo) = (1, oul =0. 


Now, since Ten, €1,:--,e7} and (ao = 1, a1,---,a7} are both orthonormal R-bases of 
€, the R-linear isomorphism a: € — € satisfying 


Qei = aj, t1=0,1,---,7 
belongs to O(7). Moreover, this o satisfies 
(ax)((ay)bo) = (o(y))bo, v.v € €. (i) 
To prove this, it is sufficient to show that 
(ae;)((ae; bo) = (o(e;e;j))bo, i,j =0,1,---,7. 


Again we need to verify many cases, but here we will only show the following two 


examples. 
(ae1)((ae3)bo) = a1(a3bo) = aı (a2(a1b0)) = —ai(a1(a2bo)) = azbo 
= a(e2)bo = a(e1e3)bo, 
(ae2)((aes)bo) = a2(a5b0) = a2(a1(a4bo)) = —a1(a2(aabo)) = —a1(a¢bo) 


= ag (aio) = abo = o(ez)bo = a(ezes)bo. 
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Now, if we put 
b; = aibo, 4=0,1,--*, 7, 


then {bo,b1,---, bel is an orthonormal R-basis of €. The R-linear isomorphism à : 
€ — € satisfying 
ae; = bi, 1—0,1,:..,7 


belongs to O(8). Since ax = (ax)bo, it follows from (i) that 


(oax)(ay)- à(ry) rue. (ii) 


Since a € O(7), à € O(8) satisfy (ii), a € SO(7) , à € SO(8) (Lemma 1.14.4). Hence 
à € B; and à1 = bo, and so o tbo = 1. This shows the transitivity. The isotropy 
subgroup of Bx at 1 € S7 is Go. Indeed, if & € Bs satisfies &1 = 1, then we have 
a = Q, so à € Gy. Conversely, a € G2 satisfies a € Bs and al = 1. Thus we have 
the homeomorphism B3/G c S7. 


Theorem 1.15.2. B; = Spin(7). 
(From now on, we identify these groups). 


Proof. Suppose a € SO(7) and à € Bs satisfy the principle of triality 
(ax)(ay) = o(zy) x,y E€. 


We define a mapping p : B3 — SO(T) by p(@) = a. It is not difficult to see that p is a 
homomorphism. The principle of triality implies that p is onto and Kerp — (1,—1]. 
Next, we shall prove that p is continuous. From Lemma 1.14.3, we have 


a(xy)-— (ax)(ay), x,y E€. 


Consider the matrices of o and & with respect to the R-basis {e9, e,,:--,e7}. Then 
we can see that each component of matrix a is a polynominal of components of matrix 
o (for example, ae; = (&ea)(à€3)). Therefore p is continuous. Hence we have the 
isomorphism 


B3/(1, 1) = SO(7). 


Therefore B3 is isomorphic to Spin(7) as the universal covering group of SO(7). 
1.16. Spinor group Spin(8) 


Definition. We define a subgroup D4 of SO(8) x SO(8) x SO(8) by 


D,- {(a1, a2,a3) € SO(8) x SO(8) x SO(8) | (aix) (azy) = a3 (T7), x,y € €). 
D, is a compact group. 


Since an element (a, à, Ka) of D, satisfies (ax) (Gy) = à(vy), x,y € €, we see that 
Du contains Spin(7) as a subgroup under the identification 
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Spin(7) 3 à — (o,à,«à) € Dy. 


Proposition 1.16.1. D4/Spin(7) ~ 87. 
In particular, the group Dy is connected. 
Proof. S7 = {a € €||a| = 1} is a 7 dimensional sphere. We define an action of 
D, on S7 by 
(01,02,03)a = 01a, a€ SW 
This action is transitive. Let a € $7. Since SO(8) acts transitively on S", there 


exists o € SO(8) such that oul = a. For o1, choose az, «3 € SO(8) satisfying the 
principle of triality 


(o1x)(a2y) = oa, x,y E€. 


Then (a1, @2,Q3) € D, and (01,02,03)1 = a, which shows the transitivity. The 
isotropy subgroup of D4 at 1 € S7 is Spin(7). Indeed, if (a1,a2,a3) € D4 sat- 
isfies (01,05,03)1 = 1, then oul = 1. Therefore o; € SO(7), which shows that 
(a1, 02,03) € Spin(7) and vice versa. Thus we have the homeomorphism D4/Spin(7) 
c St. 


Theorem 1.16.2. D, & Spin(8). 


(From now on, we identify these groups). 
Proof. We define a mapping p : D4 > SO(8) by 
plar, Q2, a3) = Qı. 


Evidently, p is a homomorphism. The principle of triality implies that p is onto and 
Ker p = {(1,1,1),(1,—1,—1)}. Thus we obtain the isomorphism 


D4/T, 1,1), (1, 21, -1)}  SO(8). 
Therefore D4 is isomorphic to Spin(8) as the universal covering group of SO(8). 


Theorem 1.16.3. The center z(Spin(8)) of the group Spin(8) is isomorphic to 
the group Zə X Za: 


(1,1,1), (1, 21, 21, (CL, 2,1, (-1,1, -1)} 


Proof. The proof follows easily from z(SO(8)) = (1, —1) and the principle of 
triality. 
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Theorem 1.16.4. We define automorphisms k,7,v : Spin(8) — Spin(8) respec- 
tively by 
K(Q1, 05, 03) = (ron, oz, KQ2), 
lou, Q2, 03) = (Ka3, Foz, Kol 
Lion, 2,3) = oa, 03,01), 
where x : SO(8) — SO(8) in the right side is defined by (ka)x = aT, x € €. Then 


we have relations 


The subgroup G3 generated by K,T in the automorphism group Aut(Spin(8)) of Spin(8) 
is isomorphic to the symmetric group S3. Also, we have 
Spin(T) = {a € Spin(8) | ka = a}, 
G2 = (a € Spin(8) | Aa = a, À € G3} 
= {a € Spin(8) | ra =a,va =a} 
(8) 
(7) 


= {a € Spin(8)|va = a} 


= {a € Spin(T) | na =a}. 


Moreover we have the isomorphism 


that is, 
SO(8) S Ss(8). 


Proof. The group multiplication between &,7,v is the same as that of Theorem 
1.3.5. Next, we shall show 


Gə = (a € Spin(8) | va =a}. 


If (o1,02,03) € Spin(8) satisfies v(ay,a2,a3) = (01,02,03), then we have ay = 
az = a3 (= a), that is, 


(ox)(ay) = ka(zy), x,y EF, (i) 


Put a = a1, then |a| = 1, and put x = 1 and y = 1 in (i), then we have a(ay) = ka(y) 
and (ox)a = &o(x), respectively. Hence, we get 


a(or)-— (azja forall reg 


hence a € R, and so a = +1 from |a| = 1. In the case a = —1, let x = y = 1 in 
(i), then (—1)(—1) = —1 which is a contradiction. Hence a = 1, so that ka = a. 
Therefore we have a € Go. Finally, the automorphism v? : Spin(8) — Spin(8) 
satisfies 

7?(—-1,—1,1) = (1,—1,-1), 


hence 7? induces the isomorphism SO(8) & Ss(8). 
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Exceptional Lie group E, 


2.1. Exceptional Jordan algebra jj 


Let J = 3(3,€) denote all 3 x 3 Hermitian matrices with entries in the Cayley 
algebra €: 
J={X € M(3,C€)| X* = X), 


where X* = DN. Any element X € jj is of the form 


£1 X3 T2 
X-—X(tG,r)—-|93 & m], GER MEE. 
tq Tı £s 


J is a 27 dimensional R-vector space. In J, the multiplication XoY, called the Jordan 


multiplication, is defined by 


XoY ==(XY+YX). 


NI ra 


In 3, we define the trace tr( X), an inner product (X, Y) and a trilinear form tr(X, Y, Z) 
respectively by 


tr(X)=f+&+8&, X=X(€,2), 
(X,Y) =tr(X oY), tr(X,Y,Z) - QGY oZ). 


Moreover, in J, we define a multiplication X x Y, called the Freudenthal multiplica- 
tion, by 


Xx Y= -(2X oY —tr(X)Y — tr(Y)X + (tr(X)tr(Y) — (X,Y))E), 


[S = 


(where E is the 3 x 3 unit matrix) and a trilinear form (X, Y, Z) and the determinant 
det X respectively by 


(X,Y,Z)=(X,Y x Z), detX = SU XX) 


For X = X(£,z), Y = Y (n, y) and Z = Z(¢, z) € J, the explicit forms in the terms 
of their entries are as follows. 


3 
(X,Y) = So (Gm + 2(z5 yi), 
i=l 
3 
tr(X,Y, Z) = So (EiniGi + R(£iYi+1Zi+2 + TiZi+1Yi+2) 
i=l 


+ Gil, 241) + (Yira, Zi+2)) + mil (241, mia) + (242, Fi42)) 
+ Ga ven) + (Ti+2, Yi+2))), 
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3 


(X, Y Z) ENS (5t (im } 1Gi Es Eini } 26i } 1) + EST E + ZiZi+1Yi+2) 
t=1 


— (&i(yi, zi) + mi (Zi, Bi) + ilti, v) 
detX — € £263 + 2R(riz223) — £12471 — E2L2T2 — 632303. 

Lemma 2.1.1. The followings hold in 3. 
(1) (i) 
y 1 
(ji) EoX=X, ExX= 5 (tr(X)E— X), ExE=E. 

) 

) 


XoY=Yox, XxY=YxX. 


2) G 
(ii 


The inner product (X,Y) is symmetric and positive definite. 
tr(X, Y, Z) = tr(Y, Z, X) = tr(Z, X,Y) = tr(X, Z,Y) = tr(Y, X, Z) 
= tr(Z, Y, X). 
The similar statement is also valid for (X,Y, Z). 
(iii) (X,E)-(X,E,E)—-U(X,E,E)—tr(X) tr(X,Y, E) = (X,Y). 
(iv) tr(X x Y)= Leu) — (X, Y)). 
(3) (G) (Xx X)oX —(detX)E (Hamilton-Cayley). 
(ii) (Xx X) x (X x X) = (detX)X 
Proof. (1) is evident. 


(2) is clear from the explicit forms of (X, Y), tr( X, Y, Z), (X, Y, Z) etc. 


) 
) 


(3) Using the following explicit form 
£963 — X1Y1  XiX23 — £333 C311 Ca 
X x X= | wx. —63%3 636$1— 232. To233— x1 |, X =X(6,x), 
Tan — €2%2 1213 — E1€2 — x33 


each formula is obtained by direct calculations. 


In J, we adopt the following notations: 


10 0 0.0 0 0.0 0 
Ej—-[|000], E—2[|[0 10], Æ&=ļ|0 0 0], 
0.0 0 0.0 0 0.0 1 
0.0 0 UU" 0 x O 
Fix)—-|0 0 z 0.0 0 F&ix)—-|m-00 
0c 0 x 00 0 0 0 
The tables of the Jordan multiplication and the Freudenthal multiplication among 


elements above are given as follows. 
E; o E; = E; E; o E; = 0, E 
E; o F;(£) = Eio F(x) = 5Fj(2), izj 


Fi(z) Q Fi(y) FT (x, y)(Ei+ı T Ei+2), Fi(x) [S Fi+ı(y) = ; i+2 (79), 
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1 
E; x E; =0 Be x Biyi = 5 Bite 
1 ; $ 
Ei x Fi(z) = -5 Fi() E, x F(z) =0, iz]j 
1 
F(x) x Fi(y) = tr, 9) Ki, Fi(z) x Fisa(y) = 5 Fi+2(27), 


where the indexes are considered as mod 3. 


2.2. Compact exceptional Lie group F4 


Definition. The group F; is defined to be the automorphism group of the Jordan 
algebra J: 
F4,—ÍíoclIson(3)| a(X oY) =aX oaY}. 


Lemma 2.2.1. (1) Fora € F4, we have ak = E. 
(2) For a € F4, we have tr(aX) = tr(X), Kei 


Proof. (1) Applying a on Eo X = X, we have aE o aX — aX. Let X 2a 1E, 
then «E o E = E, that is, aE = E. 


(2) We use the Hamilton-Cayley identity X o (X x X) — (detX)E (Lemma 
2.1.1.(3)), that is, 


Xo(XoX)-tri(X)X? + 5 (Qo? — tr(X?))X = (detX)E. (i) 


We put aX in the place of X of (i) and then apply a^! € F4 on the obtained 
expression. Then 


1 
X o(XoX)- tr(oX)X? + 5 (tr(aX)? — tr((o.X?))X = (detaX)E. (ii) 
By subtracting (i)—(ii), we get 
1 
(tr(aX) — tr(X))X? + 5 (OO? — tr(aX)? + tr((oX)?) — tr(X?))X 
= (detX — det(aX))E. 
Let X = Fi(e;), i = 1,2,3,7 = 0,1,---,7, then 
1 
tr(o.Fi(e5)) Egi + Fal + ga fiel + tr((aF;(e;))*) — 2) Fi(e;) 
Comparing the entries of both sides of the equation above, we have 
tr(aF;(e;)) = 0 (= tr(File;))) 
and tr((aF;(e;))”) = 2, hence 


tr(o.E;) = tr(a(E — F;(1?)) = tr(E) — tr((aF,(1))?) = 3 — 2 = 1 = tr(E;), 


for i = 1,2,3. Consequently, we have tr(aX) = tr(X) for every X = E;, F;(ej) of the 
R-basis of J. Thus the lemma is proved. 


For o € Homg(3), we denote by ‘a the transpose of a with respect to the inner 
product (X,Y): (*aX, Y) = (X,aY). 

Lemma 2.2.2. For a € Isor(3), the following four conditions are equivalent. 

(1) det (aX) = det X, for all X € 3. 

(2) (aX,aY,aZ)=(X,Y,Z), for all X,Y,Z c 3. 

(3) aX xaY =ta !(X xY), for all X,Y € 3. 

(4) aX xaX =ta !(Xx X), for all X €3. 

Proof. (1) — (2) det(aX) = det X implies that (aX,aX,aX) = (X, X, X). 
Putting AX +uY +vZ in place of X and comparing the coefficient of Aur, we obtain 
(2). 

(2) 2 (1) is evident. 

(4) => (3) Putting AX + uY in place of X and comparing the coefficient of Au, we 
obtain (3). 

(3) 2 (4) is evident. 

(2) & (3) is easily obtained. 


Lemma 2.2.3. If a € Isor(3) satisfies det (aX) = det X for all X € J, then we 
have 


det (fa 1X) = det ('aX) = det X, forall X € 3. 
Proof. We have 


fg-l(Y x Y) x fa-!(Y x Y) = (aY x oY) x (aY x aY) (Lemma 2.2.2.(4)) 
= (detaY)aY (Lemma 2.1.1.(3)) = (det Y)aY = o((det Y)Y) 
=a((Y xY)x(YxY), Nei 


Let Y = X x X, X € J in the above, then 
‘a! ((det X)X) x fa! ((det X)X) = a((det X)X x (det X)X). 
We now consider the following two cases. 
(1) Case det X Z 0. In this case, we have fa^ 1 X x fa^ 1 X 2 a(X x X). Hence, 


3det (Go 1 X) = (ta 1X, tat X x fa^ 1X) 
= (fa! X,o(X x X)) = (X, X x X) = 3det X, 


hence we have det (a7! X) = det X. Next, if we use a^! instead of o, we can see 
also that det (*a.X) = det X. 
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(2) Case det X = 0. If det (6a~!X) Z 0, we can use the result of (1). If we put ‘aX 
instead of X in det (o 1 X) = det X of (1), then det 'a~!('aX)) = det (a.X). Hence 
0 = det X = det*aX) Æ 0 which is a contradiction. Thus we have det (a^! X) = 
det (*a.X) = 0, so det (a^! X) = det (*o.X) = det X is also valid. 


Lemma 2.2.4. For a € Isog(3), the following five conditions are equivalent. 


(1) oa(XoY)-oXooY. 

(2) tr(oX,aY,aZ) = tr(X, Y, Z), (aX,aY) = (X, Y). 
(3) det (aX) = det X, (aX,aY) = (X,Y). 

(4) det (aX) = det X, aE = E. 

(5 a(X x Y)=aX x aY. 


Proof. (1) > (2) (aX,aY) = tr(aX o aY) = tr(a(X o Y)) = tr(X o Y) (Lemma 
2.2.1) = (X,Y). Also tr(aX,aY,aZ) = (aX, aY o aZ) = (aX,a(Y o Z)) = (X,Y o 
Z) =tr(X,Y, Z). 

(2) > (1) (aX o aY, aZ) = tr(aX,aY,aZ) = tr(X,Y, Z) = (X o Y, Z) 2 (a(Xo 
Y), oZ) holds for all aZ, so we have aX o aY =a(X oY). 


(2) = (3) Since we have already shown (2) — (1), we can use tr(aX) = tr(X) 
(Lemma 2.2.1.(2)). Now, 


3 1 
3det(aX) = tr(aX, o. X, aX) — zex) (aX, aX) + gtr(aX)* 
1 
-q X X) — tr(X)(X, X) + 3r OO? = 3det X. 
(3) > (5) (a(X x Y), aZ) = (X x Y, Z) = (X,Y, Z) = (aX,aY,aZ) (Lemma 
2.2.2) = (aX x aY, aZ) holds for all aZ € J, so we have aX x aY =a(X x Y). 


(5) => (4) (det (aX))aX = (aX x aX) x (aX x aX) (Lemma 2.1.1.(3)) 
=a((X x X) x (X x X)) = (det X)o.X (Lemma 2.1.1.(3)) 


and so we have det (aX) = det X. In the relation 
1 
aX oak =a(X x E)= go ((X)E — X), 


if we denote ob = P, then 


1 1 
aX x P= 3 u(X)P — 5°% XE. 


Let X = at E, and P= pi EA + pa E» + p3 E + Fi(pi) + F(p2) + F3(ps), then 


1 
3 (02Es + p3E2 — Fi(pi)) 


1 
= 30 + pa E» + ps Es + FA(p1) + Fa(pa) + F3(p3)) — E1), 


where A = tr(a^ 1 E1). By comparing entries of both sides, we have 
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O=Api-1, pa—AÀpo, p2=Aps, —pr=Api, 0=Ap2, O= Ap, 
Consequently we have pa = ps = 0. Similarly, by letting X = o^! Eo, we also have 
pi = 0. Again put X = a^ TE), then 


1 


1 
"mb = gp Pi + pa E» + p3E3) — FA(1)), 


where u = tr(a ^! F1(1)). By Comparing entries of Fi-parts, we see that pı = 1. 
Similarly p2 = p3 = 1. Therefore we have ob = E. 
(4) => (2) tr(aX) = (aX, E, E) = (aX, a E, aE) = (X, E, E) (Lemma 2.2.2.(2)) 
1 
— tr(X). Hence zer tY) — (X, Y)) = (X,Y, E) (Lemma 2.1.1) = (aX, aY, aE) 


= (aX, aY, E) = 5 (tr(aX) tr(aY) —(aX,aY)) = streit) io? aY )). There- 
fore we obtain 
(aX,aY) = (X,Y). 


Next, using the relation (X,Y, Z) = tr(X,Y, Z) — 5a, EA EE — 
Iez) Y) + Lee )ir(2Z) and (aX,aY, aZ) = (X,Y, Z), we obtain 
tr(aX,aY, aZ) = tr(X, Y, Z). 
Theorem 2.2.5. F4 is a compact Lie group. 
Proof. F, is a compact Lie group as a closed subgroup of the orthogonal group 
O(27) = O(3) = {a € Ison(3) | (oX, aY) = (X,Y )} (Lemma 2.2.4.(2)). 


The group F4 contains Gz as a subgroup in the following way. For a € G2, we 
consider a mapping à : J — J, 


& X3 T2 & QXa QT2 
a| T3 € xı | =| ay f om 
mo Tı £s Qx2 QTI & 


Then à € F4. So we identify a € G5 with à € F4: Go C F4. 
2.3. Lie algebra f, of Fy 


In order to investigate the Lie algebra f4 of the group F4, it will be helpful to 
study the Lie algebra ger ze of the group 


E6(—26) = {a € Isor(3) | det (aX) = det X} 
J 


= {a € Isor(3)|*a ! (X x Y) 2 aX x aY}. 
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Lemma 2.3.1. The Lie algebra ger ze of the group Be ze is given by 


es(-26) = (9 € Homg(3) | (6X, X, X) = OF 
= {¢ € Homa(3) | (OX, Y, Z) + (X, 4Y, Z) + (X,Y, 02) = 0j 
= {¢ € Homg(3)| —*6(X x Y) 2 9X x Y +X x GY}. 


Proof. It is easy to verify that these conditions in ee(—26) are equivalent (see 
Lemma 2.2.2). Now, if 6 € Homr(3) satisfies ((expt$) X, (exp t) X, (expto)X) = 
(X, X, X) for all t € R, then we have (¢X, X, X) = 0 by putting t = 0 after differen- 
tiating with respect to t. Conversely, if ó € Homg(3) satisfies C*ó(X x Y) = 6X x 
Y+X x oY, then it is easy to verify that a = exp tọ satisfies To" ! (X xY) = aX xaY. 


Theorem 2.3.2. The Lie algebra f4 of the group F4 is given by 


fa = {6 € Homp(3)|5(X oY) 2ó0XoY +X 06Y} 
8 ~ | tr(5X, Y, Z) + tr(X, 8Y, Z) + tr(X, Y,6Z) =0 
E [5 € Homa(3) | (6X,Y)+(X,6Y) =0 ) 


= {ô € Homg(3) | (0X, X, X) 20, (0X, Y) + (X,0Y) = 0) 
= {ô € Homg(3) | (6X, X, X) 20, AE = 0} 
= {6 c Homn(3)|9(X x Y) 2óX xY +X x OY}. 


Proof. The theorem follows easily from Lemma 2.2.4. 
We define an R-vector space 9t by 
M = {A € M(3, €) | A* 2—A). 
For X,Y € M(3, €), we define [X,Y] € M(3, €) by 
[X,Y] = XY - YX. 


Lemma 2.3.3. [pe SCS. BSc . 


Since [97,3] C J, any element A € MT induces an R-linear mapping A: J — 3 
defined by 
~ 1 


Lemma 2.3.4. For X € J, there exists a € €o such that 
[X, X X] 2 aE. 
Proof. Let X — (zu), Tij € €, Tij = Xj. The (i, j)-entry Qij of [X, XX] = 
X(XX)— (X X)X is given by 


aij = A (win (vium) — (wintery) =— 9 nas tus mu) i j= 1,2,3. 
k,l k,l 
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Since x; is real, if the bracket { , , } contains zu, then { , , } is 0. Ifi Z j, then 
aij is a sum of a(xa) — (ax)a, a(ax) — (aa)x and so on, so aij = 0. If i = j, then 


ou = —(i212,223,231)] — 13; 232; 221], 


— (221, 213, 032} — (123, £31, 212}, 


Q 
N 
N 

Il 


33 — —1231,212, £23} = (232, £21, 213}, 


however they are equal, that is, a11 = a22 = a33 (= a). Hence we have [X, X X] = aE. 
Since X, X X € J, we have [X, X X] € Mt” (Lemma 2.3.3). Therefore, (aE)* = —aE 
and so a E = —aE, which imply that @ = —a. 


To prove the following Proposition 2.3.6, in M(3, €), we define a real valued sym- 
metric inner product (X,Y) by 


1 
(X,Y) = SUN - Y*X?). 
Lemma 2.3.5. The inner product (X, Y) of M(3,€) satisfies 
(XY, Z) = (YZ, X) = (ZX,Y) = (X,Y Z) = (Y, ZX) = (Z, XY). 


Proof. Let X = EN Y= (vis), Z= (zu). 'Then we have 


(XY,Z) = R(XY,Z) = 5 Rlte((XY)Z + Z*(Y*X*))) 


= GES + Saal 
" GES i Zin (Ziiuj))) 


= S R(ir((¥Z)X + X*(Z*Y*))) = (YZ, X). 


Proposition 2.3.6. For A € W, tr(A) = 0, we have A € fy. 


Proof. From the equivalent conditions in Theorem 2.3.2, it is sufficient to show 
the following two formulas: 


([A, X] Y) + (X, [4Y] =0, X,Y €3, 
tr([A, X], Y, Z) + tr(X, [A Y], Z) + tr(X, Y, [A, Z] =0, X,Y,Z €J. 


Now, the left side of the first formula = (AX, Y )— (XA, Y)+ (X, AY)-(X,YA)=0 
(Lemma 2.3.5). Next, we show that 


([4, X], XX)=0, RES 


Certainly, if [X, X X] = aE, a € €o (Lemma 2.3.4), then 
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AK RY = (AX, A XX) 
= (A, X(XX)) — (A, (XX)X) (Lemma 2.3.5) 
misa x) = age sin(Aa +TA*) 
A Ilda pays SIE = aie (Ay) =O: 


Now, putting AX + uX +vZ in the place of X, and comparing the coefficient of Auv, 


we obtain 
(A, X, YZ + ZY) + ([A, Y], XZ + ZX) - ([(A, Z], XY + Y X) 2 0, 


which is the required second formula. 


In W , we adopt the following notation: 


0 0 0 0 0 -@ 0 a 0 
A1i(a)2|0 0 a], A442|0. 0 0 |, A4s(aà2|-2 0 O 
0 —-a 0 a 0 0 0 0 0 


Ai;(a)E; — 0 A;(a)Fi(v) = (a, z)(Ei41 — E2) 
A;(a) Eia = -3Fa) Aj(a) Fist (x) T 5 i42(üx) 
Ai(a)Bis2 = Sie) Ai(a)Fiy2(0) = -5 Fis (99). 


Proposition 2.3.7. The Lie subalgebra 04 of f4: 
d4 = {6 € f4 | OE; = 0,2 = 1,2,3} 
is isomorphic to the Lie algebra D4 = so(8): 
D4 = (D € Homr(€) | (Dx, y) + (x, Dy) = 0} 


under the correspondence 
D4 > Dı — ô € d4 


given by Gs 
D X3 T2 0 Dans Doro 

ô| T3 & a] =| Dap 0 Dix |, 
12 Tı £3 Dx Disi 0 


where D2, D3 are elements of D4 which are determined by Dı from the principle of 


triality : 


(Diz)y + z(Daoy) = Da(yy), xz, yee. 


(From now on, we identify these Lie algebras 04 and 4). 
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Proof. We define a mapping yx : D4 — 04 by q.(D1) = 6. We first prove that 
ô € 04 C fy. Indeed, 


(8X, X, X) = (6X, X x X) 


0 Dm Deore £263 — 210, Teg — 6333 1321 — Ego 
= ( D3x3 0 Dixi |,| vix2 — 6333 636i — t272 T273 -— 111 ) 
Dox Dm 0 X331 — 2% £2£3— &qy1 E1€2 — x33 


2(Di121,2223 — £121) + 2( Dore, 321 — £212) + 2(D3x3, TITZ — 6323) 
2((D121, 233) nn (Dana, T3041) ban (Danz, %142)) 
2 


((D121, 2223) + (Da222, 2321) + (Dara, z172)) 


I 


which is equal to 0, if we use the relation 
(Liz, Z273) = — (£1, Di1(2223)) = — (21, (Dox2)23 + £2(D323)) 
= —(x1, 23(D222) + (Daz3)22) = —(zaz1, Dore) — (z122, Daza). 


Hence ô € f4. ôE; = 0,i = 1,2,3 are evident, so that ô € d4. Clearly y+ is injective. 
We shall show that y, is onto. Let ó € 04. We put 


J; = {Fi(x) |x E€ Ch = {X € J| 2Ei+1 0 X = 2Ei}2 0 X = X). 


Since 6X € 3; for Kei, 6 induces R-linear mappings ô : 3; —^ J; and D; : € — € 
satisfying 
for i = 1,2,3. Applying 6 on F;(x) o Fi(y) = (x, y)(Ei+ı + Ei+2), we have F;(Dix) o 
F;(y) + Fi(x) o F;(Diy) = 0, and hence we have 

(Diz, y) + (x, Diy) = 0, 2,9 € €. 


1 
Hence D; € 94,í = 1,2,3. Moreover, by applying ô on F(a) o Fo(y) = z350), we 
see that 


(Dix)y + z(Doy) = Ds(yJy), x,y €&€. 


This shows that p, is onto. Thus Proposition 2.3.7 is proved. 
Theorem 2.3.8. Any element ô € f4 is uniquely expressed by 
6=D+A, Ded, AEW ,diagA = 0, 


where diagA = 0 means that all diagonal elements a;; of A are 0. In particular, the 
dimension of f4 is 
dim f, = 28 + 24 = 52. 


Proof. Applying ô € f4 on Ej o E; = E; and E; o E; = 0, i # j, we have 


26 E; o Ej = óE;, AE, O Ej + Ej o Ab, = 0. 
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From these relations, we see that each Ab: is of the form 


0  —aa3 d» 0 ag 0 0 0 —ū2 
ôE = —@3 0 0 ,0 E» = a3 0 —ay 063 = 0 0 1 ; 
a2 0 0 0 -mū 0 —a a1 0 
0 a3 — 62 
a; € €. If we construct a matrix A = 2 | —aà4 0 a using these elements a;, 
ag — 01 0 


then A € W with diagA = 0, and we have 
óE; = AE, i=1,2,3. 


If we put D = à — A, then DE; = 0, i = 1,2,3, hence D € 04. Thus, ó can be 
expressed by 6 = D+ A, where D € 04, A € W`, diagA = 0. To show the uniqueness 
of the expression, it is sufficient to prove that 


D+A=0, DE4,AEM ,diagA =0, then D=0,A=0. 


Certainly, if we apply it on Ej, then AE; = 0, i = 1,2,3, hence A = 0 and so D = 0. 
Finally, we have dim f4 = 28 + 24 = 52 from the expression above. Thus the theorem 
is proved. 


2.4. Simplicity of £,^ 


Let 3€ — [X1 +iX2| X1, X2 € J} be the complexification of the Jordan algebra 
3. In the same manner as in jj, in 3° we can also define the multiplications X o Y, 
X x Y, the inner product (X, Y), the trilinear forms tr(X,Y, Z), (X,Y, Z) and the 


determinant detX. They have the same properties as those of J. 3€ is called the 


complex exceptional Jordan algebra. 3 has two complex conjugations, namely, 


Xı 1X2 =X, t iX», T(X4 +iX2) — X1 — iXs, Xj € 3j. 
The complex conjugation 7 of J] satisfies 
T(XoY)=7XoTY, r(XxY)-27X xy, X,Ycy. 


We define Lie algebras ce" and ja respectively by 


ge: = Ja € Home ae 


(3) | (OX, X, X) = 0j 
= (6 € Homc (3) 
) 
) 


—*h(X x Y)=oX xY+X x ai 
(XoY)=dX 0Y+X 0dY} 
(XxY)-2óXxY - X x oY}. 


LI = {6 € Home 


= IA € Home 


These are the complexification of the Lie algebras ge ze and f4 respectively. Then the 
properties of eg(.. 95, and Lo stated in Section 2.3 also hold for eç? and hi. Hereafter 
we will describe Pun but the statements are also valid for f4 using J instead of a 
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For A € 3°, we define a C-linear mapping 4:3 = e by 
AX SACK LES. 


Proposition 2.4.1. (1) For A € 3€, tr(A) = 0, we have Ae gei, 

(2) For A, B € 3°, we have [A, B] € C. 

Proof. (1) (AX, X, X) = (Ao X, X x X) 2 (A, X o(X x X)) 

= (A, (det X)E) = (det X)(A, E) = (det X)tr(4) 20, XE 

Hence A € ef. 

o |&B8-[(4- SÉIER (B- M € ef, 

[4, BJE = A(BE) - B(AE) = Ao B- Bo A =0. 

Hence [A, B] € f,€ (Theorem 2.3.2). 


e 


Lemma 2.4.2. In f,°, we have 


Š, Ej — 0, E. F(a) = 0, 
Ei, Fi (a)] = nie E;, F.42(a)] = SOEN 
Fa), K(0)] e v4, Fa), ail = 5 A2), 
D, A;(a)] = A;(Dja), where D = (Di, D2, D3) € 94€, 
Aye, À;(0)] € 0°, Auel, Aan ©) = af, 
E (e) Biel = Gu Filo), A20] = 5308) 


Lemma 2.4.3. (1) Any non-zero element x € €C can be transformed to 1 by 
successive actions of 04°. 

(2) €€ is a 04€ -irreducible C-module. 

(3) (40€? = (Y Dia;| Di € 049, a; € €F} = e. 

Proof. (1) Let 0 # x = ar oe, x; € C. Suppose x; 4 0 (moreover we may 
assume i # 0). Then we have 


Gio Gjo(j#i) 2; !Goj 
x Ti€9 — LO; Lie; “—> egal. 


The case xo Æ 0 is reduced to the above by the action of Gio. 


(2) Let W £ {0} be a 04°-invariant C-submodule of €^. If e; = 1 € W, then 
Gioeo = ej. Therefore W = gu Now, since a non-zero element x of W can be 
transformed to 1 by 04° from (1) above, W contains 1, so that W = €^, because 


Gineo = €j. 
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(3) Since 04°€° is a 04°-invariant C-submodule of €°, from the irreducibility of 
€€ of (2), we have o4€€€ = €°. 


Recall that any element ó € LÉI is uniquely expressed by 
ô= D + Ai(a1) + Ao(a3) + As(a3), Den, a E€ CS, 

where A;(a;) € (9t )€ (Theorem 2.3.8). 

Theorem 2.4.4. The Lie algebra fa is simple and so f4 is also simple. 

Proof. Let denote a = (A;(a) |a € €F} and a = al Ch a E a. then 

iC = dul OH, OH, OA, =U OH. 

Let p : f° — 34€ and q : f4] > A be projections of £,€ = 04° ex”. Now, let a be 
a non-zero ideal of LAT". Then p(a) is an ideal of 04°. Indeed, if D € p(a), then there 


3 
exist a; € €^, i = 1,2,3, such that D + 3 Aa) € a. For any D’ € 04°, we have 
i=1 


3 3 
"E Eé D+ YA) = [D', D] + Y Al Dee (Lemma 2.4.2), 


i=1 i=1 
hence [D', D] € p(a). 
LC 
We show that either 04€ Na 4 {0} or A NaF (0). Assume that 04€ Na = {0} 
~C 
and A Ma = {0}. The mapping pla : a — 04° is injective because AT n a = {0}. 
Since p(a) is a non-zero ideal of 04€ and 04° is simple, we have p(a) = 04€. Hence 
dimc a = dime p(a) = dimc d4” = 28. On the other hand, since 04° Na = {0}, 
LC LC 

qla:a-— ĦA is also injective, we have dimc a < dimc A = 8x 3 = 24. This leads 
to a contradiction. 

We now consider the following two cases. 

(1) Case 04€ Na z {0}. From the simplicity of 04€, we have 04€ Na = 04€, hence 
a 2 04°. On the other hand, we have 

~C xO 
EI ECKE 
The last equation follows from [D, A;(a;)] = A;(Da;) (Lemma 2.4.2) and 44€ €F = €F 
~ xë xO 
(Lemma 2.4.3.(3)). Hence a> 04° @A, PA o9, = fal. 
~C 
(2) Case A Na {0}. Choose a non-zero element 


~ ~ ~ ~C 
A1(a1) + Ao(a2) + Aa(aa) EA Naca. 
If a4 4 0, under the actions of 04€ of Lemma 2.4.3.(1), we have 


A (1) + A»(b) + A3(c) Ea. 
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If b = c = 0, then A;(1) € a, hence from Lemma 2.4.2, 
0 # [A1(1), Ate len na 


(as for the first inequality, note that [A1 (1), A1(e1)|F2(1) = —2F»(e1)), so the case is 
reduced to the case (1). If b #0, then take the Lie bracket with Ar (11. then 


A3(b) + Às(c) € a. and hen A3(1) + ÀAo(c) € a 


under some actions of 04€. If d = 0, then this can be reduced to the case (1) as in 
the above. The case d Z 0 can also be reduced to the case (1) by the same argument 
as above. Thus we have a — hes which proves the simplicity of ES, 


Lemma 2.4.5. (1) For 6 € ,€ and A, B € 3°, we have 
(5, (4, 8]] = (64, B] + [4,88]. 


(2) Any element 5 € f,° is expressed as 5 = RER Bj], Ay Bees, 


Proof. (1) [6,[A, B]] X = 6[A, B|X — [A, B|óX 
—ó(Ao(BoX)— Bo(AoX)) -(Ao(BoóX)— Bo(AoóX)) 
—óAo(BoX)-4 Ao(óBo X) Ao(BoóX) —óBo(Ao X) 
—Bo(0Ao X)— Bo(AoóX)— Ao(BoóX)-- Bo(AoóX) 
—óAo(BoX)- Bo(0Ao X)-- Ao(óBo X) -óBo(Ao X) 
—[6A,B|X + [A4,62|X, Kei, 

(2) By (1) we see that a — IG ,[Ai, Bj] | A; B; € 3€) is an ideal of f,€. From the 

simplicity of f,°, we have a = f,°. 


Proposition 2.4.6. (1) 39€ = (X € 3° |tr(X) = 0} is an f4€ -irreducible C- 
module. 


GLECK HEET Bi € 30°} = 30°. 


Proof. (1) Evidently 39€ is an f,-C-module (Lemma 2.2.1.(2)). Now, let W be 
a non-zero LI invariant C-submodule of Jol. 


Case (i) If W contains some F;(x) 4 0 (i = 1,2,3), then W = 39°. Indeed, under 
some actions of 04€, we can assume F;(1) € W (Lemma 2.4.3.(1)). Next, from 


A; 1 Ai 1 
FOI 2 it1 — Ea E i42(1)— --- — Fiji (1), 


and A;(a)Fi,2(1) = FI), etc., we have E; — En, F;i(a) € W and hence we have 


^ 


W = Jof. Now, in the general case, choose a non-zero element X from W: 


0 Æ X= &(Ei — E2) + n(E2 — E3) + Fi (zı) + Fo(x2) + Fs(x3) EW. 
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Case x; #0. Under the action of 04° of Lemma 2.4.3.(1), we have 
Fy (1) + Fo(y2) + F3(y3) € W. 


If yo = ys = 0, then F1(1) € W, hence we can reduce to the case (i). If yo Æ 
0, choose a € €F, a Æ 0, such that (y2,a) = 0, and apply A»(a), then we have 
— Fa(a) + Fi(ay3) € W. Again under the action of 04€, we have 


F3(1) + EN € W. 


If z; = 0, we can reduce to the case (i). If z1 z 0, choose b € €, b £0, such that 
(21,0) = 0 and apply Aı(b), then Fy(b) € W, which is again reduced to the case (i). 
Similarly for za Z 0 or x3 Z 0 the arguments above hold. 


Case 1, = £2 = x3 = 0. Applying Au? on the non-zero element 
X= ¿(Ei — E2) + n(EsS — E3) EW, 


we have LE — 27) € W. If £ — 2n 4 0, we can reduce to the case (i). If £ — 2n = 0, 
applying A3(1), we have F3(37) € W which is again the case (i). We have just proved 
that W = 39€. 
(2) Since f,°3o° is an f,C-invariant C-submodule of 359, we have £,€39€ = 39€ 
from (1). 
2.5. Killing form of f, 
Lemma 2.5.1. For A, B, C, D € 3°, we have 
([A, BIC, D) = ((C. DIA, B). 
Proof. (LA. BIC, D) = (Ao (Bo C), D) - (Bo (Ao C), D) 
—(BoC,AoD)—(AoC,BoD) 
= (C » (De A), B) - (D o (Co A), B) = (C, DIA, B). 
Definition. In f4], we define an inner product (01,02)4 by 
(&,[A,B])4 = (64,B), Zetf, A,B EJS. 


More precisely, we define 


(b1,62)4 = X (IA, Blo, D) = D(C), Dy) As, Bi); 


à,j ij 


for Ai = Y lA; Bi, Kë = 2 [C;, Dj], Ai, Bi, Cj, Dj € ue (Lemma 2.4.5.(2)). Then, 
Lemma 2.5.1 shows that the definition of the inner product (61, 42)4 is independent 
of the choice of the expressions of 51, 62, and that (01,02)4 is symmetric. 
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Lemma 2.5.2. The inner product (ët, 52)4 of 4€. is f4°-adjoint invariant: 
(là, ó1]; ô2)4 T (61, [ó; SE = 0, ô, ó; € jas 


Proof. It is sufficient to show the lemma for 6; = [A, Bi, 62 = IC. Di, A,B,C,Dc 


Ô, [A, D J, [C, Di, ag ([A, Bj, a. [C, Dd M 
8A, B] + [4, 8B], [C, D])4 + ((À, B], [6C, D] + [C,6D])4 (Lemma 2.4.5.(1)) 


A 

A, B]C, D) + ([A, 6B]C, D) + (JÄ, B]ôC, D) + ([A, B]C, 6D) 
Ao(BoC),D) - (Bo(6Ao C), D) + (Ao (B o C), D) — (B o (A o C), D) 
+(Ao (Bo dC), D) - (Bo(AoóC), D + (Ao (BoC), dD) — (B o (A o C), ôD), 


which is equal to 0, if we use the relation (X o Y, Z) = —(6X o Y, Z) — (X o OY, Z) 
for the above last two terms. 


Theorem 2.5.3. The Killing form B4 of the Lie algebra he is given by 
B4(01,02) = 9(01,02)4 = 3tr(0102), 61, 82 el, 
Proof. Since f,© is simple (Theorem 2.4.4), there exist k, H € C such that 
B4(01,03) = k(01,02)4 = k'tr(0102). 


To determine these k, k’, we put ô = 6; = à = A,(1). Since A (1) = —2[Es, F1 (1)] 
(Lemma 2.4.2), we have 

(5,8), = (AQ). Ant = -2(Ai (1), [Es, PU, 
—2(Ai (1) Es, A (1)) UDO, (1) A 


I 


On the other hand, (ad)? is calculated as follows. 


[Ai (0), (Ai(1), Gio] | = —[Ar(1), A1 (e:)] = ~Gio, i #0 
[Ai(1), [A1 (1), A1 (e:)] ] = [A1(1), Gio] = —Ai(ei), 740 
[Ai (1), [A41 (1), 4(e;)]] = 5 Us 1), Ae] = ec) 


(Ai (1), [Ai (D), Ac! = lut, Ao (6)] = — 7a (6, 
the others = 0. 


Hence we have 
B4(6,0) = tr((adA;(1))?) =(-1)x7x2+ (- d x 8 x 2 = —18. 


Therefore k = 9. Next, we will calculate tr(óó). 
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(MÃE IEN SIE - Ey) 
(E2 a Es), 
A, (1) A1(1)Fi(1) = (1) (Ez - Es) = -F (1), 


A 
AYAB = ;À()50) = 5 
A 
Ay (1) Ai (1)F2(ei) = LAORE) = dech 


Ae) = SNE = -F (es), 
the others = 0. 


Hence we have 


tr(6) = tr((Ai(1))?) 


Il 
TS 
l 
l 
NY 
x 
N 
l 
KR 
+ 
fame? 
l 
l 
— 
x 
Ra 
x 
N 
Il 
l 
(e) 


Therefore k’ = 3. 


Lemma 2.5.4. For a non-zero element A € So. there exists B € Jo? such that 
[A, B] z 0. 


Proof. Assume that [A,B] = 0 for all B € Jof. Then 0 = (6,[A,B])4 = 
—(6,[B, A])4 = —(8B, A) for any ô € f4€. Since f4 Jo? = 3o€ (Proposition 2.4.6.(2)), 
we have (Jof, A) = 0, so that A = 0. 


2.6. Roots of f, 


Before we obtain the roots of the Lie algebra i we recall the roots of the Lie 
algebra D4°: 
Dal = (D € Home (EF) | (Dz, y) + (x, Dy) = 0}. 


If we let Hy = —iGk4+k for k = 0,1, 2,3, then 


3 
h={H =) AHr| ech 
k=0 


is a Cartan subalgebra of 94°, and roots of D4 relative to h are given by 


XM -—AX) HAR HAI), 0<k<1l<3. 


The root vectors associated with these roots are respectively given by 


Ar A : (Gui + Gaxkagi) — (Giai + Gute), 
—Àk +A o: d(Giu + Gaxkaxi) — (Grate + Gute), 
Ar tA ` (Giu — Gaxkasi) + (Gray — Gute), 
—AÀkg Au i Ain — Gap) + Gs — Gute). 


4T 


The Lie algebra D4° is contained in LÉI as 
Jae D —> (D,vD, KTD) ee cR 


(Theorem 1.3.6, Proposition 2.3.7). Outer automorphisms v,r of D4° induce C- 
linear transformations of h and the matrices of v, m with respect to the C-basis 
Ho, H4, H2, H3 of 5 are respectively given by 


-1-11-1 1-11 -1 
usas EL. E rus sies p E 
2|-1 11 iJ ON 1 11 1 
1-11 1 -1-11 1 


(Lemma 1.3.1). Note that they are orthogonal matrices. 


Theorem 2.6.1. The rank of the Lie algebra LI is 4. The roots of h* relative 
to some Cartan subalgebra of LÉI are given by 


t(Ak—A) Akt), OSK<1 <8, 


An, An, A2, Aa; 

1 1 

£5(—A0 = At T Az — A3), +z An +A + A2 — As), 
1 1 

£5(-Ao + + A2 + A3); +5 ( Ao — Ar + Az + As); 
1 1 

Zil An — An + Az — A3), £5(-Ao +A + Az — As), 
1 1 

Zil An + À1 + Az + Aa), £5(-A0— A + Az + A3). 


Proof. We use the decomposition in Theorem 2.4.4: 
~O xO xC 
LÉI — DA OA, OA, OA, . 
3 
Let bh = {H = IX (Ar € c} Court he Since h is a Cartan subalgebra of 
k=0 


24€ (it will be also a Cartan subalgebra of f,°), the roots of 04°: 


(Ak — Ax), (Ak + Ai), 0<k<1<3 


are also roots of f,°. Furthermore, from [H, Auto! = A1(Ha) (Lemma 2.4.2), where 


Il 


3 
— So AkiGjapg (ex + iest) 
j-0 


—iAk(— 64k + iek) = Ak (ek + ie4+k), 


H (ex, + ieA Kk) 


II 


we see that Ay is a root of LÉI and Afen, + ie4,4) is an associated root vector for 
0<k < 3. Similarly, —A, for 0 € k < 3 is root of f, and Auer — ie444) is 
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an associated root vector. Next, by Lemma 2.4.2 we have [H, A»(a)] = A»((vH)a), 
where 


isi S 
k=0 
= Set Ho + Hı — Hə + H3) + »1(—Ho + Hi + H2 — H3) 
+A2(Ho + Hi + H5 + H3) + As(—Ho — Hi + Ho + H3)) 
(Ao + À1 + A2 — A3) Hi 


1 1 

= | Ho + = 

eh Au Au Au Aa) 0 2 

1 i 
t5 7o + Aa Jo + As) Ha + zo — Ai Az + As) Hs, 


and so we see that coefficients of Ho, H1, H2, H3 are roots of LÉI and that Ao (ex + 
i + ie4+x) is associated root vector for 0 € k < 3. The roots above with negative sign 
are also roots of LÉI and ES (ex — te44%) are associated root vectors. Finally, from 
[H, A3(a)] = As((&xH)a) (Lemma 2.4.2), where 


1 1 

krH = z% Au An + A3) Ho + z% +A, + A2 — A3) Ay 
1 1 

+500 + Ar + Az + A3) H5 4 zl Ào — A1 + A2 + Az) As, 


we obtain the remainders of roots. 
Theorem 2.6.2. In the root system of Theorem 2.6.1, 
a, = ào An, Q2 =A — Ag, Q3 = A2, a4 = Se — A - Az +s) 
is a fundamental root system of the Lie algebra fat and 
H = 203 + 38a2 + Jost 204 


is the highest root. The Dynkin diagram and the extended Dynkin diagram of $,€ are 
respectively given by 


2 3 4 2 
OA )—O e—o— copo 
Q1 a2 Q3 Q4 H Q1 Q2 Q3 Q4 


Proof. All positive roots of LÉI are expressed by a1, Q2, o3, a4 as follows. 


An =A, + agt+ Q3 
à = ag + a3 
Aa a3 
A3 = 04 + 2a2 + 8a3 + 204, 
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An = A2 = O1 + ag 
—Xo en As = Qo. T 203 T. 204 
Au we Au = a2 
— An SE Aa = Q1 a2 203 204 
— A2 + An = ou + 2a2 + 2a3 204 
An A1 = a, + 2a2 + 203 
Ao + À2 O1 a2 203 
An T A3 = 201 3a» 403 T 204 
Au s Au = ag + 203 
Au RE A3 = Qu T 3a» 403 204 
À2 3p A3 = Q1 "r 2a2 4az 404, 
1 
5 An + At + Ag + Aa) = ay, + 205 + 3o3 + 04 
1 
giro —A — Aa + Aa) = Q4 
1 
2 An + Au — À2 Sr Aa) = aT 2a2 SE 203 +r A, 
1 
5 Ào—M-22-23)— e az + 203 + ag 
1 
3 (Ao — ài + A24 Aa) = a3 + O4 
1 
SC — à2 + Anal = a2 + a3 + ou 
1 
S ro — A — Àa + A3) = a, +Q + a3 + Q4 
1 
Pi + A + Au Tr Aa) = Q2 + 203 + O4. 


Hence II = Jon, a2, 03, a4} is a fundamental root system of LP. The real part Dg of 
h is 
3 
ba ={H = XH | Ax € R). 
k=0 


The Killing form By of 4€ is B4(ô1, 62) = 3tr(6152) (Theorem 2.5.3), so that 
3 3 3 
Ba(H, Hz IS Ann), HA. Al, H' = Ak Hk € 9g. 


k=0 k=0 k=0 


Indeed, since 


HE, =0, i= 1,2,3, 
HF; (x) = bz, HFo(x) = Fo((vA)x), HF3(x) = Fa((&n H)x), 


we have 
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3 
B4(H, H') = M. XN Ba(He, Hi) 


DES 
= 23 (AA (tr( Hi Hj) + tr((v.Hy)(v Hi) + tr((ha Hy) (sm Hy)))) 
k,l 
3 
= 39 AQ + 2 2)54 — 18V A. 
k,l k=0 


Now, the canonical elements Ha, € bg corresponding toa; (B4(Ha, H) = a(H), H € 
bg) are determined by 


1 1 
Ha, = —(Ho — Hı), Ha, = —(Hı — Ha), 
i is! o— H1) à ia! 1 — H3) 
1 1 
Ha, = — H2, Ha, = —(—Ho — A, — H: H3). 
s— g^ à 36 | 0 1 2 + H3) 
Hence we have 
Cie = Ge E 
01,01) = D4 ayo ttai) — 1818 = 9 


and the other inner products are similarly calculated. Hence, the inner products 
induced by the Killing form B4 between o1, a2, a3, a4 and —p are given by 


(03,01) = (a2, 02) = o (a3, 03) = (04, 04) = ao) 


(a1, a2) == (a2, a3) = (a3, 04) RUN 


1 1 
18' 18' 
(0,03) = (05,04) = (a2, 04) = 0, 
1 1 
(—p, —p) m o Kë o1) ud WE G-A ai) E" 0, t= 2, 3,4, 
using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 
Oe 
According Borel-Siebenthal theory, the Lie algebra f4 has three subalgebras as 
maximal subalgebras with the maximal rank 4. 
(1) The first one is a subalgebra of type B4 obtained as the fixed points of an 
involution c of f4. 


(2) The second one is a subalgebra of type C1 ® C3 obtained as the fixed points 
of an involution y of f4. 


(3) The third one is a subalgebra of type A» © Ag obtained as the fixed points of 
an automorphism w of order 3 of f4. 


These subalgebras will be realized as subgroups of the group F4 in Theorems 2.9.1, 
2.11.2 and 2.12.2, respectively. 


2.7. Subgroup Spin(9) of F4 
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Theorem 2.7.1. {a € Fa | ak; = Ej, i = 1,2,3} S Spin(8). 
(From now on, we identify these groups). 


Proof. We recall the group Spin(8) of Theorem 1.16.2 and define a mapping 
p: Spin(8) > D, = {a € Fy | ak; = Ej, i = 1,2,3} by 


Ch Z3 T2 D ot Q272 
q(01,02,03) | Z3 € xı | =| as3s E 0121 
mo Ti & Q2122 ar & 


We first prove that a = y(a,,a2,a3) € D4. Indeed, the fact that det (aX) = det X 
can be seen by observing that 


R((o121)(o222)(a323)) = R((os(1172))a13) 
= (os (1232), 0323) = (z132, 23) = R(zix273), 
which together with aE = E, shows that a € Fy and «E; = E;,i = 1,2,3. Therefore 
a € D4. Certainly y is a homomorphism. We shall show that ọ is onto. Let a € D4. 
We put 
J; = [Fi(z)|x € €} = [X € J |2Ei+1 0 X = 2Ei}2 0 X = X}, i= 1,2,3. 


Since aX € J;, X € J;, a induces R-isomorphisms a : J; —^ J; and o; : € — € 
satisfying 


for i = 1,2,3. Applying a on F;(x) o Fi(y) = (x, ui Ex + Ei+2), since the left side 
becomes F; (aix) o Filaiy) = (aix, aiy) (Ei+1 + Ei+2), we have 
(aix, aiy) = (x,y), x,y E€. 


1 
Hence o; € O(8), i = 1,2,3. Moreover, by applying a on F(x) o Fo(y) = z700), 
we see that 


(aix)(azy) = a3 (T7), x,y EČ. 


From Lemma 1.14.4, we have oi, oz, os € SO(8), so that (a1,a2,a3) € Spin(8) and 
lo, 02,03) = a. Therefore o is onto. Evidently Ker o = {(1,1,1)}. Consequently 
y is an isomorphism. 


We shall study the following subgroup (F4)g, of F4: 
(Fue, = {a € F4 | E, = Ej. 


We define R-vector subspaces Jo1, J23 of J respectively by 


00 0 
Jor = (X €3| By o X =0,tr(X) = 0} = { 0 z £e Race), 
0 z —£ 
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0 ys 9o 
Js ={Y e32EboY =} =f 95,0 0 [y2 vs € €}. 
Y2 0 0 
Lemma 2.7.2. Suppose that we are given an element A € Jo, such that (A, A) = 
2. Choose any element Xo € Jo, such that (Xo, Xo) = 2, (A, Xo) = 0. Choose any 
element Yo € Jos such that (Yo, Yo) = 2; 2A0 Yo = —Yo. Let 


Zo = 2Xo o Yo. 


Choose any element Xı € Jo, such that (X1, X4) = 2, (A, X4) = (Xo, X1) = 0. 
Choose any element X5 € Am such that (X2, X2) = 2, (A, X2) = (Xo, X2) = 
(X1, X2) — 0. Let 


Yı = —2Z29 0 X1, Z2 = —2X20Yo, X3 = —2Y,o Zo. 
Finally, choose any element X4 € Jo. such that (X4, X4) = 2, (A, X4) = (Xo, X4) = 
(X4, X4) = (Xo, X4) = (Xa, X4) — 0. Let 

Z4 = —2X4,0Yo, Yo— —2Z290 X2, Y3 = —2Z290 Xs, 

X; = —2Y; e 2567) 


and moreover let 
Y; = —220 0 Xi, i = 4,5,6,7, 
Zi = —2Xio Yọ, p= 1,3,5,6,7. 
Then, an R-linear mapping a: J — J satisfying 


ak = E, ak, = Ei, obs — £3) = A, 
aFı (ei) = Xi, aF»(ei) = Yi ak3(e;) = Zi 1=0,1,---,7 


belongs to (F4) g, . 


Proof. We have to show that the setting of the lemma is appropriate and prove 
that o satisfies 
a(X oY)=aXoay, X,Y EJ. 


For this purpose, it is sufficient to show that this holds for generators X,Y = E, 
F; (ex) of J. We have to check 27? = 729 times if honestly doing so we reduce the 
number of times after preparing some lemma. However we omit its proof. In details, 
see Yokota [40]. 


Proposition 2.7.3. (FA) g, / Spin(8) = SÈ. 
In particular, the group (F4)g, is connected. 


Proof. S8 = (X € Jo | (X, X) = 2} is an 8 dimentional sphere. For o € (Fi)g, 
and X € S8, we have aX € S?. Hence the group (Fi)g, acts on SP. This action is 
transitive. Indeed, for a given A € S?, by constructing a € (Fi), of Lemma 2.7.2, 
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we have ot ba- E3) = A, and which shows the transitivity. We determine the isotropy 
subgroup of (F4)g, at E2 — E3 € S8. Let a € (F4)g, satisfy a(E2 — E3) = E2 — Es. 
Since a € (F4)g, satisfies aE, = E; and aE = E, it also satisfies a( E2 + E3) = E2 + 
Es. Therefore we have aE = E» and «Es = Es, so that a € Spin(8). Conversely, 
a € Spin(8) satisfies a( Ey — E3) = E2 — Es. Thus we have the homeomorphism 
(F4) g, / Spin(8) = 58; 


Remark. If we know the dimension of the group (F4)g,, without using Lemma 
2.7.2, Proposition 2.7.3 can be simply proved as follows. The group (F4)g, acts on SP. 
The isotropy subgroup of (F4)g, at E» — Es is Spin(8) and dim((F4)g, /Spin(8)) = 
dim(F4) 5, — dim Spin(8) = 36 — 28 = dim S?. Therefore, we have (Fi) g, / Spin(8) ~ 
SS 


Theorem 2.7.4. (Fi)e, = Spin(9). 


(From now on, we identify these groups). 


Proof. Let O(9) = O(301) = {a’ € Isog(301) | (a’X,a’Y) = (X,Y )}. Consider 
the restriction ol = a|3o1 of a € (F4)g, to Joi, then a’ € O(9). Hence we can define 
a homomorphism p : (F4)g, — O(9) by pla) = a’. Since p is continuous and (F4)z, 
is connected (Proposition 2.7.3), the mapping p induces a homomorphism 


p:(FA)g, > SO(9). 


We shall show p is onto. Let SO(8) = (o/ € SO(9)| o^(E» — Es) = E; — E3}. The 
restriction p' of p : (F4)g, — SO(9) to Spin(8) = (o € (F4)g, | (E53 — E3) = E5— E3} 
coincides with the homomorphism p : Spin(9) — SOUS) in Theorem 1.16.2. In 
particular, p' : Spin(8) — SO(8) is onto. Hence, from the following commutative 
diagram 

1 — Spin(8) — (Fe — $ — + 


Lp» lp l= 
1 — BOU — SO() — S — « 


we see that p : (F4)g, — SO(9) is onto by the five lemma. Kerp = {1,0}, where o = 
vil, —1, —1) (which corresponds to o defined in the following Section 2.9). Indeed, 
let o € Ker p, then a satisfies aX = X for all X € 3o. From a(E2 — E3) = E — E3 
follows that a € Spin(8). Let a = (01,02,03) € Spin(8). Since aFı (x) = Fı (x), 
that is, Fı (aix) = Fi(x), so ayx = zx for all x € €, hence we have oi = 1. From the 
principle of triality, we have a = (1,1,1) = 1 or a = (1,—1, —1) = ø. Hence we have 
Ker p = {1,0}, and so we have the isomorphism 


(bie, / (1, c) = SO(9). 


Therefore (£4) z, is isomorphic to the group Spin(9) as the universal covering group 
of SO(9). 
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Theorem 2.7.5. Spin(9)/Spin'(7) ~ Si, 
where Spin'(7) = {a € SO(8) | (@x)(ay) = a(xy), v, y € € for some o € SO(T)). 


Proof. Let S1? = (Y € 353] (Y, Y) = 2). For a € Spin(9) and Y € S15, we have 
aY e S!?. Hence Spin(9) acts on S15. We shall show that this action is transitive. 
Let Yo € S'°. Choose any element A € Jo, such that (A, A) = 2, 2A o Y = —Yo. 
Using these A and Yo, construct X;, Y;, Zi and a of Lemma 2.7.2, then a € Spin(9) 
and satisfies o ball = Yo, which shows the transitivity. We determine the isotropy 
subgroup Spin(9) p,(1) of Spin(9) at F2(1) € S15. Let a € Spin(9) satisfies aF;(1) = 
F,(1). Applying a on F2(1)0 F5(1) = E44- Es we have F5(1)o F(1) = E1 +aE3, so we 
get aE; = Es. Since a always satisfies a( E2 + E3) = E2 + E3, we have aE = E», and 
so a € Spin(8). Denote a = (01,02,03), then F2(a2(1)) = F2(1) implies agl = 1, 
so that o» € SO(7). Hence a = (a1, oz, oa) € Spin'(T). Conversely a € Spin(T) 
satisfies o.F5(1) = F2(1). Therefore Spin(9) (1) = Spin'(T) is proved. Thus we have 
the homeomorphism Spin(9)/ Spin (1) ~ S15. 

(Spin'(T) and Spin(T) are conjugate in the group O(7). Indeed, a mapping f : 
Spin'(1) —> Spin(T), 

f(o)-—eo'e !, (ex —,r c €) 


gives the conjugation. In particular, Spin'(7) = Spin(7)) 
2.8. Connectedness of Fy 


We denote by (F4)o the connected component of F4 containing the identity 1. 


Lemma 2.8.1. For a € €, we define a mapping Bi(a) : J — J by bıla)X (£, x) = 
Y (n, y), where 


mz 
nz = SI + SS cos 2|a| + (a, 21) sin 2|a| 
2 2 ja] 
n] = & + &3 T E2 — &3 cos 2|a| — (2,21) sin 2|a|, 
2 2 ja] 
— 2 
msn (£2 £3)a sin 2|a| = (a, a1 )a sin? ol 
2|a| |a]? 
T30 . 
y2 = x3 cos |a| — ER sin |a| 
a 


ys = xs cos |a| + —— sin |a| 


means 1), then fi(a) € (F4)o. 


ax 
a 


n |a| 
la] 


(ifa = 0, then = 


0 0 
Proof. For Ai(a) = | 0 a |, we have A1(a) et, (Proposition 2.3.6) and 
0 0 
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lol = exp A1 (a). Hence (a) € (F1)o. 


Proposition 2.8.2. Any element X € J can be transformed to a diagonal form 
by some element a € (F4)o: 


& 0 0 
axes uc & 0], &ER. 
0 0 £s 


Moreover, £1, 62,63 are uniquely determined (up to their permutation) independent of 
the choice of a € (F4)o. 


Proof. For a given X € J, consider a space X = (o X |a € (F4)o]. Since (F4)o is 
compact (Theorem 2.2.5), X is also compact. Let £1? -- £5? - £3? be the maximal value 
of all m? + n2? +37 for Y = Y (n, y) € X and let Xo = X (£, x) be an element of X 
which attains its maximal value. Then Xo is of diagonal form. Certainly, suppose Xo 
is not of diagonal form, for example, the 2 x 3 entry xı of Xo is non-zero: xı # 0. Let 
= Lt, t > 0, and construct fi (a(t)) € (F4)o of Lemma 2.8.1. Since |a(t)| = t 


= |vi| for Y(n(t), y(t)) = &i(a(t))Xo € X, we have 


m (t)? + mo (t)? + ns (t)? 
= 6,74 (eR ED EE £ + SE Lal DER 


E2 tés 25 
E 


Den 
ZA y (ete, aa 
(Sy. -2( 
g 


2 
cos 2t — |x| sin 2t) 


2 
D: ? cos 2t + [z | sin 2t) 


g- 


=&7+2 + ef sin?(2t + to) (for some to € R) 


| 
(55 «t 


<7 + g(a tty" 


= &?  &? + E3? + 2al 


which is the maximal value and attains at some t > 0. This contradicts the maximum 
of &? t£? i EST. Hence zı = 0. z9 = x3 = 0 can be similarly proved by constructing 
32(a), B3(a) € (F4)o analogous to £1 (a) of Lemma 2.8.1. Hence Xo is of diagonal form. 
We now give the proof of the latter half of the proposition. If X € J is transformed 


& 0 0 
to a diagonal form aX = | 0 & 0 | byo € (F4)o, then 
0 0 & 


tr(X) = tr(aX) (Lemma 2.2.1.(2)) = 552 4€; 
(X, X) = (aX, aX) (Lemma 2.2.4) = 75 , Ech, 
tr(X, X, X) = tr(aX,aX,aX) (Lemma 2.2.4) = Y? &,3. 
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Hence, £1, €2, Ca are uniquely determined (up to order) as the solutions of the following 
simultaneous equation: 


&1 + é + és = tr( X) 


&^ ^ + E3’ = (X, X) 
&? Gi £3° tr(X, X, X). 


The space €P}, called the Cayley projective plane, is defined as 
EP = {X ce J| X? =X, tr(X) = 1). 


Theorem 2.8.3. F4/ Spin(9) ~ €P». 


In particular, the group F4 is connected. 


Proof. For a € F4 and X € €P», we have aX € €P». Hence F4 acts on €P». 
We shall prove that the group (F4)o acts transitively on €P. To prove this, it is 
sufficient to show that any element X € €P» can be transformed to E, € €P» by 
some a € (F4)go. Now, X € €P, C J can be transformed to a diagonal form by 
QE (F4)o: 


& 0 0 
aX = 0 £5 0 ! £i ER 
0 0 Ze 


(Proposition 2.8.2). From the condition X o X = X, we have aX o aX = aX, that 
is, 


& 0 0 & 0 0 
0 & EH Ee 
0 0 Zei 0 0 £s 


Hence £j? = €;, so that €; = 1 or & = 0, i = 1,2,3. Next, from tr(aX) = tr(X) = 1, 
we have £; = 1, £jij4 = &i42 = 0 for some i, that is, aX = E;. Moreover, E», 
Es are transformed to Ei respectively by (F4)o. Certainly, if we define a mapping 


1 0 
8:33,8X —-TXT-^!, whereT —|1.0 0 | € SO(3), then 8 € (F4)o and 
0 0 -1 


BE, = Ej. Hence GaX = Fy. In the case aX = Ei, the situation is similar to the 
above. Therefore the transitivity is proved. Since we have €P = (F4)oE1, €P is 
connected. Now, the group F4 acts transitively on €P and the isotropy subgroup 
of Fy at E, € €P, is Spin(9) (Theorem 2.7.4). Thus we have the homeomorphism 
F4/Spin(9) ~ €P2. Finally, the connectedness of F4 follows from the connectedness 
of € P; and Spin(9). 


2.9. Involution c and subgroup Spin(9) of Fy 
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Definition. We define an R-linear transformation o of J by 


£1 ma T2 & —33 -T2 
o| T3 € zı | =| -T73 E Ti 
22 Tı Co —% Yi & 


Then o € Fy, and o? = 1. Observe that this ø is the same as o. = (1, —1,-1) € 
Spin(8) C Spin(9) C F4 of Theorem 2.7.4. 


We shall study the following subgroup (£4)? of Fy: 
(F4)? = (a € Fy|oa = ao}. 


For this end, we consider R-vector subspaces J, and J_, of J, which are eigenspaces 
of o, respectively by 


10 0 
3, = (ealex 2 xi-[ i ep uu Jie Rn ee) 
0 7 Co 
= (X€3|E1oX =0} 9 €&€ (where €, = (£E4|€£ € R}) 
= 3(2,€) e €i, 
0 T3 T2 
Jo = (Xe3lex--x)-( z; 0 0 ERIS 
X2 0 0 
= {X € J|2E10 X = X}. 


Then, J = 3, ® 3.4 and Jo, J_, are invariant under the action of (F4)?. 
Theorem 2.9.1. (F4)? = (F4)g, = Spin(9). 


Proof. We shall show that for o € (F4)? we have a E, = Ei. Let a € (F4)?. We 
first show that 
aE, o Es € 3(2, e). 


Certainly we have 
a. E» = a(—F (1) x F3(1)) = —aF (1) x aF (1) 
= —(F2(x2) + F3(x3)) x (Fo (x2) + F3(2x3)) (for some £2, £3 € €) 
(22, 12) E + (za, za) Es — Fı (z273) € 3(2, €). 


Similarly obs € 3(2, €). So «E, = a(E — Ep — E3) = E — o. Es — «Es is of the form 
o E, = E, + £y Es + &g Es + Fi (21). 
Then we have 


1 = (Ei, E1) = ob, aE) = 1 + £2? + £3? + 2Ia|?, 
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so that £9 = 3; = 21 = 0, therefore aE, = Fj, that is, a € (F4)g,. Conversely 
let oe (F4)g,, that is, a € F; satisfies aE, = E,. Noting that J = J, ®J_, and 
Jo = {X E€ J| E10 X =0} OE, I_, = {X €3J|2E, o X = X] are invariant under 


a, we have 
aoX = ac (X4 ep Xə) Xi € Jo; X» € A pm 
= a(X, — X3) = aX, — aX» = o(a Xı) + 0(aX2) 
= 0a(X,+X2)=aax, X EJ. 


Thus ao = co, and so a € (F4)?. Therefore we have shown that (F4)? = (F4)g, = 
Spin(9) (Theorem 2.7.4). 


2.10. Center z(F4) of Fy 
Theorem 2.10.1. The center z(F4) of the group F4 is trivial: 
2(Fa) = {1}. 


Proof. Let a € z(F4). From the commutativity with o: co = oc, we have 
a € Spin(9) (Theorem 2.9.1) and so a € z(Spin(9)). Since the center z(Spin(9)) of 
Spin(9) is the group of order 2, we have 


a=1 or a=o. 


However, o d z(F4) (Theorem 2.9.1), which implies that o = 1. 


According to a general theory of compact Lie groups, it is known that the center 
of the simply connected simple Lie group of type F4 is trivial. Hence F4 has to be 
simply connected. Thus we have the following Theorem. 


Theorem 2.10.2. F, = {a € Ison(3) | a(XoY) = aXcaY} is a simply connected 
compact Lie group of type F4. 


Remark. If we know that the space €P is simply connected, the simply con- 
nectedness of the group 74 follows from F4/Spin(9) ~ €P of Theorem 2.8.3. 


2.11. Involution y and subgroup (Sp(1) x Sp(3))/Zs of Fy 


We define an involutive R-linear transformation y of J by 


Ch X3 T2 E om YTZ 
y|93 £o ei |=| yrs € om 
xa Tr E (442 Far E 


This y is the same as y € Gp C F4. 
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We shall study the following subgroup (F4)* of F4: 
(F4 = {a € Fa | ya = o). 


Any element X € jj is expressed by 


D £3 T2 & m, My 0 a3€4 —a2€4 
X= {73 & xı | =| ma & mi | +| —asea 0 d1€4 |, 
$2 Tı E ma mi & a2€4 —aye4 0 


where x; = mj + a;e4 € H $ He, = We associate such element X € J with the 
element of 3(3, H) © H?, 


é& m3 m 
Ti 69 mı | + (a1, 42,43). 
HO) My &3 


In 3(3, H)@H®, we define a multiplication x, an inner product ( , ) and an R-linear 
transformation y respectively by 


(M a) x (Nb) = (M x N - 5(a*b ! b*a)) 5(aN - bM), 
(M +a, N +b) = (M,N) 4- (a, b), 
y(M +a) = M-a. 


(In 3(3, H) the multiplication M x N and the inner product (M, N) are analogously 
defined as in J, and in H? the inner product (a, b) is defined naturally by 5 (ab + 


b*a)). Since these operations correspond to their respective operations in J, hereafter, 
we identify 3(3, H) & H? with J, that is, 


3(3, H) o H? = 3. 


The group by is defined to be the automorphism group of the Jordan algebra 
Ju = 3(3, H) (in which multiplications o and x are analogously defined as in jj): 


Fn = {a € Ison(Jx)|a(M o N) 2 aMoaN) 
= (a€Ison(3g)|o(M x N) 2 aM x aN}. 


Proposition 2.11.1. Fyn = Sp(3)/Z2, Z2 = (E,—E). 
Proof. We define a mapping o : Sp(3) > Fin by 
yp(A)M = AMA*, Mein, 


It is not difficult to see that y is well-defined and is a homomorphism. We shall show 
that ọ is onto. For a given a € F4, pg, we consider ob: i = 1,2,3. Since ob: satisfies 
ak; o aE; = aF; and tr(oE;) = 1 (that is, aE; € HP, = (M € Jy|MoM = 
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M,tr(M) = 1} (the quaternion projective plane)), there exists A; € Sp(3) such that 
Qil 
of: = A;E;A;. Let a; = | aj | be the i-th column vector of Aj, then we have 
ai3 
Qilūil A142 A413 
ak, = Qj2ü;;  Qj2ü;2 Qi2ūi3 |. Construct a matrix A = (a1, a2, a3), then we 
Qj30;]  Qj3Q0j2 Qiziz 
have 
ak; = AE; A", t= 1; 2, 3. 


Since AA* = A(Ei + E2 + E3)A* = aE, ES 3 Es = ak = E, we have A € Sp(3). 
If we let 8 = y(A)~1a, then 8 € bin and satisfies 


BE 2E, 1=1,2,3. 


Analogously as in Theorem 2.7.1, @ induces orthogonal transformations (31, 5, 33 
: H — H satisfying 


(Bym)(Bon) = bmn), m,ne H, (i) 


Put p = £411 and q = 851, then we have |p| = |g| = 1. Letting m = 1 and n = 1 in 
(i), we have p(@2n) = 837% and (f4m)q = flm, and hence 


Bam = p(Bym)q, Bam = (Bym)q. 
Substitute m = p(fm) in (i), then we see that ¢ satisfies 
(Cm)(¢n) = (mn), m,neH, 


that is, C is an automorphism of H: Ce Aut(H). Hence, ¢ is expressed by (m = rmr, 
using r € Sp(1) (Proposition 108 of Yokota [58]). Consequently 


Bim = prmr, Dam = rmrq, Bam = qrmrp, me H. 


qr O0 0 
Construct a matrix B= | 0 pr 0 |, then B € Sp(3) and we have 
0 0 r 


8M = BMB*, Mei, 
that is, 9 = p(B). Hence 
a= e(A)8 = p(A)p(B) = e(AB), AB € Sp(3). 


Therefore y is onto. Kery = (E, —E) can be easily obtained. Thus we have the 
isomorphism $p(3)/Z2 S F4. gr. 


Theorem 2.11.2.  (F4)* = (Sp(1) x $p(3))/Z», Z2 = {(1, E), (-1, -E)]. 
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Proof. We define a mapping o : Sp(1) x Sp(3) — (F4)7 by 
e(p, AM +a) = AMA* - paA*^, M+a€Jy eH’ =3. 


We first show that y(p, A) € (F4)*. For p € Sp(1), A € Sp(3), M,N € Jy and 
a,b € H?, we have 


II 


AMA* x AN A* = A(M x N)A*, 
(paA*)*(pbA*) = Aa*ppbA* = A(a*b)A*, 
(paA*)(ANA*) = p(aN)A*, etc. 


From which, we see that v(p, A) satisfies 
e(p, A)((M + a) x (N + b)) = e(p, A)(M + a) x e(p, A)(N + b), 


hence y(p, A) € F4. Clearly yy(p, A) = v(p, A)y, so that ein, A) € (F4)7. Certainly 
y is a homomorphism. We shall show that « is onto. Let o € (f4)7. Since the 
restriction a’ = a|3g of a to Ja = (X € 3| y.X = X} belongs to F4, gr, there exists 
A € Sp(3) such that 

aM = AMA*, M € 3g 


(Proposition 2.11.1). Let 8 = ọ(1, AU Io, then Zänn = 1. Therefore 8 € Go. 
Certainly, since 8 € Spin(7), by letting 8 = (81, 8, KB), we see that (fi1x)(8y) = 
B(xy) Now let y = 1, then we see 3; = f. Since 8 € (G2) and OD = 1, there 
exists p € Sp(1) such that 


B(m +ae4) = m + (pa)e4, m-rae,€ H 9 He, = €, 
(Theorem 1.10.1). Hence we have 
B(M +a) = M + pa = ¢(p, E)(M + a), 


so that 8 = (p, E). Hence we have a = eil, A)8 = (1, A)y(p, E) = e(p, A). 
Therefore y is onto. Ker y = ((1, E), (C1, - E)) = Z can be easily obtained. Thus 
we have the isomorphism (Sp(1) x Sp(3))/ Za S (F4)*. 


Remark. Since (F4)* is connected as fixed points subgroup of F4 by the involution 
^y of the simply connected Lie group F4, the fact that y : Sp(1) x Sp(3) > F4 is onto 
can be proved as follows. The elements 


Gs. O<Si<j<3,4<i<j<T, 
Ax(e;), 0<j7<3,k=1,2,3 


forms an R-basis of (LIT So dim((f,)7) = 6 x 2+ 4 x 3 = 24 = 3 + 21 = dim(sp(1) @ 
sp(3)). Hence q is onto. 
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2.12. Automorphism w of order 3 and subgroup (SU(3) x SU(3))/Z3 of 
F4 


We define an R-linear transformation w of J by 


& X3 T2 D pa UT 
w | T3 £o Z1 = | WT3 £o LAT 
T2 Tı &3 WLQ WX, &3 


This w is the same as w € Go C F4. 
We shall study the following subgroup (F4)" of F4: 
(F4)" = {a € Fy| wa = aw}. 
We associate an element 


E ma T2 
Z4 & ml, Eebnsotmeetoeizg 
X9 Tı &3 


of J with the element 


£1 a3 Gi 
43 £9 ay |+ ER Tn», ms) 
a2 1 & 


of 3(3, C) 6 M(3, C). In M(3, C), we define the exterior product M x N by 


m2xn3g MZ X NI Mı X Nz 
MxN= ES + + e M(3,C), 
N2 X M3 NZ X Mı Nn, X Mə 


where M = (m1, m2, m3), N = (n1, n2,n3) € M(3,C). Then, for P, A € M(3,C) 
and M, N € M(3,C), we have 
PM x PN 2!P(MxN) MAxNA=(MxN)*A, 
where P and A are the adjoint matrices of P and A, respectively. Further, in M (3, C), 
we define a real valued symmetric product (M, N) by 
1 * * 
(M,N) = 3 (M N+N*M)= 2 (ma ny) 

where M — (ma). N i (nis) € M(3,C). 

In 3(3, C) 6 M(3, C), we define the multiplication x, the inner product ( , ) and 
the R-linear transformation w respectively by 

1 1 -—— 
(X+M)x(Y+N) = (X xY- (MTN + N'M)) - g(MY +NX+Mx N), 
(X+M,Y+N) (X,Y) + 2(M, N), 


I 


1 
w(X4M) = E Lui, (oreste h 
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(in 3(3, C), multiplications o and x are defined as in J). Since these operations 
correspond to their respective operations in J, we identify J(3,C) & M(3, C) with J, 
that is, 
3(3, C) 6 M(3,C) — j. 
The group bie is defined to be the automorphism group of the Jordan algebra 
Jo —3(3, C): 


Fic = (a€Ison(jc)|a(XoY)—- aXooY) 
= (a€Ison($c)|oa(X x Y) 2 oX x aY}. 
The group Z2 = ll. el acts on the group SU(3) by 
eA=A, AcSU(3), 


and the group SU(3) - Z2 be the semi-direct product of groups SU(3) and Za under 
this action. 


Proposition 2.12.1. Fic & (SU(3)/Za) - Za, Za = {E,wiE,wi7E}, w1 = 
1, v3 
Me 


Proof. We define a mapping o : SU(3)- Za > Fie by 
y(A,1)X = AXA*, (A,X  AXA*, X €3oc. 


It is not difficult to see that y is well-defined and that it is a homomorphism. The 
proof that ọ is onto is the same as that of Proposition 2.11.1 (use C, SU(3), instead 
of H, Sp(3)), and we only need to modify a little the last part. Since ¢ € Aut(C) can 
be either ¢ = 1 or Ç = e (where ex = z, x € C), we have 


Bir = px, pax = qq, psx = qrp or iz = pr, Pox = rq, far = qr p. 


qr 0 0 
Now, choose r € C such that r^? = qp and construct a matrix B= | 0 pr 0 
0 0 r 


Then, B € SU (3) and we have 
GX = BXB* or BX = BXB*, X€3e. 
The remaining proof is again analogous to that of Proposition 2.11.1. 


Theorem 2.12.2. (Ein & (SU(3) x SU(3))/Z3, Zs = {(E, E), Ian E, w1 E), 
1 
(w1? E, w1? E)}, Q1 = "5 + SH 


Proof. We define a mapping y : SU(3) x SU(3) — (F4)" by 


(P, A)(X + M) = AXA* + PMA*, X+M €3(3,C) 6 M(3,C) —3. 
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We first show that y(P,A) € (F4)". For PA € SU(3 and X - MY +N e 
3(3, C) $ M(3, C), we have 


AX A* x AY A* = A(X x Y)A*, 

(PMA*)' (PN Ar) = AM*P*PNA = A(M*N)A, 

(PM A*)(AY A*) = P(MY)A*, 

PMA x PNA —'P(M x N)tA* = PM x NA’, etc. 
Using them, we see that y(P, A) satisfies 


p(P, A)(CX +M) x (Y - N)) 2 e(P, AJCX + M) x e(P, A(Y +N), 


hence GP. A) € Fy. Clearly wo(P, A) = (P, A)w, so that y(P, A) € (F4)". Cer- 
tainly y is a homomorphism. We shall show that y is onto. Let a € (F4)". Since the 
restriction a’ = ole of a to Jo = (X € 3| wX = X] belongs to be, there exists 
A € SU(3) such that 


aX =AXA* or aX =AXA*, X ETO 


(Proposition 2.12.1). In the former case, let 8 = tb, AU 1a, then B|3c = 1, and so 
8 € G2. Moreover 3 € (G2)e, = (G3)" = SU(3) (Theorem 1.9.4), and hence, there 
exists P € SU(3) such that 


BX +M)=X+PM=9(P, E(X +M), X+M €3c8 M(3,C) =F. 
Therefore we have 


In the latter case, consider the mapping ou : J — J given by (X + M) - X +M, 
X +M € 3 and remember that yı € G2 C Fy. Let 8 = a^ ! (E, Ain, Then 8 € Fy 
and 8|Jc = 1, which shows that 6 € (G2)e, = (G2)" (Theorem 1.9.4) C (F4)". Since 
a, p(E, A) € (F4)", we have qı € (F4)", so that 41 € (G2)" which is a contradiction 
(Theorem 1.9.4). Consequently the proof of y is onto is completed. The fact that 
Kery = ((E, E), (cy E,w, E), (wi? E, w,? E)) = Z; can be easily obtained. Thus we 
have the isomorphism (SU(3) x SU(3))/Za S (F4)". 


Remark 1. Since (F4)" is connected as the fixed points subgroup of Fy by an 
automorphism of order 3 of the simply connected group F4 (Rasevskii [32]), that 
g : SU(3) x SU(3) — (F4)" is onto is proved as follows. The elements 


Goi, Goa, Gas, Ger, Goes G37, —Go7 + G36, 
Gog + Gas, | —Gos + G34, Gag + Gas, Gaz + G56, 
Ai(1), A»(1, As(1), A(e, A»(e) As(er) 
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forms an R-basis of (f,)". So dim(f,)" = 10+ 6 = 16 = 8+ 8 = dim(su(3) + su(3)). 
Hence ¢ is onto. 

Remark 2. The group F4 has a subgroup which is isomorphic to the group 
(SU (3) x SU(3))/ Za) + Za, which is the semi-direct product of the groups (SU (3) x 
SU(3))/Za and Za (the action of Za = {1,7} on the group (SU(3) x SU(3)) is 
Y (P, A) = (P, A)). 


2.13. Complex exceptional Lie group FC 


Definition. The group F,© is defined to be the automorphism group of the 
complex Jordan algebra 3°: 


Ful = (a€Isoc(3^) |a(X oY) 2 aX oaY} 
= (a € Isoc (3) | det (aX) = det X, (aX, aY) = (X,Y)) 
= {a € Isoc(3€) | det (aX) = det X,aE = E) 
= {a € Isog(3°) |a(X x Y) = aX x aY]. 


We define a positive definite Hermitian inner product (X,Y) in 3€ by 
(X,Y) =(7X,Y). 


For a € Home (3€), we denote the complex conjugate transpose of a with respect to 
(X,Y) by o*: (a* X,Y) = (X,oY). 

Lemma 2.13.1. (1) Fora € EI, we have o" =ta7!t € FÔ. 

(2) For any a € F4, its complexificated mapping o€ : 3€ — JF belongs to E: 
o€ € FC. Identifying a with aC, we regard F4 as a subgroup of FAC: F4 C FAC. 
For a € EI. we have a € F4 if and only if ra = ar, that is, 


Fy = {a € F4€ | ra = ar). 


Proof. (D (a* X,Y) = (X,aY) = (rX,aY) = (a-'rX;Y) = (rw X,Y) for 
all X, Y € 3€. Hence o* = ra^! € FAC. 


(2) Let a € Eu satisfy ra = or. Then, since raX = atX = aX, we have 


aX € J for X € 3. Hence a induces an R-transformation a’ of J and a’ € F4, further 
Cc 


we have a = (a’) 
Theorem 2.13.2. The polar decomposition of the Lie group F4© is given by 
Be c Fy x R? 


In particular, FAC is a simply connected complex Lie group of type F4. 
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Proof. Evidently F,C is an algebraic subgroup of Isoc(3^) = GL(27,C). If 
a € F4, then o" e F4? (Lemma 2.13.1.(1)). Hence from Chevalley’s lemma, we 
have 

PI ~ (Faf NU(3°)) x R? = Fy x Ri, 

where U(3^) = {a € Isog(3°) | (aX, oY) = (X,Y)} and d = dim F,° — dim F; = 
2 x 52 — 52 = 52. Since F; is simply connected (Theorem 2.10.2), F4 is also simply 
connected. The Lie algebra of the group F,° is fics so that EN is a complex simple 
Lie group of type F4. 


2.14. Non-compact exceptional Lie groups P4(4, and F4(. 59; of type F4 


Consider the following two R-vector spaces 
3(3,€) = {X € M(3,€’) | X* = X), 
30,2,€) = (X e MGB, ©) | L.X" I4 = X), 
where J; = diag(—1,1,1) € M(3, R). We define the Jordan multiplication X o Y in 
3(3, €) and 3(1, 2, €) respectively by 


XoY =-(XY +YX). 


1 
2 
Then we have the isomorphisms 
3(3,€) & {X € J63, €) | 17X = X} = B3, e)», 
3(,2,€) = {X €3(3,€%) | roX = X) = DO, €f) ro 
as Jordan algebras, therefore we identify them, respectively. We denote by Fa and 
Eu am respectively the automorphism groups of the Jordan algebras 3(3, €") and 3(1, 
2,€): 
F44; = {a € Ison(3(3, €’)) |o(X oY) = aX 0 aY}, 
F429 = {a € Isog(3(1, 2, €))|a(X oY) =aX oaY}. 
They can also be defined by 
Tog uu yt. Eciam. 
Theorem 2.14.1. The polar decompositions of the Lie groups Faça) and Fu zu 
are respectively given by 
Fyay = (Sp(1) x Sp(3))/Z2 x R”, 
Spin(9) x RIP, 


K 


F'4(—20) 


Proof. These are facts corresponding to Theorems 2.11.2 and 2.9.1. 


Theorem 2.14.2. The centers z(F4(4j)) and z(F'y_20)) are trivial: 


z(F4a)) = {1}, za 29) = {1}. 
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Exceptional Lie group Ee 


3.1. Compact exceptional Lie group Ee 


Let 3€ be the complex exceptional Jordan algebra. 


Definition. We define the groups Ex" and Eg respectively by 


Eg = (o € Isoc (3^) | det (aX) = det X) 
= (a € Isoc(3?) | (aX, ok, aZ) = (X, Y, Z)}, 
Eg = {a € Isoc(3^) | det (aX) = det X, (aX, aY) = (X, Y)] 
= {a € Isoc(3?) | (aX, a¥,aZ) = (X,Y, Z), (aX, aY) = (X,Y)) 
= {a € Isog(3°) | oX x aY ss Io lU x Y), (aX, aY) = (X,Y)} 
= {a € Isog(3°) |aX x aY = rar(X x Y), (aX,aY) = (X,Y)}. 


If we define an involutive automorphism A of the group Le? by 
Ma) ss fol, oe Ee? 
(Lemma 2.2.3), then the definition of the group Eg can be also given by 
Eg = {a € Eg? |rA(a)r = a} = (Eg€)^^. 


Theorem 3.1.1. Eg is a compact Lie group. 


Proof. Eg is a compact Lie group as a closed subgroup of the unitary group 
U(27) = U(3*) = (o € Isoc(39) | (aX, oY) = (X, Y)). 
3.2. Lie algebra es of Es 


Before investigating the Lie algebra eg of the group Ee, we will study the Lie 
algebra egC of the group Ec. 


Theorem 3.2.1. (1) The Lie algebra gef" of the Lie group EgC is given by 
e67 = (6 € Homc(3^) | (6X, X, X) = 0). 
(2) Any element o € gef! is uniquely expressed by 
@=54T, Eu TEIS. 
In particular, the dimension of eg€ is 


dime (esf) = 52 + 26 = 78. 
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Proof. (1) is proved as similar way to Lemma 2.3.1. 

(2) For $ € ec€, by letting T = 9E, we obtain T € 3^, and tr(T) — 0. Certainly 
tr(T) = (T, E, E) = (QE, E, E) = 0. If we put 6 = $ — T, then ó € eg€. Moreover 
óc hs because 0F = 9E — TE = T — T = 0. Hence we have 6 = ó +T. To prove 
the uniqueness of the expression, it is sufficient to show that 


6+T=0, Zeil. TEJ implies à—0,T — 0. 


Certainly, let apply it on E, then we have T = 0, so that ô = 0. Finally, we have 


dimo(egC) = 52 + 26 = 78 from the expression above. Therefore the theorem is 
proved. 


Theorem 3.2.2. The Lie bracket |ó1, 9] in ge" is given by 
EI X85 + To] = (än, 02] + D. 75]) + (5: T» SC ôT), 
where pi = ĝi +T, ôi € new € os 
Proof. It is sufficient to show that Ié. T| = ôT for ô € hus Tc dts Now, 


[| TIX = (To X) -ToóX 2ó0To X - ToóX — ToóX 
= 6TOX =6TX, Eet, 


We shall investigate the Lie algebra eg of the Lie group Eg. 
Lemma 3.2.3. For = +T € ee, déet, T € Jof, we have 
Mo) = —* = -'(6 +T) 26 - T. 
In particular, —'d € gef, 
Proof. (-/óX,Y) = —(X,9Y) = —(X,6Y + TY) = -(X,6Y) — (X, T o Y) 


= (6X,Y) —(TX,Y) =((6-T)X,Y) X,Y €J. 
Therefore —'¢ = 5 — T € esf. 


Theorem 3.2.4. (1) The Lie algebra eg of the Lie group Eg is given by 
es = {¢ € Homc(3^) | (6X, X, X) = 0, (6X, Y) + (X, 4Y) = 0). 
(2) Any element ġ € eg is uniquely expressed by 
p=8+iT, ó€f, T E Jo 


Proof. (1) The proof is evident (cf. Lemma 2.3.1). 


(2) For o € gef, the condition $ € eg is equivalent to T\(¢)t = ¢. Now, if ¢ is 
of the form ¢ = ô + T’,6 € £,0, T' e Jof (Theorem 3.2.1.(2)), then 7A(ó)r = ¢ is 
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rór - TT! =5+T! (Lemma 3.2.3), that is, 767 = ô and rT’ = —T’. Hence ô € f4, 
and T” is of the form T" = iT,T € Jo. 


Proposition 3.2.5. The complexification of the Lie algebra eg is gef 


Proof. For ó € eg, the conjugate transposed mapping ¢* of dh with respect to 
the inner product (X, Y) of 3€ is dr = r'ór € Gef. and for ¢ € ge". o belongs to eg 


if and only if ¢* = —¢. Now, any element ó € ge" can be uniquely expressed as 
90-90 +o o-o oto 
GE Se a EE 


Hence eç] is the complexification of eg. 
3.3. Simplicity of e¢° 


Theorem 3.3.1. The Lie algebra eg© is simple and so eg is also simple. 
Proof. We use the decomposition of eg° of Theorem 3.2.1.(2): 


e^ =f," 0 n 

Let p: ego — Bi and q : gef > 2 be projections of e6? = nC o. Now, let a be 
a non-zero ideal of gef". Then p(a) is an ideal of hs Indeed, if 6 € p(a), then there 
exists T € 39€ such that 6+ T € a. For any Ai € i we have 


a > [61,6 + T] = [01,6] + ôT (Theorem 3.2.2), 


hence [01,6] € a. 


We shall show that either £,€ Na 4 {0} or 3e Ma # {0}. Assume that f,C Na = {0} 
and $n a = (0). Then the mapping pla: a — f, is injective because Jo Ma = {0}. 
Since p(a) is a non-zero ideal of f,° and f,© is simple, we have p(a) = LAT". Hence 
dimca = dimg pla) = dime f4 = 52. On the other hand, since f, n a = {0}, 
qla : a > ger is also injective, we have dime a € dimc 2 = dimc So" = 26. This 
leads to a contradiction. 

We now consider the following two cases. 

(1) Case £,€ Na Æ {0}. From the simplicity of £4, we have f,° N a = LI. hence 
aD e: On the other hand, we have 
Z 


A Pod Së 
a D [a,e&7] 3. Jo ] = LÉI Ae" (Lemma 3.2.2) = 3, (Proposition 2.4.6.(2)). 


a 
Consequently a D LÉI B Jo = gef. 


— CO ~ zc 
(2) Case Jo na z (0). Let A (A € Jof) be a non-zero element of Jo Nac a. 
Choose B € 3o° such that [A,B] Z 0 (Lemma 2.5.4), then 0 4 [A,B] € f Na. 
Hence this case is reduced to the case (1). 
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Therefore we have a = gef. 


Proposition 3.3.2. (1) 3€ is a simple Jordan algebra. 


(2) 3€ is an eC -irreducible C module. 


(3) e62 JF = D biAi| pi € gef, Ai € $8 E 


Proof. (1) Let a be a non-zero ideal of J] and X = X (£, x) a non-zero element 
of a. 


(i) Case & Z 0. From & E, = (2X o E, — X) o E, € a, we have Ej € a. 
Next, from F2(1) = 2E; o ball € a and Fy + E = F»(1) o ball € a, we have 
Es = (FE, + Es) — E1 € a. Similarly E» € a, so that E = Ei + E2 + E3 € a. Now, 
for any X € 3°, X = Eo X € a, and so a = 3€. In the case £2 Z 0 or és £ 0, the 
statement is also valid. 

(ii) Case £y = £y = £3 = 0, xı #0. We have Fi(z1) = 4(X o E2) o E3 € a. Choose 
a € € such that (x1,a) = 1, then Fi(zi) o Fi(a) = (21, a)(E2 + E3) = E2 + Es € a. 


Hence this case is reduced to the case (i) and so a = 3€. 


(2) Let W be a non-zero egC-invariant C-submodule of 3°. For any A € J? and 
X € W, we have 


AoX= (4 2 leE) x + SEET e H 


Hence, W is an ideal of 3€. From the simplicity of 3€ ((1) above), we have W = 3°. 


(3) e6°3° is an egC-invariant C-submodule of 3°. Hence from the irreducibility 
of 3€ ((2) above), we have eet 3° = 3€. 


3.4. Element A V B of e6? 


Definition. For A, B € 3°, we define an element A V B € eg€ by 
AV B 2 [À, B] + (AoB- z(A B)E) 
(Proposition 2.4.1, Theorem 3.2.1). 
Lemma 3.4.1. For A,B € ge we have 
(AV B)X = 5(B,X)A + (A, B)X-2Bx(AxX) Kei, 


Proof. Consider Hamilton-Cayley formula X o (X x X) = (det X)E, X € 3°, 
that is, 


Xo(XoX)-—t(X)XoX- SIE —(X,X))X = SI X,X)E. 


If we put AA + LB 4- v X in place of X, then taking the coefficient of Aur, we have 
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Ao(BoX)+Bo(X0A)+X0(AoB)-tr(A)Bo X —tr(B)AoX 
—tr(X)Ao B+ 5 (tr(A)tn(B)X + tr(B)tr(X)A + tr(X)tr(A)B) 


-5((A,B)X +(B,X)A+(X,A)B) = (A, B, X)E. 
Therefore, using the above, we have 
I(B, X)A+ EE —2B x (Ax X) +5 
= Í, X)A + SE —2Bo(A x X) -tr(B)A x X t tr(A x X)B 
—(tr(B)tr(A x X) - (B, Ax X))E 
= 5(B,X)A + SI B)X —2Bo0(AoX)+tr(A)BoX+4+tr(X)BoA 
—tr(A)tr(X)B+ (A, X)B + tr(B)Ao X — at A 


(A, B)X 


—5tr(B)ir(X)A + sin(B)tr(A)tr(X)B — SECH X)E 
+5(tr(A)in(X) —(A, X))B- eiis aire) —(A, X))E + (A,B, X)E 
=tr(A)Bo X +tr(B)X o0 A+tr(X)Ao B 
BETREIT + tr(B)tr(X)A + tr(A)tr(X)B) 
+54, B)X +(B,X)A+(A,X)B)+ (A,B, X)5E - 2Bo(Ao X) 
= Ao(BoX)-- Bo(Ao X)-- Xo(Ao B) - 2Bo(Ao X) 
= Ao(BoX)— Bo(AoX)--(Ao B)oX 
= [A, B]X + (Ao B)" X. 


Lemma 3.4.2. (1) E, V E; 20, i Æj. 


(2) E, V E, = Z(2E4 — Ey — E3)~, more explicitly, we have 


1 
3 
1 a T2 (in 95 T2 
(E V E) T3 £9 X1 = 6 Z3 —2& Ami, 
X29 Tı £3 T2 —2m74 —2&3 
For ¢ € Homo (3°), we often denote —'¢ by ai: 


(9X,Y)--(X,óY) X,Y €J”. 


Lemma 3.4.3. (1) For à € gef, we have 
((XxY)2dXxY-Xx4Y, X,Yeg. 


(2) For A, B € 3€, we have 
(AV B) 2 -Bwv A. 
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Proof. (1) it is evident from Lemma 2.3.1. 
(2) (Av B) = ([A Bl+(AoB-3(A BE) ) - à BJ - (ao B- £(A B)E) 
3 3 3 7 , 3 , 
(Lemma 3.2.3) = —[B, A] — (4 EE B)E) — Bv A. 
Lemma 3.4.4. (1) For ¢ € e6? and A, B € 3€, we have 
Io, AV B] 2 9A V B - AV 9B. 
(2) Any element o € e6? is expressed by ¢ = 3 Lä V BI, Ai, By € XC. 
Proof. (1) [¢, AV B]X = &(A V B)X — (AV B)oX 
= HEITE y B B)X - 3B x (Ax x)) — (AV B)oX (Lemma 3.4.1) 
= 18 X)¢A+ (A, B)¢X — 2¢'B x (Ax X) — 2B x (6A x X) 
“Bx (Ax OX) Le, óX)A— =(A, B)óX +2B x (Ax pX) (Lemma 3.4.3) 
= 55. X)6A ici B)X —2B x (6A x X) 
1 
+5(0B,X)A + g(4,9 B)X — 24'B x (Ax X) 
= (AV B)X+(AV@'B)X, XE3. 
(2) We can see from (1) that a = (X V B;)| Ai, Bi € rI is an ideal of gef". 


From the simplicity of eg€ (Theorem 3.3.1) we have a = gef. 


3.5. Killing form of e;C 
Definition. We define a symmetric inner product (%1, ¢2)6 in egC by 
($1, $2)6 = (01,02)4 + (T3, T3); 
where ; = ôi + T;, 6; € $40, T; € Jof. 
Lemma 3.5.1. (1) The inner product ($1, ¢2)6 of gef" is egC -adjoint invariant: 
([¢, $1], 62)6 + (¢1,[¢, gelies Q, Qi € gel, 
(2) For à € esf, A,B € 3€, we have 
($, AV B)s = (GA, B). 
Proof. (1) For $ = ô + T, 9; = ôi + T,, ô, ôi € 4C, T, T; € Jof, we have 


([¢, dıl, aale 
STEE 61 + Tı], ô&2 + To)e 
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= (([6, 61] + [P, DIN + (81 — 01), 62 + Tale (Theorem 3.2.2) 
= ((5, 61], ô&2)4 + (IT, Ti], 62)4 + (81 — ôT, To) 


ô 
= — (61, (6, 52])a + (62, T1) + 
= —(61, IA. ô2]) 
- -(h 4 Ti 
= — (8i + Ty, [6 + T, 6 + Ts]) 
= —(¢1, Je, ¢2])e 


(2) For $6 =5 +T, € ,C,T € Jof, we have 


oT}, Tə) = (d1T, Tə) (Lemma 2.5.2) 
4 — (017, T3) — (T1, 6T2) + (T3, 62T) 
8,63] + [T, To]) + (815 — ô&2T))6 


Avan = (647 AB] (408 -HADE)"), 


= (ô, |, B))a + (T. AoB= F(A, B)E) 


= (6A, B) + (TA, B) = ((5+ T)A, B) = (¢A, B). 


Lemma 3.5.2. In eet. we have 
[(E; — Roi, D] 2 0, De 4° 
WE, — Ei 1), Ai(a)] = —z Fia), 


[E — Ei)”, Aca (9)] = 75 Fia (0). C - 


[(E; — El, Åi+2(a)] = Fi+2(a), 


Ej41)7, (Ej — Ejji)^] = 0, 
Bini)”, Ñ(a)] = —5 Aa), 


Ei)", Fit (@)] = - 5 Avs (a), 
El, Fi42(a)] = Ai42(a). 


Theorem 3.5.3. The Killing form Be of the Lie algebra eg€ is given by 


Be(¢1, 92) = 12(¢1, b2)6 


II 


12(01, 62)4 + 12 (T1, T2) 


= 5 Ba(61,62) FBIG 
= Atr(¢1¢2), 


where pi = 0; + qu ô; € hes T; € 55° and B4 is the Killing form of Hs 


Proof. Since eg? is simple (Theorem 3.3.1), there exist k, k’ € C such that 


Bo(¢1, $2) = k(¢1, 62)6 = k'tr(¢1¢2). 


To determine these k, k’, let 6 = $1 = $» = (E4 — E3)^. Then we have 


(6, )e = (Ei — E2)^, (E1 — E2)^)e = (E1 — E2, E1 — Ey) = 2. 


On the other hand, (ad@)? is calculated as follows. 


(6, (6, Ate! = [6-562] = 1492. 
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6,16, Ate! = [6-552] = 02. 
o, le, As(ei)] | = Je, Fs (e:)] = As(ei), 
6.16, een] = [6 - 24302] = 15.00. 
6,16, Bell = [6 - 5962] = Sec) 
ale, Fs(ez)] ] = [ġ, Aa(ei)] = Paie), 


the others = 0. 
Hence 1 
Bed, $) = tr((ad@)2) = E x441x 2) x 8 = 24, 


Therefore k = 12. Next, we will calculate tr(¢¢) as follows. 


oof) = 9E, = Ei, $Fi(ei) = oft (ei) = Eech 
db: = -E2 = E2, poFz(ei) = Gefuer = Eech 
dbs = $0 =0, óóF3(e;) = 60 = 0. 


Hence 1 
tr(69) 2 1x 2- c 1x 8x 2—6. 


Therefore k’ = 4. 


Lemma 3.5.4. The followings hold in gei. 
(1) AV(Ax A)=0, AE’, 
AV(BxC)-BV(Cx A)-CV(Ax B) 20, A,B,CES. 
(2) For A € 3€, AFD, there exists B € 3€ such that AV B #0. 
Proof. (1) (6, (A x A) V A)e = (6(A x A), A) (Lemma 3.5.1.(2)) 
= 2(' A x A, A) (Lemma 3.4.3.(1)) = 2(¢'A, A x A) = —2(A, (A x A)) 
= —2(¢, (A x A) V Ale, 
Hence (9, (A x A) V A)g = 0 for all ó € eg°, so that (A x A) V A = 0, that is, 


AV (A x A) — 0 (Lemma 3.4.3.(2)). If we put AA + LB 4- vC in the place of A, then 
the result follows from the coefficient of Auv. 


(2) Assume that A V B = 0, that is B V A = 0 (Lemma 3.4.3.(2)) for all B € 3°. 
Then for any ¢ € ec, 0 = (¢, BV Ale = (6B, A) (Lemma 3.5.1.(2)). Since get A = 
3° (Proposition 3.3.2.(3)), we have (3€, A) = 0, so that A = 0. 


3.6. Roots of ee 


Let 
M” = (X € M(3,€)]|all diagonal elements of X are real}, 
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and let (IN")° be its complexification. In (IM")°, we define a multiplication X o Y 
by 
1 
XoY - (XY 4 Y*X*), 
where X* = 'X. For ô = (61, 62,63) € 04€ satisfying the principle of triality (012)y + 
x(d2y) = An (y), x, y € €C, we define a C-linear mapping ô : (Mt")© — (M")© by 


D ma Tia 0 63%12 02% 13 


Ô | za € 293 | = | 32i 0 01223 
X31 T32 £3 021331 01%32 0 
Cae 


Observe that this mapping ô is an extension of ô : J 
Lemma 3.6.1. For 5 € 04°, we have 
((XoY)-óXoY--XoóY, X,Y e (WS. 


Proof. We use the following notations: 
70293 = 0j, | O31 — Ó3, O12 = 03, 
032. = KÓ1, 013 — KÓ2, 021 = KÓs. 
The (i, element of 0.X o Y +Y o ôY (note that this is contained in C) is equal to 
R(E pa (oct) + Wis Rak) + Yoga Gris (oisi) + (eer) Fi) 
= 2R( Leet Jus + Lik (TkiYki))) 
SEKR E Yki) + (Lik, OkiURi)) 
= 25» x (Gris; —TikTki) + (Lik, Tikes) = 0. 
The (i, j)-element of X o Y + Y o Y (i Z j) is equal to 
Ya (cin @in) Yes + Vis(03&25k)) + par (Wim (ok; Rs) + (TTR) Tx) 


= Dip ((Cik Vik yng + Yi (Thi Lk; )) + Ip ((TjkTjk)Yki + Ljk(TkiYki)) 


(If i, 7, k are all distinct, from the principle of triality, we obtain 
(CikTik)Ykj + Lik (OKs Yej) = Tij (Lik Yas): 


Even ifi =k Z j or i Æ k = j, considering the fact that oj; = 0, we see that the 


formula above is also valid, since xy € C) 


= At Tij (Lie Yay) + Xp TjilTjkYki) 
= Xx Cij (Lik kj) + KS Tij (XjkUki) = (i, j)-element of ó(X o Y). 


For T € M(3,€°), we define a C-linear mapping T : 3€ — 3€ by 


£ 1 SÉ 
TX =5(TX+XT"), where T* ='T. 
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Proposition 3.6.2. For T € M(3,€°),tr(T) =0, we have T € egC. 


T +T* TT e 
Proof. We decompose T = Ti + T5, T) = = h = . Then T| € eg* 
(Lemma 2.4.1.(1)) and T» € LI (Proposition 2.3.6) C eg. Therefore T = Ti + T» € 
C 
eg. 


Lemma 3.6.3. (1) For 5 € 04° and R € (W)C, tr(R) = 0, we have 
[5, R] = R. 
(2) For H € M(3,C), tr(H) = 0 and T € M(3,€°), tr(T) = 0, we have 


[H,T] = -[H,T]~. 


NI ra 


Proof. (1) (6R)X = óRo X = 6(Ro X) — Ro 6X (Lemma 3.6.1) = 6(RX) — 
R(6X) = |ô, RJ X, X € 3€. Hence, AR = (6, R]. 

2) [H,T|\X = ETX THX 

= 30TX + XT") - THX + XH?) 


II 


1 
SEN + XT*H* + HXT* +TXH* -THX — XH*T* - TX H* - HXT?) 
(since H € M (3, C), products of matrices above are associative) 


1 1 


Theorem 3.6.4. The rank of the Lie algebra egC is 6. The roots of es? relative 
to some Cartan subalgebra are given by 


(As — A) EAk +A), OSk<IS3, 


1 
Ak + 5 (ua — Ha); O<k <3, 

1 1 

£5(-Ao = iP Ag A3) 2 u3 — pı), 
1 1 

+z Ào Au A2 Aa) £ bi H3 = u), 
1 1 

£5(-Ao bs Au Sr À2 + Aa) = D] H3 — u), 
1 1 

+5( Ao — Au + A2 + A3) = 5 u3 — H1), 
1 1 

tz An — Au + à2 — A3) = H — i2); 
1 1 

Zich + Au Te À2 -3 Aa) — 3 Hi H2), 
1 1 

tz Ao +A, A2 4 Aa) ES 2 Hi = u2); 
1 1 

£5(-Ao — Ar Ja + As) + sii — Ha); 


with ui + ua + u3 = 0. 
Proof. We use the decomposition of Theorem 3.3.1.(2): 


eg^ = fu ei 
Let 
3 3 
he = MAH, = — A AkiGkatk, M € C 
p= [ha het eut E n H 
H =X Ej, ue € C, pı t ua + us — 0 


j=l 
then B is an abelian subalgebra of e6? (it will be a Cartan subalgebra of egC). That 


f is abelian is clear from 


(hs, hs] = 0, 
[hs, H’] = hs H’ (Lemma 3.6.3.(1)) — 0 = 0, 


Koch 


[H, H'] = 2[H, HIT" (Lemma 3.6.3.(2)) = 0. 


N 


I The roots £A, + Ax of 040 (C £,€ C e6©) are also roots of gef". Indeed, let a 
be a root of 04€ and S € 64° C eg be an associated root vector. Then 


[hs + H, S] = [hs, S] — [S, HI 
= a(hs)S — SH (Lemma 3.6.3.(1)) 
a(hs)S = ( Ak A)S. 


[h, S] 


I 


Hence +A; + A are roots of gef". 
II We denote a Ej; € M(3,€°) by Fri(a): Fala) = aEpı,a €E €€,k Al. For 


0.0 0 
example, F53(a) = | 0 0 a |. Then, we have 
0.0 0 


[h, Fos(a)) = [hs, Fos(a)] + [H, Fa3(a)] 
= (hs F53(a))^ + lH. Fo3(a)|~ (Lemma 3.6.3) 


cupa: ju. Fys(a)]" 
= (^. + B — vil Fo3(a), 


where a = e; + ie444 (since ben = baier + ies+k) = Ax(ex + ie4+k) = Aga, and 


[H, P»a(a)] = H Foz (a) — Pos(a)H = (u2 = Ua) F53(a)). Hence Ak + SI CS u3) is a 
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Em 1 
root of gef" and F53(ej + ie4+p) is its root vector. Similarly — Àx + 5 (He — u3) isa 


root of gef" and Falen — ie4+ķ) is its root vector. Again, from 
RE 1 ~ . 
[h, Fs2(a)] = (— Ax 50 — n2)) Fala), a= er + tease, 


1 1 
we see that — Àp + gs — u2) is a root of gef, Similarly Aj + gta — u2) is a root of 


es? and Foo (ex — te44%) is its root vector. Next, using the relation 


[h, F31(a)] = (hs Fsi(a))~ + Hñ, Fa(a)] = Fai((vhs)a) + SI — 411) F531 (a), 


Ih. Fi2(a)] = (Fio) + SÉ, Biel! = Fial(wrhs)a) + 0n — n) Fia) 


where 
1 1 
vhs = zi Ao — Au + A2 — A3) Ho 3o F Ar + A2 — Az) Ai 
1 1 
+ (ro CR Au A2 à3)H2 go Au zn A2 + A3) Ha, 
1 1 
&nhs = z^ E. Au E A2 T A3) Ho SE dt + Au + A2 = A3) Ay 
1 1 
+ 50 +A, + A2 + A3) H2 + 3 (Ao — An +A2 + A3) Ha 


etc., we can obtain the remainders of roots. 
Theorem 3.6.5. In the root system of Theorem 3.6.4, 
ou cz Àp— Ai, 03 =A > A2, As = À2 A3, 
a4 = A3 + Zi — pa), 
a5 = SE = A1 — A2 + À3) + ss — M), 
ag = SO +A, + A2 + Aalt in — u2) 


© and 


is a fundamental root system of the Lie algebra eg 
HL = a1 + 2012 + 303 + 204 + 2a5 + o6 


is the highest root. The Dynkin diagram and the extended Dynkin diagram of e6? are 
respectively given by 
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Proof. In the following, the notation nins- -ne denotes the root n1o4 + n2a2 + 
nee, Now, all positive roots of eg€ are represented by 


An An =1 00 0 0 0 AtA, = 1 2 2 1 1 1 
An An =1 1000 0 AtrA2 = 1 1 2 1 1 1 
AGG =1 1 1000 ApRA Sa 1 11 
à- =0 1 0000 àiT22—20 12 1 1 1 
Au An = 0 1 1000 àiT320 11 1 1 1 
A2-A3 = 0 0 1 0 0 0 à+ =0 0 1 1 1 1 
1 
do + (ua — ua) = 1 1 1100 
1 
Arzu — uas) = 0 1 1100 
1 
àz +52- m)=0 0 1100 
1 
às + 5(v2—H3) = 0 0 0 100 
A - 5 (42 - Hs) = 1 1 1 0 1 1 
1 
ài — 5(H2 — ua) = 0 11011 
1 
A -3(m—-9)-70 01011 
1 
As— zim mal 20 00 01 1 
1 1 
gl Ao tA -AX)ta(u-m)—001010 
1 1 
2 An + À + A2— As) + 5 (us — m) = 1 23 121 
1 1 
gro +A + A2 Aa) gts Ia) —012 121 
1 1 
2 An — A + A2 + As) + 5 (us =m) = 1 12 121 
1 1 
g( tx àz +à) + 5(us— m) = 1 2 2 1 2 1 
1 T 
2 An A A2 Aa) gts Ia) =0 00 0 1 0 
1 1 
g( 0-7 -M-A)tg(u-m)-111010 
1 1 
2 An +A À2 Aa) gts ua) =0 1 1 0 1 0 
1 1 
3 An — A TAe--Ael-zkn — Ha) = 1 12 110 
1 1 
2 Au A A2 Aa) gn u2) —]1 1 1 1 1 0 
1 1 
z ro +A + A2 + As) + 5 (Ha — H2) = 0 0.0 00 1 


T ee? BT uq e Be d 

C^ osea e SI EE 

ÍC +M Ae — As) — zn — ma) GH, Bd 

H Ae +A tA Al — zn — sa) = 1 232 

5o — x EX +s) Sin = is) app d; 
Hence IT = {a4,Q2,:--,a¢} is a fundamental root system of eC. 
of h is 


2 1 


1 0. 


The real part bp 


Dr — E oor aren € R, m + pe + us = Js 
k=0 j=l 


The Killing form Bg of e6? on Bg is given by 


3 3 
Be(h,h') = 12(2 5 AR! + Kä vun 
k=0 j=l 


3 3 3 3 
for h = 3 + (YE) ht = OAH + (XDE) € br Indeed, 
k=0 j=l k=0 j=l 


from Theorem 3.5.3, we have 


Il 


Be(h, h/) 


3 3 


k=0 j=l 


3 3 
= 12(2 x An Al + 2 iin!) i 
k=0 j=l 


4 M / 
3182 «A + 12) ujuy’ (Theorem 2.6.2) 


3 3 3 3 
4 
= Ba( Ar Hk, Ar Hi) 12( Ex, Ej) 
3P Ae XC Zem, Zum B 


Now, the canonical elements H4, € Bg corresponding to a; (Be(Ha, H) = a(H), H € 


bg) are determined as follows. 


Ha, = 


24 24 
1 
H,,— => (H Ez — E3)~), 
í 276 3 + (E2 33) 
1 
Ha, = am Ho — Hı — Hə + H3) + 2(E3 E), 
1 
Has — 3s (Ho Hı + Ha + Hs) + 2(E, — E3)7). 
Therefore, we have 
1 1 1 
(01,01) = Be(Ho, , Ha) m 2451747 z; 72’ 
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1 1 1 
—(Ho — Hı), Hoa, = —(Ai-— H2), Haz = ze — H3), 


and the other inner products are similarly calculated. Hence, the inner product 
induced by the Killing form Bg between o1, a2,:::, og and —p are given by 
i = 1,2,3,4,5,6, 


1 
(o5, oi) Ges 12 


Er E 


24’ 
(ai,a;)=0, otherwise, 


1 
Se == = A be? ee T 4) — V, p= 1,2, 19:9; 
( H, ul 12” ( H, 04) 9A’ ( LL, ai) 0 1 3,5,6 


using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 
eg”. 

According to Borel-Siebenthal theory, the Lie algebra eg has three subalgebras as 
maximal subalgebras with the maximal rank 6. 

(1) The first one is a subalgebra of type T @ Ds which is obtained as the fixed 
points of an involution c of es. 

(2) The second one is a subalgebra of type C1 ® As which is obtained as the fixed 
points of an involution ^ of eg. 

(3) The third one is a subalgebra of type A» & A» ® A» which is obtained as the 
fixed points of an automorphism w of order 3 of eg. 


The Lie algebra eg has furthermore two outer involutions 7, Ty. The subalgebra 
obtained as the fixed points of 7 is type F4 and the subalgebra obtained as the fixed 
points of Ty is type C4. 

These subalgebras will be realized as subgroups of the group Eg in Theorems 
3.10.7, 3.11.4, 3.13.5, 3.7.1 and 3.12.2, respectively. 


3.7. Involution 7 and subgroup F4 of Es 
We shall study the following subgroup (E¢)” of Es: 


(Eg) = {a € Es| ra = or) 


{a € Es| (o) = a} = (Es). 


II 


II 


If a € Es satisfies Tra = ar, then (o.X, aY) = (raX,aY) = (atX,aY) = (TX, Y) = 
(X,Y) and vice versa. Further, for a € Es, the conditions (aX,aY) = (X,Y) and 
aE = E are equivalent (Lemma 2.2.4). Hence (Ee? can be also defined by 


(Leif T {a € Es | (aX, aY) = (X,Y), X,Y € 3°} 
= {a € Es | aE = E) = (Eo)z. 
Theorem 3.7.1. (Eg)' = (Ec)g S F4. 


(From now on, we identify these groups). 
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Proof. We shall show (Eg)' = F4. Let a € (Eg)'. Then, for X € J we have 
TAX — arX — aX,sothat aX € J. Hence a induces an R-linear transformation of 
3. Therefore, the restriction a|J of a to J belongs to the group 


Fy = (a€Ison(3)|det(o.X) = detX, (aX, aY) = (X, Y)) 
= {a € Ison(3)|a(X x Y) 2 aX x oY]. 


Conversely, for œ € Fy, its complexification o€ : EE of (X, +iX2) =aX,+ 
Zo Ka belongs to Lol". Therefore the correspondence Fy 5 a — a€ € (Eg) gives an 
isomorphism between F4 and (Es). 


3.8. Connectedness of E; 
We denote by (Es)o the connected component of Ee containing the identity 1. 


Lemma 3.8.1. (1) Fort € R, if we define a mapping a42(t) : 3€ — 3€ by 


€ pa Ze eté 03 eit/?g, 
oui T3 £o EHI = T3 eT" e 123, 
22 Tı & ey, e Him £s 


then o12(t) € (Es)o. Similarly we can define a13(t), a23(t) € (Eg)o. 
(2) For a € €, if we define a mapping a (a) : 3° — 3€ by oa (a) X (€, £) = Y (n, y), 


where 


m= 
iis E2 — és + £5 + 63 cos Jal 4 gh 21) sin Jal 
2 2 D 
Em E n E2 + Ss cos Jal HACIA sin Jal, 
2 2 la 
(f+ £3)a 2(a,z1)a . ə lal 
= S — pee 
Y= az, +i Dal in |a| PE E 
ya EE 
2 la 2 
= 7 aug d aC RES oo 
Y3 3 5) la 7 


sin |a| 
la| 
Proof. (1) For E; — E» € Jo, we have i(Eı — E2)~ € eg (Theorem 3.2.4.(2)) and 
o12(t) = exp it(Ei — E23)". Hence aj2(t) € (Eg)o. 
(2) For Fi(a) € Jo, we have iFi(a) € eg (Theorem 3.2.4.(2)) and o4(a) = 
expiF\(a). Hence a1(a) € (E¢)o. 


(ifa = 0, then means 1), then o (a) € (Es)o. 


Proposition 3.8.2. Any element X € 3€ can be transformed to a diagonal form 
by some element o € (Eg)o: 
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& 0 0 
aX=| 0 & 0], Ge, 
0 0 £s 
Moreover, we can choose o € (Eg)o so that two of En, Co, fa are non-negative real 
numbers. 

Proof. (Hereafter, we use the notation |£| instead of J/£(r£) for Ce Ri = C). 
For a given X € 3°, consider a space X = {aX | o € (Eg)o}. Since (Eg)o is compact 
(Theorem 3.1.1), X is also compact. Let |£1|? + |£2|? + |£3|? be the maximal value of 
all |m |? + |n2|? + |ns|? for Y = Y (n, y) € X and let Xo = X (£, x) be an element of 
X which attains its maximal value. Then Xo is of diagonal form. Certainly, suppose 
that Xo is not of diagonal form, for example, the 2 x 3 entry xı of Xo is non-zero: 


0Zzzi-p-ciq, pqc€. 
It is sufficient to prove in the case that £2,£3 are real numbers (otherwise we can 
apply some @j2(t1) and o13(t2) of Lemma 3.8.1.(1)). 
(1) Case q # 0. Let a(t) = ES t > 0 and construct oj;(a(t)) € (Es)o of 


la] ; 
Lemma 3.8.1.(2). Since |a(t)| = t and CUEN, = iv — |q|, where v = (zl 
la(t)| lal 


for Y (n(t), y(t)) = a1(a(t)) Xo € X, we have 
Im C) + Im (OP + Ims CO? 
toy. Sce 
hop eus 


= 2 
ell ; M er ep |q| sint + ivsint| 


2 
= |& |? + E Sy. 2 ($7 8 cost — jqlsint) 42i? sin? t 


2 
= JE a alr E Gy TESCH + a?) sin?(t + to) + 2? sin? t 
< l&l? —- [£3]? + [£3]? + 2|g|? + 2v? cos? to (for some to € R) 


2 
cost — |q| sint + iv sint| 


which is the maximal value and attains at some t > 0. This contradicts the maximum 
of |é1|? + |€2|? + |€3|?. Hence q = Sé 
(2) Case p Z 0. Let a(t) = D p^ t > 0 and construct fi(a(t)) € F4 C (Ec)o of 


Lemma 2.8.1. For Y (n(t), y(t)) = f(a(t))Xo € X, the maximal value of |m(t)|? + 
Ino(t)|? + Im (0)? is |& |? + [£2]? + |£3|? + 2|p|? (the calculation is the same as Propo- 
sition 2.8.2) which contradicts the maximum of ||? + |€|? + |€3|?. Hence p = 0. 
Consequently, we have zı = 0. x2 = za = 0 can be similarly proved constructing 
a2(a), a3(a) € (Eg)o analogous to ox (a) of Lemma 3.8.1.(2). Hence Xo is of diagonal 


form. 
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The space EIV, called the symmetric space of type EIV, is defined by 
EIV ={X € 3€ |detX = 1, (X, X) 2 3). 


Theorem 3.8.3. Eg/ F4 ~ EIV. 


In particular, Eg is connected. 


Proof. For a € Eg and X € EIV, we have aX € EIV. Hence Eg acts on EIV. 
We shall prove that the group (£¢6)o acts transitively on EIV. To prove this, it is 
sufficient to show that any element X € EIV can be transformed to E € EIV by 
some a € (Eg)o. Now, X € EIV C 3° can be transformed to a diagonal form by 
a € (Es)o: 


&à 0 0 
aX=|0 & 0], & EC, & 20,620 
0 0 £s 


(Proposition 3.8.2). From the condition X € EIV, we have 


£i£o£s = det (aX) = det X = 1, (hence &j > 0, = 1,2,3), 
&^  &  &? = (aX, aY) = (X, Y) =3. 


This implies that £j = En = £3 = 1. Certainly, from 0 < (€2—€3)? = £2? +63? —2£5£4 = 
2 2  £&?-3ü-«2  (&-1)(à-2) 

3— &^ — e E e E 

& & & 

£o = £3 = 1 are obtained. Hence aX = E, which shows the transitivity of (elo. 


Since we have EIV = (Eg)o E, EIV is connected. Now, the group Es acts transitively 
on EIV and the isotropy subgroup of Ee at E € EIV is F4 (Theorem 3.7.1). Thus 
we have the homeomorphism £Es/ F4 ~ EIV. Finally, the connectedness of Eg follows 


< 0, we have é = 1. Similarly 


from the connectedness of EIV and F4. 


3.9. Center z(Eg) of Ee 


Theorem 3.9.1. The center z(Es) of the group Ee is isomorphic to the cyclic 
group of order 3: 


1 3 
z(Eg) = {1, w1, w1}, w= SS ES E € C. 


Proof. Let a € z(Eg). From the commutativity with 6 € F4 C Es, we have 
BaE = aBE = aE. Let denote aE = Y = Y (n, y) € 3€, then we have 


BY =Y, forall Ge Fy. 
We choose 8 € F4 such that 


BX =TXT!, Xe. 
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1 0 0 —1 0 0 0 0 1 
where T = | 0 -1 0 ], | O 1 0 }] and {1 0 0] € SO(3). Then we 
0 0 -1 0 0 -1 0 1 0 


have yı = y» = ys = 0 and m = 72 = Ns (= w), that is, 
ab=Y=wk, oe, 


and w = det(oE) = detE = 1. Since it is easy to verify that wl € z(Eg), we 
have w^ la € z(Eg) and w^ !aE = E, and so w^ lo € z(F4) (Theorem 3.7.1). Since 
z(F4) = {1} (Theorem 2.10.1), we have w^!a = 1, that is, a = w1. This completes 
the proof. 


According to the general theory of compact Lie groups, it is known that the center 
of the simply connected compact simple Lie group of type Eg is the cyclic group of 
order 3. Hence the group Eg has to be simply connected. Thus we have the following 
theorem. 


Theorem 3.9.2. E; = (o € Isoc(3€) | det (aX) = det X, (aX,a¥Y) = (X,Y)] is 
a simply connected compact Lie group of type Es. 


3.10. Involution c and subgroup (U(1) x Spin(10))/Z4 of Es 


Let the C-linear mapping o : 3° — 3° be the complexification of o € P of 
Section 2.9. Then o € Eg and c? = 1. 


We shall study the following subgroup (Eg)? of Es: 
(Eg)? = {a € Eg|oa = ac]. 


To this end, we consider the C-subspaces (ie and i ee of ao which are the 
eigenspaces of o: 


(39), = (X e3€ |oX =X} 

= (X e3€|4E x (E. x X) =X} OG", 
(99)., = (X € 3° |oX 2 -X] 

= (Xe3^|Eix X 20, (E1, X) = 0}, 


where €, = {£E |£ € C). Then 3€ = (3°), 9 (3€)... (which is the complexification 
of J = 3, @I_, in Section 2.9), and (GS) (aras are invariant under the action of 
(Eg)?. 


Lemma 3.10.1. For o € (Eg)? , there exists € € C such that 
ak; = EE, (TENE zb 
Proof. By the analogous proof to that of Theorem 2.9.1, we see that 


o Es, aE € 3(2, €^). 


86 


Indeed, we have 
aE = o(—F»(1) x Fo(1)) = —rarF3(1) x rar F2(1) 


= —(Fo(x2) + F3(x3)) x (Fo(a2) + F3(x3)) (for some 22,23 € €°) 
(£2, 22) ES + (x3, x3) E3 — Fi (T273) € 3(2, €^). 


Il 


Next, we shall show 

ob ¢ 3(2, €^). 
Suppose that aE, € 3(2, €). Then ob = aE, + aE) + «Es € 3(2, €€), so we can 
put aE = £j Ej + £ E3 + Fi (21), £2, £5 € C, £1 € €^. Hence 


£o E» + € Es + Fi(21) = QE = a(E x E) = rTarTE x rarE 
T(E2 Es + && Es + Fy(21)) X T(£2E2 + &g Es + Fi(21)) 
= (TE2TE3 — Lomp, 721)) Er. 


This implies that 2 = £a = zı = 0. Hence aE = 0, which is a contradiction. 
Therefore aE, is of the form 


ob = EEN + &Fo+&F34+ Fi (x1), £0. 


From af x ob = rar(Eı x E1) = 0, we have 


0 


I 


(GEN + £9 E2 + £ E3 + FA(21)) x (E1 + £g E + £3 Es + Fi (x1)) 
= (£263 — (£1, 01)) F1 + £63 E2 + &€& E3 — EF; (21). 


This implies that £y = £x = zı = 0 and so 
aE, — EEN, £40. 
Finally, from 
1 = (E1, E) = (a By, aBy) (EEN, E1) = (TE)E(E1, E1) = (r6)6, 
we have (r£)£ = 1. 


In order to investigate the group (Es)?, we consider the following subgroup (E) g, 
of Es E 
(Eg)g, = {a € Es | aE; = FA]. 


Lemma 3.10.2. (Eg)g, is a subgroup of (E6)?: (Es)g, C Loi, 


Proof. Since (3°), = (X € 3° |AE, x (Ei x X) = X} 6 €i and DÉI = 
(X € 3€ | Ey x X 20, (E1, X) = 0}, these spaces are seen to be invariant under the 
action of (Eg) g,. Hence for a € (Es)g,, we have co = ac (the proof is the same as 
that of Theorem 2.9.1). Thus we have a € (Eg)^. 
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We define a 10 dimensional R-vector space V!° by 


0 0 0 
y? = (x € 3° [2E x X- -x3- ( 0E z £e Caec] 
0 Z -rE 
Proposition 3.10.3. (Eg) g, / Spin(9) ~ S?. 


In particular, the group (Eg)g, is connected. 


Proof. S? = (X € V'?| (X, X) = 2} is a 9 dimensional sphere. For a € (Es)g, 
and X € S?, we have aX € S°. Indeed, 


2E; x aX = 2«E, x aX = 2ratr(E, x X) = rar(—TX) = —r(aX), 
(aX,aX) = (X, X) = 2. 


Hence the group (Eg) z, acts on S°. We shall prove that the action is transitive. To 
prove this, it is sufficient to show that any element X € S? can be transformed to 
i(E» -- E3) € S? by some a € (Ec)g,. Now, for a given X € S°, we can choose a23(to) 
of Lemma 3.8.1.(1) such that 


o23(to)X € S = (X € V° | (X, X) 22) 


where V? = (X € V9 | TX = X). (Note that a23(to) € (Eg)g, because a23(to)E1 = 
EA). Since the group Spin(9) = (F4)g, C (Es)g, acts transitively on S? (Proposition 
2.7.3), there exists 3 € Spin(9) such that 


Ba23 (to) Xx = Fə — F} € S5. 
By applying a23(7/2) € (Bel, of Lemma 3.8.1.(1), we get 
a23(1/2)08023(to).X = i( E + E3). 


This shows the transitivity. The isotropy subgroup of (Es)g, at i(E2 + E3) € S? is 
Spin(9). Indeed, if œ € (Es) BE, satisfies a(i(E, + E3)) = i(E2+ E3), then aE = a £44 
a(E» + E3) = Ey + (E2 + E3) = E, so that a € F4 and hence o € (F4)g, = Spin(9). 
Conversely o € Spin(9) satisfies a(i(E2 + E3)) = i(E2 + E3). Thus we have the 
homeomorphism (Es) g, / Spin(9) ~ 9°. 

Theorem 3.10.4. (Eg)g, = Spin(10). 


(From now on, we identify these groups). 


Proof. Analogously to Theorem 2.7.4, we can define a homomorphism 
p:(Ec)g, > SO(10) = SO(V!9) 


by pla) = alV'°. The restriction p' of p : (Es)g, — SO(10) to (F4)g, coincides 
with the homomorphism p' : Spin(9) — SO(9) of Theorem 2.7.4. In particular, 
p! : Spin(9) + SO(9) is onto. Hence, from the following commutative diagram 
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1 — so(9) — so(i0) — Ss? — kx 


we see that p : (E6)z, — SO(10) is onto by the five lemma. We also have Kerp = 
{1,o}. Indeed, o € Ker p leaves E? — E3 and (Est E3) invariant, so that aE; = E; 
for i = 1,2,3. Hence we have a € Spin(8) and so a € Kerp’. Therefore a = 1 or o 
by Theorem 2.7.4. Hence we have the isomorphism 


(Bel, /(1, 0] = SO(10). 


Therefore the group (Es)g, is isomorphic to the group Spin(10) as the universal 
covering group of SO(10). 


For 0 € C, 0 7 0, we define a C-linear mapping oi) : 3€ — 3° by 


Ei. $3 T2 ir ` Or: Or: 
l0) | Z3 & a1 | =| 0:35 0769 07m 
t2 Tı & 0r; 0-°F, OZ: 


Theorem 3.10.5. The group Eg contains a subgroup 
U(1) = {ay2(t)ai3(t) = exp it(2E4 — By — Es)" |t € R} 
= {¢(0)|0 € C, (70)0 = 1} 


(where a12(t), a13(t) are mappings defined in Lemma 3.8.1) which is isomorphic to 
the usual unitary group U(1) = (0 € C|(70)0 = 1]. 

Note that U(1) is a subgroup of (Eg)?. From now on, we identify these two groups 
U(1). 


Lemma 3.10.6. Two subgroups U(1) and Spin(10) of (Eg)? are elementwise 
commutative. 


Proof. We consider the decomposition 3€ = €4€ c 212:0)* «p EEN where 


Ef = {EE |EEC}, F(2,€)° = (X € T° |4E x (Ei x X) = X}, 
DÉI) = {X € JF | E1 x X =0,(E,, X) = 0}. 


The restrictions of ¢(0) € U (1) to these spaces are all constant mappings: 
aigle" —6*1, OIEI 26 ?1, AOI) = 01. 


On the other hand, 8 € Spin(10) also induces C-linear transformations of these 
spaces. From this, the commutativity of $(0) and 8: $(0)8 = B¢(6) follows. 


Theorem 3.10.7. (Eg)? = (U(1) x Spin(10))/Za, Z4 = {(1, ¢(1)), (-1, 9(—1)), 
(i, 6(—1)), (~i, 9(1))]. 
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Proof. We define a mapping y : U(1) x Spin(10) — (Eg)? by 
v (8, 8) = éi 


Since (0) € U(1) and 8 € Spin(10) are commutative (Lemma 3.10.6), we see that o 
is a homomorphism. We shall show that y is onto. For a € (Eg)^, there exists 0 € C, 
(r0)0 = 1 satisfying 

oF, = OI EN = o(0)Ey 


(Lemma 3.10.1). Let 8 = oi lo, then BE, = Ei, so B € Spin(10) (Theorem 
3.10.4). Hence, we have a = $(0)6 = (6, 8) and therefore o is onto. It is easily seen 
that 


Ker o = ((0,9(0) !)|0 € C,0* = 1} = ((06,9(0)) | 0 = 41, +i} = Z4. 


Thus we have the isomorphism (U(1) x Spin(10))/Z4 S (Eg)". 
3.11. Involution y and subgroup (Sp(1) x SU(6))/Z2 of Eg 


Let the C-linear mapping y : 3€ 2 3€ be the complexification of y € Gg C F4. 
Then y € Eg and ?? = 1. 


We shall study the following subgroup (Es) of Es: 
(Es)! = {a € Es | ya = a7}. 
As in Section 2.11, we use the decomposition 
3€ = 38, H)€ e (H?)6, 
which is the complexification of the decomposition J = 3(3, H) © H?. As usual we 
denote 3(3, H) and (X € 3(3, H) | tr( X) = 0] by Jy and (3 gr)o, respectively. 


We consider the embedding C = {x + yei|v,y € R} C € and, for an element 
à = x +yeı € C, we denote by a’ the element z-- yi € C. Now, we define an R-linear 
mapping k : H — M(2,C) by 


b 


Ta 


a’ 
katte) - (5 Si a,b c C. 
The mapping k is naturally extended to R-linear mappings 
k: M(3, H) —n M(6,C) and k: H? > M(2,6,C). 


We adopt the following notations. 


and M* — *M, M € M(3, H). Then the following four properties hold. 

) Kk(MN)-k(M)K(N), 
2 (Kk = k(M* 
CE E EAERI M,N € M(3, H),a € Hi 

) J(E(M)) = (T(k(M)))J, 

) = k(a)k(M), 

The R-linear mappings k : M (3, H) — M (6, C) and k : H? — M (2,6, C) are ex- 

tended to C-linear mappings k : M (3, H)€ — M(6,C) and k : (H?)€ — M(2,6,C) 
respectively by 


k(a.M) 


k(Mi + iM2) = k(M 1) + ik(M3), Mı, M2 € M(3, H), 
k(aı + i33) = k(a 1) + ik(ag), 01,02 € HI 


It is not difficult to see that they satisfy the four properties (1) ~ (4) above. 
We define a C-vector space 6(6, C) by 
6(6,C) = (S e M(6,C)|*S = —S} 


and a C-linear mapping ky : 3(3, H)° — 6(6,C) by 


Then E: is well-defined. Indeed, for M = M; + iM» € 3(3, H)°, we have 


"(kj (M)) = '(K(M))J) = -J'(kK(M)) = —J (CM) + ik(M2)) 
x (or 4) 4 ir (k(M3)))J = —(k(M1") + ik(M2*))J 
= —(k(M1) + ik(M3))J = —(k(M)) J = —k;(M). 


Finally, we define Hermitian inner products (S, T) in 6(6, C) and (P, Q) in M(2,6, 
C) respectively by 
(S,T) = tr((r*S)T), (P,Q) = tx((r'P)Q). 
Lemma 3.11.1. (1) k : M(3, H)€ — M(6,C), k : (H?) — M(2,6,C) and 
ky: (3, H)€ — 6(6, C) are C-linear isomorphisms. 
(2) (kj (M). k JUN ) = 2(M, N), M,N €3(3, HI, 
(k(a), k(b)) = 2(a, b), a,b € (H^). 
(3) det(k;(M)) = (detM)?, M € 3(3, H)°. 
Proof. (1) The mapping k is injective. Indeed, if 
k((a + bez) +i(c+dez)) =0, a,b,c, de C, 


then 


From which, we have a’ = b = c' = d' = 0 and so a = b = c = d = 0. Now, k isa 
C-linear isomorphism, because dimce (M (3, H)€) = 36 = dimce (M (6, C)). The other 
mapping can be treated analogously. 


(2) For Mk = ag + bye» and nj = Ck + diea, ak, bk, Ck, dy € C, k = 1,2, we have, 
after some calculations, 


(k(mı + ini), k(me + in2)) — 2ími + ini,mo + ing). 


(3) Note that det(k;(M)) = det(k(M)) and detM € C. Since we know that detS 
of a skew-symmetric matrix S is expressed in terms of the square of a polynomial 
with entries s;; in S, we can easily see that 


0 512 au . $14 ës $16 

—si2 0 5293 S24 $25 Sie 

det | 7513 7823 0 S34 S35 836 
—S14  —8234 —834 0 S45 $46 

$15 ëm ënn —S45 O $56 


S16  —$26 —S36  —$46 —S56 0 
= (312534556 — 812835546 + 512536545 — 813824556 + 513525546 — 913526345 


314823856 — $14$25836 + 514526835 — $15$23S46 + 915524536 — 5815526535 


2 
1-816923845 — 516524535 T 516525934) . 


Now, since k;(M) is skew-symmetric, using the above result, we have 


0 & —ns ma n2 T(m2) 
EI S —r(ma) —T(n3) -m2 T(n2) 
= n3 T(M3 0 £o wO) my 
det(k;(M)) = det —ma T(na) —£2 0 —T(mi) —r(m) 
—n»o mə Ny T(m1) 0 £3 
—r(m3) —T(n2) -mı T(ni) — £3 0 


= (E1283 — &nir(n1) — &ymir(mi) — nar(ns)&s — namaT (n1) — nar(nz)r(mi) 
—mar(ma)£s + mamam; — mar(no)ni — norT(ma)r(ni) — nar(na)m; — n2T(n2)£2 
+7(mz)t(m3)T(m1) — r(ma)r(na)ni — r(ma)ma£3)?. 

On the other hand, we have 


& m3 + n3€2 T(m» + n3e3) 
det | r(ma + n3e2) £5 my T nie» 
mə +nze2 — T(mi + niez) E3 


= £123 + (mi + nie3)(ma + nz2e2)(Mm3 + nae) 
3 


+7((my + n1e2) (ma + nae3)(ma + N3e2)) — Kë Elmi + nie2)T(m; + niez) 
i=1 
= the contents of in the parenthesis above. 
We now consider a group Ee pg defined by replacing € by H in the definition of 
the group Es: 
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Es H = {a € Isog((Szz)°) | det(aM) = detM, (aM,aN) = (M, N)). 
Lemma 3.11.2. Een is a connected group of dimension 35. 
Proof. As in the case Ee, the group Es, p contains a subgroup 
Fin = {a € Es u | QE = E}, 
which is also defined by 
Fyn = {a € Isor(Ju)|a(M oN) =aMoaN} 


(see Lemma 2.2.4). Moreover, it is isomorphic to the group S'p(3)/Z2 (Proposition 
2.11.1). The Lie algebra eg pg of the group Eo pn is given by 


eon = (6 € Homo((3x)°)| (6M, M, M) = 0, (6M, N) + (M, oN) = 0) 
= (6 iT|ó€ f, mT € (Groh, 
(see Theorem 3.2.1), so that 
es H = far ® i(d nr)o. 


Where f4 = (ó € e647 |OE = 0j is the Lie algebra of the group F4,g and is 
isomorphic to the Lie algebra sp(3) by the mapping px : sp(3) > lun given by 


e.(C)M 2 CM  MC* 2|C,M, Mein 


(Proposition 2.11.1) and we see that dim es, = 21+ 15 = 35. As in Theorem 3.8.3, 
we have a homeomorphism 


Es n/ Fig  ElVg = (X € (u) |detM = 1, (M, M) = 3} 
and so we see that the group Es, rr is connected. 
Proposition 3.11.3. Es a = SU(6)/Zo, Za = (E,—E). 


Proof. Let SU(6) = (A € M(6,C)|(r'A)A = E,detA = 1} and define a 
mapping e: SU(6) — Esp by 


p(A)M = k; (A(kj(M))'A, M € Gg. 


We first have to prove that y(A) € Ec,g. Indeed, we have (det(y(A)M))? = 
det(k(y(A) M)) (Lemma 3.11.1) = det(A(k;(M))! A) = det(k;(M)) = (detM)? 
(Lemma 3.11.1), and so det(y(A)M) = +detM. On the other hand, since Es,rr is 
connected (Lemma 3.11.2), the sign of det(y(A)M) is constant, that is, independent 
of A (assuming that det AM 4 0). Therefore 


det (y(A)M) = det M. 
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Next, again we have 
2(p(A)M, p(A)N) = (ka (e(A 
= (A(k;j (M))' A, A(K (N)) 
= 2(M, N), 
so y(A) € Es, m. Consequently the mapping y : SU(6) — Pop is well-defined. 
Evidently y is a homomorphism. That Kery = (E, — E) = Z2 can be easily obtained. 
Since the group Es, rr is connected and dim SU(6) = 35 = dim Es, gr (Lemma 3.11.2), 
y is onto. Thus we have the isomorphism SU(6)/Z2 = Es. gr. 


HCN) bemus 3 IT 
A) = (k; (M), k;j(N)) (because A € SU(6)) 


a 
S 
Ki 
> 


Theorem 3.11.4. (Eg)? = (Sp(1) x SU(6))/Z2, Za = {(1, E, (C1, — E)). 
Proof. We define a mapping o ` Sp(1) x SU(6) — (Es)? by 
vin, A)(M +a) = kj (A(k;(M))' A) + pak- (T+A), 
M +a E€ (Ju)? e (H*)° 2 3. 
We first need to prove that y(p, A) € (bel, 
Claim 1. ‘y(p, A)! = re(p, A)T. 


Proof. we have 
2(r'e(p,A(M +a), N-b M+a,N+be3° 
pi d +a, p(p, A)(N + b)) 
M +a, k; (A(kj(N))'A) + pbk-!(r*A)) 


) 
= 2(M, ky~"(A(ka(N)) A + 4(a, pbk! (T *A)) 
= (ky M, A(k;(N))' A) + 2(k(pa), (kb)r A) 
= (r'A(k;(M))rA, kj (N)) + 2(k(pa)A, kb) 
= 2(k; (T! A(k;j (M))rA), N) + 4(pak-! (A), b) 
= 2(k; l(r ere ))rA + pak 1(A)), N +b) 
= 2(e(p, r AJOM +a), N + b), 


and so we have z 'y(p, A)r = e(p, T! A), which implies that *o(p, A)! = TY(p, A)r. 

Claim 2. ein, A) € (Eg)*. 

Proof. We will first show that a = y(p, A) satisfies 

aX xoY ss fo lU xY), Zeit, 
Recall the equality 
(M +a) x (N +b) = (Mx N- SN 1 ail - ai +bM). 
The equality aM xaN = To" TOM x N) is evident from det(aM) = det A (Proposition 
3.11.3). Now, using the equalities 
k; (M)--k (MJ)—--k !(J(ÜrM), rk !(M)— —k "(JM J), 
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we have 


(aa)*(ab) = (pak !(r'A))' (pbk !(r' A) 
k !(A)a*bk !(r*A), 
raT(a*b) = T(k; | A(k;T(a*b)) * A)) 


= —rk !(Jr(AJrk(a*b)* A)) 

= —rk l(JrAJk(a*b)r A) 

= —k l(Ark(a*b)J'AJ) = k !(A)a*bk !(r*A), 
(aa)(aN) = (pak-!(r* A) ks" (AQ (N))'4) 

= —pak l(r'A)k ! (A(k(N))J' AJ) 

= —paNk !(J'AJ) = paNrk !(r' A), 
tat(aN) = r(pr(aN)k !(r*A)) = paNrk !(r'A). 


We have therefore shown that ein, A) € Es, Clearly, yy(p, A) = vim, Ay, so that 
(p, A) € (E6). 


We will return to the proof of Theorem 3.11.4. Evidently y is a homomorphism. 
We shall now show that y is onto. Let a € (Eg)'. Since the restriction a’ = 
a| (Jz)? of a to (Jp)? belongs to Es, gr, there exists A € SU(6) such that ol = (A) 
(Proposition 3.11.3). If we put 8 = eil, A)-'a, then 3\(Jz7)° = 1. Hence, by the 
same argument as in Theorem 2.11.2, there exists p € Sp(1) such that 8 = (p, E), 
and we obtain 


Therefore y is onto. Kere = ((1, E), (-C1, - E)) = Za can be easily obtained. Thus 
we have the isomorphism (Sp(1) x SU(6))/ Z5 S (Eg). 
3.12. Involution 7y and subgroup Sp(4)/Z2 of Eg 


We consider an involutive complex conjugate linear transformation ry of 3€, and 
we shall study the following subgroup (Eg)! * of Es: 


(Eg) = {a € Es| rya = ary} 
= {a € Es|3A(0)y = a} = (Ec). 


For this end, we consider R-vector subspaces E we and keen of 3€, which are 
eigenspaces of ry, respectively by 


(Q9), = (X EJ Irak = X) 


hi ms Mə 0 Q3€4 —a2e4 
= mz po Mı | +i | —aae4 0 aye mER 
3 RES 3 Mi, Qi E H 
m3 Mı H3 age, —ayje4 0 
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= {M + iF(ae4)| M €3(3,H),a € H?) 


= Jau oiH?, 
DÉI = (X € 3° |r4X = -X) 
ma m 0 Q3€. — 03€ 
= <4 E me e + | —aae4 0 Pos mER 
= Mi, Qi € H 
ma Mı da age, —ayje4 0 


= {iM + F(ae4)| M € 3(3,H),a € H?) 
= ijg 9 H?, 


AC 


The spaces (3°), and (3€)... are invariant under the action of (Es)77 and we have 


the decomposition of qe. 


gn = GER: ® EE ES DC ® i ae 
In particular, 3€ is the complexification of (3 Jei = (aS 


In the R-vector space 
3(4,H) = (P € M(4, H)|P* = P}, 
we define the Jordan multiplication P o Q and an inner product (P, Q) respectively 
by 
1 
PoQ= 3(PQ + QP), (P,Q) = tr(P o Q). 


The group Sp(4) acts on 3(4, H) by the mapping u : Sp(4) x 3(4,H) > 3(4, H), 
u(A, P) = APA*. Then we have 

A(P o Q)A* = APA* o AQA*, A € Sp(4), P,Q 3(4, H) 
(APA*, AQA*) = (P,Q), EE ES 


The quaternion projective space HP; is defined by 


HP, = (P € 3(4, H) | P? = P,tr(P) = 1} 


= { AE, A" | A € Sp(4), E, = diag(1,0,0,0) € M(4, H)). 


II 


Finally, in the complexification 3(4, H)° of 3(4, H), we extend naturally the Jordan 
multiplication P o Q and the inner product (P,Q) and further define a Hermitian 
inner product (P,Q) by 

(P,Q) = (P. 9). 


The action of Sp(4) on 3(4, H) is also naturally extended to 3(4, H)°: 
A(X, + iX3)A* = AX,A* + ZAK: AT, A € Sp(4), X1, X2 € 34, H). 
Then we have 


(APA*, AQA*) = (P,Q), P,Q €3(4, HI, 
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We denote by 3(4,H)o the space (P € 3(4,H)|tr(P) = 0} and by 3(4, H)o its 
complexification. 


Definition. We define a C-linear mapping g : 3€ — 3(4, H)o€ by 


1 
zm) 1a C $c c 
g(M +a) = 1 , M-ctace(Qg) (H°) -3-. 
e — M - 5t (M)E 
The restriction of g to (3€). is given by 


" 1 
g(M + ia) = Ge n) -3"(M)E, M+ia€ Jy 6 iH? DJ 


Note that the mapping g in the above definition is the complexification of this 
restriction. 


Lemma 3.12.1. The mapping g : 3° — 3(4, Hi is a C-linear isomorphism 
and satisfies 
1 
gX ogY ak x Y)) + 70X Y)E, 
(ok, gY) = (9X, Y), 


a ew. 


Moreover, g is an isometry with respect to the inner product (X,Y): 
(gX,gY) - (Y), Nei, 
The restriction of g to (3C )-4 induces an R-linear isomorphism g : (3€ li ^ 3(4, H)o. 


Proof. It is not difficult to see that g is well-defined and that it is injective. Since 
dimg 3€ = 27 = dime 3(4, fe g is a C-linear isomorphism. Now, for X = M +a, 
Y =N +bcE€ (Jp) © (H?)° = 3°, we have 


g(Y(X x Y)) = oa + a) x (N + b))) 
= g((M — a) x (N — bi 


—-g(MxN- ep + b*a)) + HEN +bM)) 


SEO xN)- io, b) 5(aN +bM) 
s(aN+bM)* — MxN- 5 (a*b + pae SIE x N) — (a,b))E 


= g(M + a) o g(N + b) — HU N)- e b))E 
1 
4 


= OLM + a) og(N +b) — 


1 
=gX ogY — 10% Y)E. 
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1 
Thus the first equality gX o gY = g(y(X x Y)) + 10% Y)E is proved. Taking the 
traces of the both sides, we have 


(9X, 9Y) = (qX,Y) X,Y € J0. (i) 


It is easily seen that the restriction g : (Ti — 3(4, H)o of g is an R-isomorphism. 
Finally, if we note that (yX, Y) = (X,Y) for X,Y € (Ges then we can easily show 
that 


(g(X1 + 1X3),g(Y1 c 1Y2)) = (X1 iXo,Yi -iYo, XG, Vi € Gunes 
from (i). Thus Lemma 3.12.1 is proved. 


Theorem 3.12.2. (E6) S Sp(4)/Zo, Zo = {E,-E}. 
Proof. We define a mapping y: Sp(4) —> (Eg)'? by 
LA = g (A(gX)A", X ET. 
We first have to prove that y(A) € (Es). Let Z = y(A)X and use Lemma 3.12.1, 
then we have 
3det(y(A)X) = 3detZ = (Z x Z, Z) = (g(y(Z x Z)), gZ) 
= (92 0.92 - 16, Z)E, oZ) 
1 
= (gZ o gZ - 5(92,92)E.92) 
* * 1 * * * 
= (A(gX)A* o A(gX)4* — Säin Mr, A(gX) A") B, A(gX)A") 
1 
= (gX ogX — 7 (9X, gX)E, gX) 


= (9X 0 9X — £X, X)E, gX) 
= (g(y(X x X)), gX) = (X x X, X) 23detX, 
and 
(CA) X (AVY) = (9e ( A) X, go C A)Y) 
= (A(gX)A*, A(gY )A*) = (9X, gY) = (X,Y). 
Hence et A) € Es. To prove et Al € (Eg)'?, namely, ryp(A) = Ale, it is sufficient 
to show that 
TY—(A)TYX = e(4)X, X € (IS), 
since J] = ((3€).,)€. However this is evident. Indeed, if X e DO Le, then gX € 
3(4, H)o, so that y(A)X € (JF). Hence rye(A)ryX = rye(A)X = y(A)X. 
Evidently y is a homomorphism. We shall show that q is onto. For a € (£¢)"7, we 
have 3 
(g(a)? = g(aE) + SB. 
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Certainly, 


(g(aE))? = g(aE) o g(aE) = g(y(aE x aE)) + HO o E)E (Lemma 3.12.1) 


1 1 
= g(yror E) + 10E ak) E = glaryE) + eE ak) E 
1 1 3 
= glaE) + 1E. aE)E = g(aE) + E E)E = g(a E) + JE 


Now, let 
1 
P= JCIE) + E), 


then we have P € 3(4,H) and P? = P, tr(P) = 1, that is, P € HP®. Indeed, 
pe ig oa)? + 4g(a.E) + E) = TIE) + E) =P, 
“(Py S HCH x ep igen E 
Hence there exists A € Sp(4) such that 
P = AFE, A*. 


1 
Since gE = 2E, — zb, we have 


e(A)E = g  (A(gE)A*) = s" (a(25 - 5B) A") =g! (24E14* E IE) 
o Toto = aE. 


Putting 8 = y(A)~'a, we have GE = E, and so 8 € F4 (Theorem 3.7.1). Also 8 
satisfies ry8 = Bry and T8 = Gr (Theorem 3.7.1), hence y8 = fy, and therefore 
B € (F4)7. From Theorem 2.11.2, there exist p € Sp(1) and D € Sp(3) such that 


B(M +a) - DMD* -paD', M-cacj3goH?-3. 


Let B — (5 Sch then D € Sp(4) and we have 


Certainly, for M +a € (3g)€ © (H?)€ — 34, 
e(B)(M +a) = g  (Bg(M + a)B*) 
1 
n DË. Gul 8) 
que a — M- zt(M)E ee 
tr(M) ipa D* 
1 
(Den DMD* — 5tx(M)E 
DM D* + paD* = 6(M + a). 


II 
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Hence we have 


a= 9(A)6 = e(A)e(B) = e(AB), AB € Sp(4), 


so that y is onto. Kery = (E, — E) = Z» can be easily obtained. Thus we have the 
isomorphism $p(4)/ Z3 S (Eg). 


3.13. Automorphism w of order 3 and subgroup (SU (3)x SU (3)x SU (3))/ Za 
of Eg 


Let the C-linear mapping w : 3€ — 3° be the complexification of w € G2 C F4 
of Section 2.12. Then w € Eg and u? = 1. 


We shall study the following subgroup (Es lf of Es: 
(Eg)" = {a € Es | wa = aw}. 
As in Section 2.12, we identify 
3(3,C)° e M(3,C)€ = 3°. 


For convenience, we denote 3 (3, C) and {X € 3(3, C) | tr(X) = 0} by Jc and (Jc)o, 
respectively. 


The group E¢,c is defined to be obtained by replacing j^ with (Delt? in the 
definition of the group Es: 


Es c = {a € Isoc(($c)€) | det (aX) = det X, (aX, aY) = (X,Y)}. 
As in the case Es, the group Eg,c contains a subgroup 
Fic = {a € Esc lak = E), 


which is also defined by the group F4,c = {a € Ison(3c) | o(X o Y) = aX oaY}, 
moreover, it is isomorphic to the group (SU(3)/Z3) - Z2 (Proposition 2.12.1). The 
Lie algebra eg,c of the group ec is 


ec = (ó € Homc((3c)9) | (6X, X, X) = 0, (0X, Y) + (X, 4Y) = 0} 
= {5+iT |ð € fac T € (Se)o} 


(Theorem 3.2.4), where f, co = {6 € es,c |E = 0} is the Lie algebra of the group 
F, c. In particular, the dimension of eg,c is 


dim(eg,c) = 84- 8 = 16. 
As in Theorem 3.8.3, we see that the space 


Eft = (X € (Jo)f |detX = 1, (X, X) = 3} 
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is connected and we have the homeomorphism 
E¢.c/Fic m EI Ve. 


Lemma 3.13.1. Es c has at most two connected components (in reality has two 
connected components (Proposition 3.13.4)). 


Proof. From the exact sequence 7o(Fi.c) > To(Ee,c) > m0(EIVc), that is, 
Z2 — To(E6,.c) — 0 (Proposition 2.12.1), we see that 7(£6,c) is 0 or Ze. 


We define mappings ^ : C 6 C — C| and h : M(3,C) 6 M(3,C) > M(3,C)° 
respectively by 


a+b a—b 
h(a, b) = = Tb 
(a, b) 2 +i 5 ê ta + ib, E 
t = ——. 
A-B 2 
n(4,B) = $72 i 5 e1 =tA+7B, 


Lemma 3.13.2. The mappings h: C 6 C —^ C€ and h : M(3,C) 6 M(3,C) > 
M(3,C)° satisfy the following four conditions. 


(1) Both are C-linear isomorphisms, that is, they are injective and satisfy 
h(a, b) + h(a’, 0) = h(a-- a/,b-- b), h(ca,cb) = ch(a,b),c € C, 
h(A, B) 4- h(A', B") 2 h(A - A', B+ B, h(cA,cB) = h(A, B),ce C. 
(2) h(a, b)h(a’, b’) = h(aa', bb’), h(A, B)R(A', B^) = h( AA’, BB’). 
(3) rh(a,b) = h(b,a), h(a,b) = h(b,a). 
Th(A, B) = (B, A), h(A,B) =h(B,A), h(A, B)* = h(B*, A*). 
(4) det (h(A, B)) = h(det A, det B). 


Proof. It is easy to prove, noting that Al = 1,72 =7,.+7=1. 
Lemma 3.13.3. oc = su(3) 9 su(3). 
Proof. The mapping óc ` su(3) 6 su(3) > e6.c, 

$c(C,D)X = (C, D)X + Xh(C,D), X € (3c)? 


gives an isomorphism as Lie algebras. This is the direct consequence of the following 
Proposition 3.13.4, so we will omit its proof here. 


We define an action of the group Z2 = {1, e€} on SU(3) x SU(3) by 
«(A, B) = (B, A), 


and let (SU(3) x SU(3))- Z2 be the semi-direct product of the groups SU (3) x SU(3) 
and Zə under this action. 
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Proposition 3.13.4. Ego = ((SU(3) x SU(3))/Z3)- Z2, Za = ((E, E), Lab, 


1 3 
wi EB), Qn? E T E)} w — —5 + n 


Proof. We define a mapping y : (SU(3) x SU(3))- Za — Es,c by 
e((A, B), 1)X = h(A, B)Xh(A, B), 
e((A, B),€)X = h(A, B)Xh(A, B)*, 
First we have to show that a = y((A, B),1) € Es,c. Using det(h(A, B)) = h(det A, 
detB) (Lemma 3.13.2.(4)) = h(1,1) = 1 and rh(A, B)*h(A, B) = h(A*, B*) h(A, B) 
(Lemma 3.13.2.(3)) = A(A* A, B* B) = h(E, E) = E, we have 
det (aX) = (det (h(A, B))) (det X)(det (h(A, B)*)) = det X, 
(o.X, aY) = (h(A, B)Xh(A, B)*, h(A, B)Y h(A, B)*) 
= (rh(A, B)rXTh(A, B)*, A(A, B)Y h(A, B)*) 
-(rX,Y) = (X,Y). 
Hence o € Es,c. Since e((E, E), el = € € Gace (= Aut(C)) C Fic C Esc, we also 
have e((A, B),€) = e((A, B), De((E, EL ei € Esc. Next, we shall show that isa 
homomorphism. Indeed, for instance, 
e (A, B), e)e((C, D), 1)X 
= e((4, B), )(h(C, D)Xh(C, D)*) 
= h(A, B)h(C, D) Xh(C, D)*h(A, B)* 
= h(A, BJA(D, C)Xh(D, C)* h(A, B)* (Lemma 3.13.3.(3)) 
= h(AD, BC)Xh(AD, BC)* = e((AD, BC),e)X 
= (A, B)e(C, D), ) X, P ey 
That Ker o = ((E, E), (wiE,wiE), (wi2E,w12E)} x 1 = Za x 1 can be easily ob- 
tained. In particular, Ker vy is discrete. Hence y induces an injective homomorphism 


Px : $u(3) Ð su(3) > gece, 


In particular, dim(su(3) © su(3)) = däm lee cl, so Y+ is an isomorphism (p, coincides 
with de: of Lemma 3.13.3). Hence, y induces the surjection y : SU(3) x SU(3) > 
(Es,c)o (which denotes the connected component of Es,c containing the identity 1). 
However e = y((F, E), €) g (E6.c)o. Certainly, for any A, B € SU(3), 


h(A,B)Xh(A,B) =X, X € (Io)? 


does not hold. Therefore Esc has just two connected components (Lemma 3.13.1). 
Consequently, y : (SU(3) x SU(3)): Za — Esc is onto and we have the isomorphism 
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Theorem 3.13.5. (Eg)" = (SU(3) x SU(3) x SU(3))/Z3, Za = ((E, E, E), 
(wi E, wi E, a E), (wi? E, w1? E, w1? E)}, w1 = - + a 
Proof. We define a mapping o : SU(3) x SU(3) x SU(3) > (Es)" by 
ve(P, A, B)(X + M) = h(A, B)Xh(A, B)* + PMrh(A, B)*, 
X +M € Gc) e M(3,C)* = 34. 


We first have to show that a = y(P, A, B) € (Eg)", that is, a leaves 


(X4 M)x(Y4N)— (X x Y - 5(M*N + N*M)) - (MY € NX + Mx N), 
(X - M,Y +N) = (X,Y) +2(M,N) 


invariant, namely, o satisfies 


TaT((X +M)x(Y¥+N)) = o(X - M) x o(Y +N), 
(a(X + M),a(Y +N)) = ens 


Now, for X + M,Y +N € (3c)€ 6 M(3, C)€ = 3°, the relations 
tat(X x Y)—-aX xaY, (oX,oY) = (X,Y) 
are already shown in Proposition 3.13.4. Next, 
(PMrh(A, B)*)* (PNTh(A, zr ) = Th(A, B)M* P* PNrh(A, B)* 
= 7(h(A, Byr(M* N)h(A, B)*), 
(PMrh(A, B)*)(h(A, B)Y h(A, B)*) = T(PrT(MY)rh(A, B)*), 
(PMTh(A, B)*) x (PNTh(A, B)*) =*P(M x N)r'(h(A, B)*)~ 
= P(M x N)h(A, B)* = 7(P(M x N)rh(A, B)*). 
Furthermore, we have 
(aX, aM) — 0 = (X, M), 
(aM,aN) = (raM,aN) = (PrMh(A, B)*, PNTh(A, B)*) 
= (rM, N) = (M,N), 
and so a € Es. Clearly, wa = aw, so that oe (Eg)". Evidently y is a homomor- 
phism. We shall now show that y is onto. Let oe (E¢)”. The restriction a’ of a 
to (3€), = (X € 3€ |wX = X) = (3c)* belongs to Esc: a’ € Esc. Hence, there 
exist A, B € SU(3) such that 


aX =h(A,B)Xh(A,B)* or aX =h(A,B)XhA(A,B)*, X € (3c)? 


(Proposition 3.13.4). In the former case, let 9 = GE, A, Blo, then 8|(3c)€ = 1. 
Hence B € G5, moreover B € (G2)e, = (G2)" = SU(3) (Theorem 1.9.4). Thus there 
exists P € SU(3) such that 


B(X-M)-2X-^4PM-qe(PE,E(X4-M) X-^«Me€ (3c) e M(3,€0)6 23. 
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Therefore we have 
a= e(E, A, B) = e(E, A, B)y(P, E, E) = (P, A, B). 


In the latter case, consider the mapping yı : 3€ — 34,44 (X+M)=X+4+M,X+ 
M € (3c)° © MI. OI = 3€ and remember that ou € Go C F4 C Eg. Let 
B = a7!e(E, A, Bin, then 8 € Es and 8|(3c)€ = 1. Hence 8 € (G2), = (G3) 
(Theorem 1.9.4) C (Ec)". Since a and y(E, A, B) € (Ee), we have yı € (Ec)", so 
that yı € (G3)" which is a contradiction (Theorem 1.9.4). Therefor we see that p 
is onto. That Kery = ((E, E, E), (v1E, w1 E, wi E), (w1? E, w1? E, w1? E)) = Z3 can 
be easily obtained. Thus we have the isomorphism (SU(3) x SU(3) x SU(3))/Z3 = 
(Eg). 


Remark 1. Since (£¢)” is connected as the fixed points subgroup of Eg by 
an automorphism w of order 3 of the simply connected group Es, the fact that o: 
SU (3) x SU(3) x SU(3) — (E)" is onto can be proved as follows. The elements 


Goi, G23, Gas, Ger, G26 + Gar, —G27 + G36, 
G24 + G35,  —G25 + G34, Gae +Gs7, —Ga7 + Ge, 
Ai(1), Asti, As(1), Alea), Ae), As(er), 
(Ei - E^, AO, PF), BO, 


(E2 — E3)",  Fi(ei), Fy(e1), F3(e1) 


forms an R-basis of (eg)". So dim((eg)") = 164+ 8 = 24 = 8 + 8 + 8 = dim(su(3) & 
su(3) © su(3)), Hence o is onto. 


Remark 2. The group Eg has a subgroup which is isomorphic to the group 
((SU(3) x SU(3) x SU(3))/Za)- Z2 which is the semi-direct product of the groups 
(SU(3) x SU(3) x SU(3))/Za and Z2 (the action of Za = (1,51) on the group 
SU(3) x SU(3) x SU(3) is qı (P, A, B) = (P, B, A)). 


3.14. Complex exceptional Lie group Ef" 
Theorem 3.14.1. The polar decomposition of the Lie group Eg is given by 
Be fs Es x R”. 


In particular, EgC is a simply connected complex Lie group of type Es. 


Proof. Evidently E¢© is an algebraic subgroup of Isoc(3^) = GL(27,C). The 
conjugate transposed mapping o" of a € EgC with respect to the inner product 
(X,Y) is o* = rar € EgC. Hence, from Chevalley's lemma, we have 


Eg€ ~ Us NU(3°)) x R? = Es x Ri, d=78. 
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Since Eg is simply connected (Theorem 3.9.2), Eg is also simply connected. The Lie 
algebra of the group Eg is eg”, so EA isa complex simple Lie group of type Eg. 


3.15. Non-compact exceptional Lie groups F¢(6), Bez, Ec( 14) and Ee 56; 
of type be 


We define Hermitian inner products (X,Y), and (X, Y), in 3(3, €€) respectively 
by 
(X,Y), = (yX,Y) (X,Y) = (c X, Y). 


Now, we define groups Beie, Ec(2), Ber 14) and Be ze respectively by 


Eos) = {a € Isog(3(3, €)) | det (aX) = det X}, 

Es) = (o € Isoc(3(3, €)) | det (aX) = det X, (aX, aY); = (X, Y)4). 
Eau vu = {a € Isoc(3(3, €°)) | det (aX) = det X, (aX, oY)s = (X,Y Jo}, 
Es(-26) = lo € Isog(3(3, €)) | det (aX) = det X}. 


These groups can also be defined by 
Eee) = (Eg), Es) = (EgC)"*, Es(-14) = (sie, Es(-26) = (Eg€)*. 


Theorem 3.15.1. The polar decompositions of the Lie groups Beate, Es(2), Be 14) 
and Eg(..5s) are respectively given by 


Eee) = Sp(4)/Z» x R”, 

Ese) ~ (Sp(1) x SU(6))/Z2 x R", 
Ee(—14) ~ (U(1) x Spin(10))/Z4 x R”, 
Ea-ze & F4 x R”. 


Q 


K 


Proof. These are the facts corresponding to Theorems 3.12.2, 3.11.4, 3.10.7 and 
3.7.1. 


Theorem 3.15.2. The centers of the groups Esc), Bez, Ec(-14) and Be ze are 
given by 


z(Ese)) = {1}, z(Ee(2)) = Za, z(Es(-14)) = Za, z(Ee(-26)) = {1}. 
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4. Exceptional Lie group £; 


4.1. Freudenthal vector space I 


Definition. We define a C-vector space Be, called the Freudenthal C-vector 
space, by 
Po =F OF OCOC. 


38° is a 56 dimensional C-vector space. An element of 38€ is often denoted by 


e 
7] 
(X, Y, £, ai or sometimes by X+Y+E+7. In PĪ, we define an inner product (P,Q), a 
positive definite Hermitian inner product (P,Q) and a skew-symmetric inner product 
(P, Q} respectively by 

(P,Q) = (X, Z) - (Y,W) + £C + nw, 

(P, Q) (X, Z) e (Y, W) TE (Ch ate (Tn)w, 

{P,Q} = (X,W)-(Z,Y)+u—-¢n, 


where P = (X,Y,£,n), Q = (Z.W,C,w) € B®. 


II 


For à € e6°, A,B € 3€, v € C, we define a C-linear mapping &(¢, A, B,v) : 
q^ 5 q^ by 

1 
oan 2B 0 A 


X X 

Y 1 Y 

ai Bäll 2A i : 
0 A v 0 

" B 0 TEES We 


1 
$X — 3vX +2B xY c nA 
1 
2Ax X— ‘bY + SvY + 6B 


(A, Y) T vé 
(B, E vn 


Definition. For P = (X,Y,£,n), Q = (Z,W,¢,w) € PĪ, we define a C-linear 
mapping P x Q: pud — pud by 


= ~(XVW4+ZVY) 
= b BY W 2720) 
P x Q = (9, A, Bv), i 
B= 3XxZ-nW-wY) 
v= E(X W) + (Z,Y) - 3(6 + €)). 


KA 
© 
aD 


Lemma 4.1.1. For PO. Remi. we have 
(1) PxQ=QxP. 
(2) (Px QP- (P x P)Q + Ž{P,Q}P =0. 


(3) (Px R)Q- (Q x R)P + .(Q,R)P- (P. R}Q - J{P,Q}R = 0. 
Proof. (1) is evident. 
(2) For P = (X, Y, £, n), Q = (Z,W,¢,w) € 9^, we have 
(P x Q)P 
-s(- SUE vw Zu AIR x W - ££ - (X), 1X x Z — W —wY), 
s (UG W) + (Z,¥) äi 09) Q6 Y, 6v) 
=---(using the formula X V Y of Lemma 3.4.1), etc.) --- 
= gd -Xv Y, -0 x Y — EX), SCH xX- nY), E(x, Y) n 3én)) (Z, W,¢,w), 
3 
= (P x P)Q — Ž{P,Q}P. 
(3) In the equality (2), put P + R in the place of P, then we have 


2(P x R)Q - (P x Q)R- (Rx Q)P + Ž{Q, R}P - Ž{P.Q}R=0. 0) 
Exchanging P with Q, we see that 

2(Q x R)P— (Q PIR (R x P)Q + Ž{P,R}Q- Ž{Q,P}R=0. — (i) 
Taking ((i)—(ii))+3, we have 


(P x R)Q - (Qx R)P + d RYP- Hp, R)Q- Lp, Q}R=0. 


We define a space MỌ, called the complex Freudenthal manifold, by 
g^ = {PE PI |P x P=0,P 40} 


_ | P=(% YE eR? | xvY =0,(%,Y) = Aën, 
| | P#0 XxX-2q4Y,YxY -Ex [^ 


Lemma 4.1.2. The following elements (assuming € + 0,n £0) of BS 


R aen o o 

(XxX 

AAA Y croi 0 
1 , H 1 = 3 1 = 
—det X o 1 0 
n? 1 lo 1 


belong to mr. 


Proof. This is clear from X V (X x X) = 0 (Lemma 3.5.4.(1)) and (X x X) x 
(X x X) = (det X)X (Lemma 2.1.1.(3)). 


4.2. Compact exceptional Lie group E7 
Definition. We define the groups E; and E; respectively by 


ES = {ae Isoc (HI) |a(P x Q)a ! =aP x aQ}, 
E; = {a € Isoc(PÎ)|a(P x Q)a™! = aP x aQ, (aP,aQ) = (P,Q)}. 


E^ is a subgroup of BY. 
Theorem 4.2.1. E; is a compact Lie group. 


Proof. E; is a compact Lie group as a closed subgroup of the unitary group 
U (56) = U (38^) = {a € Isoc (87) | (aP, aQ) = (PO, 


Proposition 4.2.2. For a € E;C (and so, for a € Ez), we have 
(1) am? =m’. 
(2) {aP,aQ}={P,Q}, P. Qe. 


Proof. (1) It is sufficient to prove that aN? C MÜ. Now, for P € M°, we have 
aP x aP = a(P x P)a~! = ada! = 0. Hence aP € gt, 


(2) {aP,aQ}aP = Slap x aP)aQ — (aP x aQ)aP) (Lemma 4.1.1.(2)) 


= Zeit x P)Q—- a(P x Q)P) = {P, QhaP. 
It follows {aP,aQ} = {P,Q}. 


4.3. Lie algebra e7 of E7 


Before we investigate the Lie algebra ez of the group E7, we shall first study the 
Lie algebra e7© of the group E7°. 


Theorem 4.3.1. The Lie algebra ezC of the group E7© is given by 
e77 = {8(¢, A, B,v) € Home (PI) | ¢ € e6, A,B € Jf, v e C). 
The Lie bracket |Ð, , 5,] in ezC is given by 
[P(o1, Ai, B1, v1), ta, A2, B2, v3)] = P(Q, A, B, v), 


where 
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= [61,03] - 241 V B2 — 242 V By 

= (o + 21) 2 — (és + zw) Aj 
-(t& + zi) Bs + Ki T SÉ? 
v = (A1, B3) — (Bı, A2). 


DG e 
| 


Il 


In particular, the dimension of e7? is 
dimc(ez^) = 78 + 27 x 2 + 1 = 133. 


Proof. Before we show that e7© is the Lie algebra of the group ES, we first 
check the form of the Lie bracket in e77. For 4; € e;€ and P € pE, we have 


db = 0195 P — PPP 
=---(using the formula of A V B (Lemma 3.4.1) etc.) --- 
= P. 


This @ is that of the theorem. 


We now determine the Lie algebra e7© of the group EČ. Since a € E7® satisfies 


aPxaP=0, Pie ie 
{aP,aQ} = {P,Q}, P,Qc$ (Proposition 4.2.2.(2)), 


if € Home(P") belongs to e77, then d satisfies 


Px P=0, P e 9n (i) 
{P,Q} +{P, PQ} -0, Puer, (ii) 


Since 9 € e; is a C-linear mapping of 3€ = 3€ $ 3€ OC @ C, 9 is of the form 


gb um A g, h, k,l € Home (3°), 
a [| h^ BD a,b,c,d € Home". C), 

c a v Af’ A BO IMS 

b dk up v, u, K, AEC. 


For 0 Z r € C, we define a C-linear isomorphism f, : B° — 98€ by 


F(X,Y, E, n) = (X, rY, reor a 


then it is easy to see that f, satisfies 


rfr(P x QE =frPx frQ, PQe m. 


Hence we see that for o € E; we have [5 e By”. Therefore, for  € e77, we 


have 
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for any 0 Z r € C. Hence @ is decomposed as 


$—0 340 5-0 un 0; 4-05 05, D; € eC, 


where 

0000 000 0 
00 0 0 000 0 
itp ui) 
00 x 0 0000 
00€ 0 000 0 
(iii) n 000 D 
S 00 0 0 c 00 0]? 
0d 0 0 000 0 
01 0 0 0004A 
«(1 ti) a k 00 0 
= 00 0 0 0 a0 0?’ 
b 0 0 0 000 0 

g 0 0 0 

0h 0 0 

[iti 

00 0 pu 


The relation dë 3(0,0, 1,0) x (0,0, 1,0) = 0 implies & = 0, hence -3 = 0. Similarly 
$4 = 0. The relation _2(0,0,1,0) x (0,0,1,0) = 0 implies C = 0. Moreover, the 
relation d bs P = 0 for P = (Y x Y. Y, 1,detY) € MỌ, that is, (0,0,0, d(Y)) x 
(Y x Y, Y, 1, det Y) = 0 implies d = 0. Hence d 9 = 0. Similarly $9 = 0. The relation 
$ ,PxP = 0 for P = (Y x Y Y,1,detY) € MỌ, that is, (((Y), B,0,(Y x Y)) x 
(Y x Y, Y, 1,det Y) = 0 implies 

(Y) 22BxY, Veit, 


Next, the relation d ,P x P = 0 for P = (X, X x X,det X,1) € MČ, that is, 
(CX x X), (det X)B,0,b(X)) x (X, X x X,det X, 1) = 0, (from the 4-th condition) 
we have 


2(B x (X x X), X x X) + (det X)(X, B) = 3(det X)b(X), 
hence, 3(det X)(B, X) = 3(det X)b(X), and so we have 


b(X) =(B,X), Kei, 


(Since b is continuous, the above is also valid for X € jj C such that det X — 0). 
Similarly, using di, we have 
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k(X) 22Ax X, a(Y)=(AY), X,YE I. 


The relation oP x P = 0 for P = (X, X x X,det X,1) € 9x*, that is, (g(X), h(X x 
X), (det X)v, u) x (X, X x X,det X, 1) = 0 implies 


2g(X)x X — uX x X c h(X x X), (i) 
2h(X x X) x (X x X) = (det X)(vX + g(X)), (ii) 
(gCX), X x X) t (A(X x X), X) = 3(v + u)det X. (iii) 


1 
Putting ọ = g — Fi + 2u)1, then, using (i) and (iii), we have 


3(6X, X, X) = 3(g(X), X, X) — (v + 2u)(X, X, X) 
= (uX x X+h(X x X), X) + (g(X), X x X) - 3(v + 2u)det X 
= 3udet X + 3(v + u)det X — 3(v + 2u)det X = 0. 


''herefore 
de gef s 


1 
Similarly Y = h — zr + ll € eg€. Furthermore, from (ii), we have 


2 (vx x X)4 z Qv n) (X x x)) x (X x X) 


z (det X) (vx +X + iw + 24)X). 


so 2w(X x X) x (X x X) = (det X)o X, and so (for a while, instead of —'w, we use v 
again) v ((X x X) x (X x X)) = (det X)¢X (Lemma 3.4.3.(1)), hence (det X)u' X = 
(det X)@X. Therefore, we have WX = OK. A € 3€, (even if for X € 3€ such that 
det X = 0), that is, 

dé 


Finally, the relation {6(0,0, 1,0), (0,0,0, 1)} + {(0,0, 1,0), 0.0. 0,1)} = 0 implies 
v+=0. Thus we see that ® € e7© is of the form 


o- 3" 2B 0 A 

j= 2A g+=-=v B 0 
0 A v 0 

B 0 0 —v 


= 6(¢,A,B,v), $€eC,A,Be3€,vceC. 


Conversely, we shall show that 6 = dia, A, B,v), 6 € ef, A,B € 3°, v € C belongs 
to e;4, that is, expté € E-S for all t € C. For this purpose, we prove the following 
proposition. 
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Proposition 4.3.2. For d = io, A, B,v), 6 € ef, A,B € 3€, v € C and 
P,Q EP", we have 
[,P x Q] =PPxQ+PxÐQ. 
Proof. It is sufficient to show that [D, P x P] = 26P x P. For P = (X,Y, £, n) € 


$57, we have 
Ib, P x P] 
= oo, A, B,v), ®( -XvY,- m x Y — £X), s(x x X—nY), EZ e 3én)) 
=- (using AE x Y) dE xY - X x gY oe 3.4.3.(1)), Jo, A V B] 
= ¢AVB+AV¢'B (Lemma 3.4.4.(1)), the formula about A V B (Lemma 


3.4.1) etc.) +--+ 
= 26P x P. 


We will now return to the proof of Theorem 4.3.1. For ® = 4(6, A, B,v), ó € ec€, 
A,B €J], v EC and t€ C, we have 


(expt®)(P x Q)(expt&)! 
=(e P xQ) (adi = [6,9], Pı € e;) 


oo 


Ej t(ad$))" (P x Q) 


S i E Le Px #'Q) (Proposition 4.3.2) 


— 
> 


= (expt®)P x (expt®)Q. 
Hence expt® € E;C, so that & € e;C. Thus the proof of Theorem 4.3.1 is completed. 
Definition. We define a C-linear transformation A of $c by 
A(X, Y, 6,9) = (Y, -X, n, EL, 


For a € Home ($84), we also denote by ‘a the transpose of a with respect to the 
inner product (P,Q): aP, Q) = (P, aQ). 


Lemma 4.3.3. (1) A € E; and satisfies Ai = — 
(2) For P,Q € 98€, we have 
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(3) Fora € Ez? , we have 
ig oe dax. 


(4) For a € E; , we have 


oc: if and only if Ta = oTA. 


(5) For &(¢, A, B,v) € ez€, we have 


A$(9, A, B,v)A ! = 6(—'0, -B, — A, —v). 


Proof. (1) and (2) are evident. 

(3) (P, AQ) = (P, Q) = (a P, aQ} (Proposition 4.2.2.(2)) = (aP, AaQ) (Lemma 
4.3.3) = (P, *faAaQ) implies A = *aAo, hence fa^! = AaA 1. 

(4) If a € EXC satisfies TÀo = ard, then (aP, aQ) = (TAaP, aQ} = (arAP, aQ} 


= (rAP,Q! (Proposition 4.2.2.(2)) = (P,Q) (Lemma 4.3.3), P,Q € $87. Hence, 


a € E5. The converse implication can also be easily proved. 


(5) is easily checked by direct calculations. 
Theorem 4.3.4. The Lie algebra ez of the group E; is given by 


ez = {6(¢, A, —TA,v)| $ € es, Ae 3C, v € iR), 


where : 
dch | —2T7A 0 A 
1 
io, A, -CTA,v) = 2A  mór-4 F aA Ó 
0 A » 0 
—TA 0 0 zb 


The Lie bracket [D1, $5] in ez is given by 


[P(¢1, A1, —T A1, 11), (02, A2, —7 A2, v3)] = P(Q, A, -TA, v), 


where 
$ = [61,03] - 241 V TA2 + 2A2 V TAY 
2 2 
A= (o: T SEI s (% + SEI 
V = (41, Ao) 7— (Ag, A1). 
In particular, the dimension of e7 is 


dim(e7) = 78 + 54+ 1 = 133. 


Proof. For ® € e;, 


dee ifandonly if. "AA !7 = B. 
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Therefore the theorem follows from Theorem 4.3.1, Lemma 4.3.3.(5) and zët, A, 
B,v)r = d$(rór, TA, TB, v). 


Proposition 4.3.5. The complexification of the Lie algebra ez is ez€. 


Proof. For ® € e;, the conjugate transposed mapping &* of P with respect to 
the inner product (P, Q) of $5€ is P* = TABAT € e;€, and for 9 € ect, P belongs to 
e7 if and only if #* = —$. Now, any element ® € e7© is represented as 
Se mm P Li dir dë Loi 


i 


AUT 2i ^ | 2 " 32i 


Eey 
Hence e; is the complexification of ez. 
4.4. Simplicity of e;C 


Theorem 4.4.1. The Lie algebra e7© is simple and so ez is also simple. 


Proof. We use the decomposition of e77 of Theorem 4.3.1 
e; C = ge" e NE, 


where es? = {8(¢,0,0,0) € e7 |p € egC) and N? = (9(0, A,B, v) € ef | A,B € 
3€,v € C}. Let p: e;€ —> eg and q : e77 — 91€ be projections of e;€ = eg€ & 917. 
Now, let a be a non-zero ideal of e77. Then p(a) is an ideal of eg°. Indeed, if ¢ € p(a), 
then there exists $(0, A, B, v) € N° such that die, A, B,v) € a. For any anere, 
we have 

a > [$(01,0,0,0), 9 (9, A, B, v)] = 9(|ó1. 9], $1 A, du B. 0) 
(Theorem 4.3.1), hence [¢1, ¢] € p(a). 


We shall show that either esf N a {0} or N° na F {0}. Assume that e6? N a = 
{0} and N° nia = {0}. Then the mapping pla : a — gef! is injective because N° Na = 
{0}. Since p(a) is a non-zero ideal of ge" and e6] is simple, we have p(a) = gef". Hence 
dimc(a) = dimce (p(a)) = dimc(eg°) = 78. On the other hand, since e6? Ma = {0}, 
q|a : a — 91 is also injective. Hence we have dimc(a) < dime (91€) = 27+27+41 = 55. 
This leads to a contradiction. 

We now consider the following two cases. 

(1) Case e6] Na Z {0}. From the simplicity of gef". we have gef N a = gef, hence 
a 2 eet. On the other hand, we have 


a D nef! > [B(e6", 0,0, 0), (0, 3°, 0, 0)] 
= &(0, esf 3° 0,0) = &(0, 3%, 0, 0) (Proposition 3.3.2.(3)). 


AC 


Similarly we have 4(0,0, 3^ ,0) C a. Moreover, from 


a > in, Ey, 0,0), (0,0, Ey, 0)] = &(2E, V E3,0,0, 1), 
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we have 4(0,0,0,1) € a, and soa D 917. Hence a D eef 9€ = e. 
(2) Case N° Na Z {0}. Let (0, A, B, v) be a non-zero element of N° n a. 


(i) Case (0, A, B, v), A Z 0. Choose B, € 3 such that A V Bı 4 0 (Lemma 
3.5.4.(2)), and choose $ € e6] such that [A V B4, al 4 0 (since gef is simple, such a 
ó exists because the center of gef" is zero). Now, we have 


a> an. 4, B,»),®(0,0,0,-5)| = 6(0, A, — B, 0), 
a > [£(0, A, —B, 0), (0,0, By, 0)] = (2A V By, 0,0, (A, B1)), 
a > [G(2A4 V B,,0,0, (A, B3)), &(¢, 0, 0, 0)] = &(2[A V B4.9], 0,0, 0), 
Hence this case is reduced to the case (1). 
(ii) Case 4$(0, A, B,v), B # 0. This case is also reduced to the case (1) in a 
similar way to (i). 


(iii) Case (0,0,0, v), v Æ 0. If we choose 0 Z A € 3°, then we have 
2 
a > [8(0,0,0, v), (0, A,0,0)] = &(o, rd 0). 


Hence this case is also reduced to the case (1). 


Thus we have a = ec, 


Proposition 4.4.2. (1) Bo is an e7°-irreducible C-module. 
(2) e; PO = IS äng C e;C, D C y^) = Be. 
k 


Proof. (1) Let W be a non-zero e7©-invariant C-submodule of B°. We first prove 
that if (0,0,0,1) € W, then we have W = 98€. Indeed, 


W > 4(0, X,0,0)(0,0, 0, 1) = (X,0, 0,0), 
W 3 4(0, E2,0,0)(E3,0,0,0) = (0, Ey, 0,0), 
W > 4(0, E,,0,0)(0, £1,0,0) = (0,0, 1,0), 
W 3 4(0,0, Y,0)(0,0, 1,0) = (0, Y,0, 0). 


Hence we have W = RI. Now, let P = (NV. E, ml be a non-zero element of W. 


(i) Case W > P = (X,Y,£,n), X #0. Then we have (a) 
W > (0,0, 0, 3)(X, Y, €,) = (-X, Y, 3€, —3n), (b) 
W> (0, 0,0,3)(—X, Y, 36, —39) = (X, X3 9€, 9n). (c) 


Taking ((a)—(b))+2, ((a)—(c))+8, we have (X,0, —6,29n) € W, (0,0,6,m) € W, re- 
spectively. Consequently (X,0,0,37) € W. Next, if we choose Xi € 3€ such that 
(X1, X) #0, from 


Hs $(0, 0, X1,0)(X,0,0, 377) = (0, 0, 0, (X1, X)), 
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we have (0,0,0,1) € W. Hence this case is reduced to the first case. 
(ii) Case P = (0, Y,€,7),Y Æ 0. If we choose B € 3€ such that B x Y Æ 0, from 


W > (0,0, B,0)(0, Y. £, n) = (2B x Y £B,0,0). 


Hence this case is reduced to the case (i). 
(ii) Case P = (0,0,6,9), € 40. For 0 Z B € 3, we have 


W> $(0, 0, B, 0)(0,0, €, 7) an (0, €B, 0,0). 


Hence this case is also reduced to the case (ii). 
Thus we have W = $e. 

(2) Since e7°$° is an e7°-invariant C-submodule of $87, e;C33 = YP" follows 
from the irreducibility of B° (above (1)). 


Lemma 4.4.3. Any element © € e7? is expressed by o = Se x Qi), Pi, Qi € 
qp. 
Proof. Since |, P x Q] = 6P x Q + P x Q (Proposition 4.3.2), a = { Sex 


Q:)| Pi, Oe q^) is an ideal of e;€. From the simplicity of e;€ (Theorem 4.4.1), we 


have a = ect, 


4.5. Killing form of e;C 
Definition. We define a symmetric inner product (4,65); in e;€ by 
($1, $5); = —2(d1, 02)e — 4(A1, B2) — A(A2, Bi) — Zus 
where 9; = (Qi, Ai, Bi, vi) € ez€. 
Lemma 4.5.1. (1) The inner product (94,95); of e;C is e;C-adjoint invariant: 
(e, nl, B2)7 + ($:,[56,09]); 2 0, B, P; € eF. 
(2) For ® € e7, P,Q € Bo, we have 


(8, P x Q)7 = {P,Q}. 


Proof. (1) (I5, 41], 69); 
[5,41] +2AV B1 - 2A, V B 


7 | (6+ 50) Ai CHEESE 
7 STEE Ni +in)B l B» 
(A, B1) — (B, A1) V2 


D 

© 
rm 
A 


116 


=---(using ([¢, AV B] = 9A V B+ AV 9 B (Lemma 3.4.4) etc.) --- 
= Lë, [P, 62])7. 

(2) For P = (X,Y,€,n),Q = (Z, W,C,w) € PĪ, we have 

Cu ZvY) 


-iQY x EE ) 
7 


(®,Px Q) = E 1 
1QX x Z — 9W — wY) 


s Um 


L(x, W) + (Z, Y) — 3(&v + ¢n)) 


— (6, X VW - ZVY)s - (A,2X x Z - qW — wY) + (2Y x W — £Z - CX,B) 
—5u((X,W) + (Z,Y) - 3(62 + 0) 

= (6X,W) + (6Z,Y) — 2(A, X, Z) - 7(A, W) + (A, Y) + 2(Y, W, B) 
-&(Z, B) — «(X B) - lvx,w) - loz, E + w(&w + cn) 


3 3 
OX — aX & 2Bx Y +A Z 
1 W 
-f 2A x X —'óY 4 2vY +EB Lana 
3 i c i 
(4,Y) + v€ x 
(B, X) -= vn 


Theorem 4.5.2. The Killing form Bz of the Lie algebra e7? is given by 
B7(81, 82) = —9(81, 2)7 
= 18(¢1, do le + 36(A1, B3) + 36(A2, B1) + 24112 
3 
= 5 Po(d1, $2) + 36(A1, B3) + 201 As, Bı) + 24112 
= 3tr(P, 2), 
where B; = ©(;, Aj, Bi, vi) € e;€ and Bg is the Killing form of e6@. 

Proof. Since e7? is simple (Theorem 4.4.1), there exist k, k’ € C such that 

B7(®,, P2) = k(®,, B2)7 = k'tr(®,@2). 


To determine these k, k’, let Po = dn = P2 = H(0,0,0,1). Then we have 


8 
(99, $9); = e 


On the other hand, we have 


2 


EA EE) A, B, v)]] KO o, e (0. 24, ^3 


5 Sall = #(0,-4,<B,0). 


Hence 4 
Bz(®o, 80) = tr((adég)?) = g X27 2= 24. 
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Therefore k = —9. Next, from 


Py Po (X, Y, €, n) -e(- E — = EE 


we have 


Therefore k’ = 3. 


Lemma 4.5.3. For Dem. P 4 0, there exists Q € P? such that P x Q £0. 


Proof. Asumme that P x Q = 0 for all Q € $87. Then for any 9 € eet, 
0 = (6, P x Q)r = ($,Q x P; = ($Q, P) (Lemma 4.5.1.(2)). Since ef = P| 
(Proposition 4.4.2.(2)), we have (33€, P) = 0, so that P = 0. 


4.6. Roots of e;^ 


Theorem 4.6.1 The rank of the Lie algebra e7? is 7. The roots of e7? relative to 
some Cartan subalgebra h are given by 


ZU Al, Akt) OS KK<ISB, 


1 
Artz),  0<k<3, 
EE ) 
Eer be 3)— 3M — M1) 
1 1 
+z Ao + At + Ag — Az) £ 5 pa — Mı), 
1 1 
£5(-Ao EE Au m À2 + Aa) ES D] H3 — ui), 
1 1 
+z An — An + à2 Aa) "3 ua — pa). 
a ào — An + A2 — A3) = (tee ) 
t5 0 1 2— 43) £ 31 = u2) 
1 1 
£5(-Ao enke A3) E 2 pi — ua); 
1 1 
gi An + At + Aa + A3) 3 H — p2), 
1 1 
Lt An = Au BR À2 + Aa) E D] Hi u2), 


2 
1 1 2 
*3(-2o = Al SIS Au SS Aa) =e E er) 
1 1 2 
+5( An +A1 + A2 — Aa) am (52-5), 
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1 1 2 
£5 (—A0 +A, + A2 Aa) E E — £v), 
1 1 2 
+-( An — Au T A2 + A3) = as (G12 - 3), 

1 2 
+-( An — Au we A2 — Aa) EE (5s - £v); 
1 1 2 
£5(—o E A Au Aa) ZE (51s geg Ev), 
1 1 2 
+5( Ao ZC Au oI Ao + A3) ore (5s - £v); 
1 1 2 
*3( Ao — Ay + A2 4 Aa) EE E = Ev) 


with ui + ua + u3 = 0. 


Proof. We use the decomposition of of e7© in Theorem 4.3.1 


er” = «0303 OC. 


Let 
z : ~ MVE 
- eon ue nno) ese [e 
b (e( 3» T: Zu i) S002) a EE 
(where Hj = —iGk4+k), then b is an abelian subalgebra of e7© (it will be a Cartan sub- 


3 3 
algebra of e77). In the following calculations, we put hs = Kä Au H. H = 5 [yj E;. 
1 


k=0 j= 
I The roots of egC are also roots of e77. Indeed, let a be a root of eg€ and 
S € egC C e7© be a root vector belonging to a. Then 


[h, S] = [®(hs + H,0,0,v), (S, 0,0,0)] 
= é([h; + F, S],0,0,0) = ®(a(hs + H)S,0,0,0) = a(h)S. 


Hence a is a root of e. 
II. [&(hs + H,0,0,v), 9(0, Er, 0,0)] 


= &(o. (hs ++ =v) E;,0,0) = (u + STEEN 
[D((hs + H,0,0,v), (0,0, E ON = (0,0, (qs SS zv) E 0) 


= é(0,0, (hs - H- zv)E, 0) -(-n- =) ®(0,0, Em 


2 
Hence SÉ + £v), 0 < j < 3, are roots of e7°. 
IH [®(hs + H,0,0,7),9(0,F1(3),0,0] a= ep c ieu 
E 
= du (hs ++ =v) FA (a),0, 0) 


1 2 
= &(o. Fi (hsa) + z (ua + pa) (a) Sv Fia), 0,0) 
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1 2 
= (+ A — gin 5”) ®(0, Eil, 00), 


1 2 
Hence +A, — zu + 3^ 0 < k < 3, are roots of e77. The remainders of roots can be 


similarly found (vhs, Khs in Theorem 3.6.4 will be used). 


Theorem 4.6.2. In the root system of Theorem 4.6.1, 
o =o — Au, @2 = A1 — A2, a3 = A2 — As, 


1 1 
a4 = 3 (Aa = Ar Ao Aa) + gs = fir); 


1 1 
Q5 = 5o An A2 + Aa) + z% = u2), 
3 
Qs = H2 + 3” pce 


is a fundamental root system of the Lie algebra e;C and 
L = a1 + 2023 + 3033 + 404 + 805 + Zoe + 207 


is the highest root. The Dynkin diagram and the extended Dynkin diagram of e7? are 


respectively given by 


Proof. In the following, the notation nyn2---n7 denotes the root nya; + n2a2 + 


---+n7az. Now, all positive roots of e77 are represented by 


An Au zl 0 0 0 0 0 0 An LA zl 2 2 2 2 1 1 
Ao-A2=1 1 0 0 0 0 0 AtA,=1 1 2 2 2 1 1 
Ao-A3=1 1 1000 0 AtAg=1 1 12 2 1 1 
Ai-A2=0 1 0 0 0 0 0 AytA2g=0 12 2 2 1 1 
A,—A3=0 1 1 0 0 0 0 à +à3=0 1 12 2 1 1 
A2-A3=0 01000 0 Ag+A43=0 0 1 2 2 1 1 
1 
Ao + zi — us) = 1 11 1 11 1 
1 
i + (ua — us) = 0 1 T..1 1 1 1 
1 
Jo + s (ua — ua) = 0 0 1 1 1 1 1 
1 
As + 5(H2 — us) = 0 0.0 1 1 1 1 


(eee 


— 
> 
© 
> 
Va 
> 
N 
> 
w 
— 


Käl ratälrabälrabäl A MLE NMI ERLE NMI I| SPI D. Ov(J ra [I| rabäl rabäl Ob(KxI C 


(An + An + 2+ 3) 4 


— 
> 
[e] 


Ay + A24 Aa) 


(—Ao — A1 — A2 + As) 


( 49—21—22— Aa) + 


(dopage dud: 


( Ao — Ar + Ag — Az) — 


( Ao — À1 — A2 + A3) 


( An + At + Ag Aa) 


( AntAn — A2 — Ag) 


(ees) = 


(—Ao + À1 + A2 — Aa) 


( An +A1 + A2 + A3) — 


Käl ratälratälratäl ra NILE NIE MIE DI NIP NIE NIE DIR MIEN] —r5| ratäl — 


2 
aha gy cd 2 3 4 2 


2 
jot zv=0 0 0 0 0 


2 
E um d 0.00 0 
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"EET + SE 1 1 
1 2 
à= 5H EIS SN 1 1 
1 2 
Az — 5H ZE qo 0 1 
1 2 
As — 3H T gud 0 0 
AG zu BEER 11 
1 2 
Au bm 5H E ai 1 1 
1 2 
A2 ST 5H E 0 1 
1 2 
Aa SE 5H SC 0 0 
1 ji 2 
3070 At T A2 — Aa) T zg 3v —0 
1 i 2 
zl Ao + Ar A2 — As) + 52 — 3 = 
1 1 2 
z% + ài +A9+ Aa) + 52 = 3” =0 
1 1 2 
2 An — Ar + A2 + A3) SL re. 
1 1 2 
sl Ao + Ar — Az + As) +u- gu = 1 
1 1 2 
2 Ao — À1 — A2 + A3) gH — 3" 
1 1 2 
zl Ao — Ar 7 3a - As) + zia - gu = 1 
1 1 2 
gl Ao + At = A2 As) + gia - 3" =0 
1 1 2 
zl do — Ar + Az — As) + 5s - 9v — 
1 1 2 
2! Ao — Ar — Aa + As) + zs b v 1 
1 1 2 
2! An t Au t A2 t Aa) 53 Sc 
1 1 2 
2 An + Ay — A2 — Az) 4 Zi SC? 
1 1 2 
(Ao + Ar — A2 + As) + 3735 
1 1 2 
z% +à wk A2 — Aa) bp gm amc 
1 1 2 
el Ao Art Ae + As) + 5s — gu = 1 
1 1 2 
z% À + Az + A3) + 99 e 
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Hence IT = {a1,02,---,@7} is a fundamental root system of e;C. The real part Bg 
of b is 


bg — (un + (Lowe) an v) gut 


and the Killing form B7 of e;€ on bp is given by 


Acte R ) 
Hy € R, pi + u2 + u3 = 0 


3 3 
Br(h,h!) = 6(63 «39 uon! + HEN 
k=0 j=l 
3 3 i 3 3 " 
for h = (> Af, d 3773 ,0,0,7), hi = HS a (3j) 0 
k=0 j=l k=0 j=l 
0, v) € bg. Indeed, from Theorem 4.5.2, we have 


3 3 
Br(h,h’) = = Bo( Set +( 
k=0 


3 3 
u;E;) 53 Ak! Hy + CE u; Ej) ) + 24vv" 
1 k=0 j=l 
3 3 
= SEI > AA + 2. vu + 24vv/ (Theorem 3.6.5) 


3 3 
= 6(6 5 NAR’ + 203 Hatz + 4^). 
k=0 j=l 


Now, the canonical elements Hy, € bg corresponding to a; (B7(Ha, H) = a(H), H € 
h) are determined as follows. 


1 
Ha, E az 9 (Ho = H1,0,0,0), 


36 
1 
Ho, ee 352 mu H,0,0, 0), 
1 
Has = ze (Ha — Ha,0,0,0), 
1 
Hoy = 7,9 ((- Ho — Hy — Ha + He) + 2(s — E1),0,0,0), 
1 
Ha, = 75 P((Ho T Hi T H, F H3) T 2(Eı = E3)7,0,0,0), 
1 PRU. 
Hio a9 (CE 4 2Es — Es)”, 0,0, ;) 
1 3 
Ha = —((E + Ey —2E 7,0,0,-7). 
7 54 Kar 3) 2 
Thus we have jei 1 


= By(Ha,, Ha,) 236225 —2-2 — 
(21,01) Bake: Ha.) = 3856 56? Ta 

and the other inner products are similarly calculated. Consequently, the inner product 
induced by the Killing form B; between o1,02,:::,07 and —p are given by 
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1 e 
(ei, 04) = ig: 1—1,2,3,4,5,06, 7, 


Give Stab (adc acea cna 


36' 
(aiaj) — 0, otherwise, 


UP TS ES mimi V i) =9, +=1,2,3,5, 7, 
( Hs ul 18” ( H, as) 36° ( p, ai) 0, i 3,5,7 


using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 
ez. 

According to Borel-Siebenthal theory, the Lie algebra e7 has four subalgebras as 
maximal subalgebras with the maximal rank 7. 


(1) The first one is a subalgebra of type T & Eg which is obtained as the fixed 
points of an involution + of es, 


(2) The second one is a subalgebra of type A, © Dg which is obtained as the fixed 
points of an involution c of e7. 


(3) The third one is a subalgebra of type Az which is obtained as the fixed points 


of an involution Ay of e7. 


(4) The fourth one is a subalgebra of type Az @ As which is obtained as the fixed 
points of an automorphism w of order 3 of e7. 


These subalgebras will be realized as subgroups of the group E: in Theorems 
4.10.2, 4.11.15, 4.12.5 and 4.13.5, respectively. 


4.7. Subgroups Es and U(1) of E7 
We shall study the following subgroup (£7) 0,0,1,0) of E7: 
(Ez) (0,0,1,0) 2 {a € Ez | a(0, 0, 1, 0) = (0, 0, 1, 0)}. 


Lemma 4.7.1. If a € Es satisfies a(0,0,1,0) = (0,0,1,0), then a also satisfies 
a(0,0,0,1) = (0,0,0, 1), and conversely. 


Proof. If a € E; satisfies a(0,0,1,0) = (0,0,1,0), then we have 
a(0,0,0, 1) = a(—rA(0, 0, 1,0)) = —rAa(0, 0, 1,0) = —7A(0,0, 1,0) = (0,0,0, 1). 
The converse can be similarly proved. 


Theorem 4.7.2. (E7)(0,0,1,0) = Es. 


Proof. We associate an element o € Eg = {a € Isog(3°) | det (aX) = det X, (aX, 
aY) = (X,Y)} with the element 
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a 0 00 

e 0 rar 0 0 

LEE | 0 1 0 € (Ez) (0,0,1,0) C Ex. 
0 0 0 1 


We first have to prove that à € Ez. For P = (X,Y,£,n), Q = (Z,W,¢,w) € $8, we 
have 
QP x àQ = (aX, roaTY,£,n) x (aZ, raTW,G,w) 
— .-- (using o(X V Y)a™! = aX v ratY, (apaty = (rar) (ra 17) etc.)--- 
—-a(PxqQ)v! 
and (aP,aQ) = (P,Q) is evident. Hence à € Ez, moreover à € (E)(0,0,1,0)- 


Conversely, suppose that a € E7 satisfies a(0,0, 1,0) = (0,0, 1,0) and a(0,0,0, 1) = 
(0,0,0, 1) (Lemma 4.7.1). Then a is of the form 


H B, G1, 6,€ € Homo (3°). 


CO CH Ga 3 
e e E o 


0 0 
0 0 
1 0 
0 1 
Indeed, the fact that the left bottom parts are 0 follows from 


(o.X,1) = (aX, oi) = (X, i1) — 0, 
(aX Ape (aX oly X esti 


Now, since 1 
X BX + —e(X x X) 
7) 
—XxX 1 
mo 3a D = tO E) 
pur 1 
ME det X 
n 1] 
n 


we can see that 
(ax + zex x x)) x (ox ns Lex x x)) z n( 6X + Tax x x)) 


holds for all 0 Z 7 € C. Comparing the coefficients of 7 of both sides, we have 6 = 0. 


1 1 
Similarly, from dE x Y)Y.£, g 


MÜ > o(X, X x X,det X,1) = (8X, B1(X x X),det X, 1), 


det Y) € MÜ, we have e = 0. Furthermore, since 


we have 
BX x BX -—(XxX) (BX, G(X x X)) = 3det X. 
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and so 1 1 
det (3X) = (8X, BX x BX) = z (8X, (X x X)) = det X, 


which implies that 8 € Eg. The equality (aX,aY) = (X,Y) implies (3X, BY) = 
(X,Y) and therefore 3 € Eg. Moreover from the relation 


Bi (X x X) = BX x BX — rÜT(X x X), 
we obtain 61 — rOT. Indeed, putting X x X instead of X, we have 
(det X)61.X = (det X)r8T X. 


If det X # 0, then we have 81X = rr X, Since 3) and Tør are linear mappings (of 
course are continuous mappings), we have 61X = rfr X even if det X = 0. Thus, the 
proof of Theorem 4.7.2 is completed. 


For 0 € C,0 4 0, we define a C-linear transformation q1(0) : Bo 5 Bo by 
1(9)(X, Y, £, n) = (07 X,0Y, 096,079). 
Then q1(0) € E;C. 
Theorem 4.7.3. The group Ez contains 
U(1) = (&1(0)]0 € C, (70)6 = 1} 


as a subargroup. This subgroup is isomorphic to the usual unitary group U(1) = (0 € 


C | (T0)0 = 1}. 
Proof. It is easy to check that yi(0) € Ez. 
4.8. Connectedness of E; 
We denote by (E7)o the connected component of Ez containing the identity 1. 


Lemma 4.8.1. Fora € C, if we define a mapping aila) : BC — PI, i = 1,2,3 


by 
eet, Ee 0 Er 
| " | " 
~2ra— lal p 1+ (cos |a| — 1)p; simia Ei 0 
a;(a) lal la] 
5 sin |a| 
0 —Ta E; cos |a| 0 
| ia 
EHI 0 0 cos |a | 
ol 
sin |a| ^C Rer 
(if a = 0, then Sur means t), then aila) € (Ez)o, where pi : J“ — J~“ is the 
a 


C-linear mapping defined by 
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& X3 T2 D Ais Auf: 
Pi | T3 € xı |= | 3273 € dt |, 
Z2 Tı És Ana Auf & 
where ó;; is the Kronecker delta symble. The mappings a1(a1), o5 (a2), alaz), (a; € C) 


are commutative for each other. 


Proof. For 
0 2ak; 0  —rab; 
—2raE; 0 a. E; 0 
Sila) = 4(0, -ra Ei, ra Ei, 0) = 0 a a 0 € e; 
ob, 0 0 0 


(Theorem 4.3.4), we have a;(a) = exp®,(a). Hence o;(a) € (Ez)o. The relation 
[$;(a;), ®;(a;)] = 0 shows that o;(a;) and a;(a;) are commutative. 


Proposition 4.8.2. Any element P € m°, P # 0 can be transformed to a 
diagonal form by some element o € (E )o: 


aP —(X,Y,£,n), X,Y are diagonal, € > 0. 


Proof. Let P—(X,Y,£,n) € MÜ. We shall first show that P can be transformed 
to a diagonal form with £ Z 0. 


(1) Case P = (X,Y,£,7), € Z 0. In this case, X = 
such that 737Y is diagonal (Proposition 3.8.2), then 


(Y x Y). Choose 8 € Eg 


Imm | 


BX = PAY xY)- Sp x TBTY 


is also diagonal. 
(2) Case P = (X,Y,0,7), Y 40. Choose 8 € Es so that 


m 0 0 
TÜTY = 0 n2 0 > t EC 
0 0 n3 


(Proposition 3.8.2). Since r8rY # 0, some mg; is non-zero: m; # 0. Applying 
a; (—7/2) € (Ez)o of Lemma 4.8.1 on GP, we get 


SH " 2E; In -Fi 0 TETY | |> l 
ai( 1/2)8P T 0 Ej 0 0 0 A Th H ni # 0, 
— Ei 0 0 0 n * 


so that this case is reduced to the case (1). 
(3) Case P = (X,0,0,7), X Z 0. Choose B € Es so that BX = § E1-Fé£o E» £s Es, 
£; € C (Proposition 3.8.2). Since 8X z 0, some £; is non-zero: €; 40. Then 


0i41(—7/2)8P = (*, &Ei+2 + &42Ei,0,*), 6i #0, 
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so that this case is reduced to the case (2). 
(4) Case P = (0,0,0,7), n # 0. Then 


a1(—1/2)P SS (nE, 0, 0, 0), n Ce 0, 


so that this case is also reduced to the case (3). 


Consequently, any element P can be transformed to a diagonal form with € # 0. 
Furthermore, by applying some $4(0) € U(1) C (E7)o of Theorem 4.7.3 on it, then £ 
becomes € > 0. Thus the proof of Proposition 4.8.2 is completed. 


Remark. In Proposition 4.8.2, the condition P € M? does not need. That is, 
any element P € P? can be transformed to a diagonal form by some a € Ez. (See 
Miyasaka, Yasukura and Yokota [23]). 


We define a space M, called the compact Freudenthal manifold, by 
M = {P € PI |P x P =0, (P, P) = 1). 


Theorem 4.8.3. Ez [| Eg ~ Mı. 
In particular, the group E is connected. 

Proof. For a € E; and P € M, we have aP € M. Hence E; acts on M. We 
shall prove that the group (£7)o acts transitively on Mı. To prove this, it is sufficient 


to show that any element P € Mı can be transformed to (0,0,1,0) € Mı by some 
a € (Ez)o. Now, P € M can be transformed to a diagonal form by a € (E7)o: 


1 72713 0 0 Ui 0 0 1 
aP = E 0 HEN 0 ; 0 12 0 E, SE g > 0 
0 0 mme 0 0 ms 


(Proposition 4.8.2). From the condition (aP, aP} = (P, P) = 1, we have 


1 1 
ga Tem P + Ins” + Immo) + (ml + Inl? + Ims?) + € 4 ele!" = 1, 
that is, 
Imp? Imp Inl? 1 . 
DEE (i 


T 
Choose r1, r2,r3 € R, 0 < ri < 3 such that 


In; | 


tanri = —, i-—1,2,3, 
g 


then (i) becomes 
E = COST] cos ra cos ra. 
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By letting 


(if y; = 0, then a; means 0), we have 


nhu. mo or lle = Oe 
2 


y= ari tan ri COST, COS T2 COST3. 
la m| € 


Therefore, we see that aP is of the form 


sin|a2| sin [aa] 


cos |a |a2 EE 3 ias 0 0 
2 3 
0 sin |a. | alias sin |as| 0 
|ai| lad] ` "NS 
sin |aı| sin |a 
0 0 Gi a2 A cos |a3| 
á 
ay - cos [a»| cos |a3| 0 0 
ay 
si 
0 cos |a; ao — cos |as] 0 
a2 
0 0 E E E2191 
|as] 


cos [a1| cos |aa| cos |as] 


sin |aı| sinļ|aə| sin |as] 


2 3 
[ai | oz [as] 


= a3 (a3) a2 (oz ln (a1)(0, 0, 1, 0), 


hence we have 
o1(a1) ta2(a2) l'as(a3) ob = (0, 0, 1, 0). 


This shows the transitivity of (Ez)o. Since we have Mı = (E7)9(0,0,1,0), M is 
connected. Now, the group Ey acts transitively on Mı and the isotropy subgroup of 
E at (0,0,1,0) € Mı is Eg (Theorem 4.7.2). Therefore we have the homeomorphism 
Ez | Eg ~ Mı. Finally, the connectedness of E: follows from the connectedness of Mı 
and Eg. 


4.9. Center z(E7) of E; 
Theorem 4.9.1. The center z(E7) of the group E7 is the cyclic group of order 2: 
2(Er) = 11, 1). 


Proof. Let o € z(E;). From the commutativity with 8 € Eg C Ez, we have 
80(0,0, 1,0) = a8(0,0,1,0) = a(0,0,1,0). If we denote a(0,0,1,0) = (X, Y;£,n) € 
$54, then from (8X,TBTY,£,n) = (X, Y, £, n), we have 


BX =X, TTY =Y forall GE Es. 
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Hence X = Y = 0. Therefore, a(0,0,1,0) is of the form 
a(0, 0, 1,0) = (0,0, £, n). 


From the condition a(0,0,1,0) € 99€, we have En = 0. Suppose € = 0, then 
a(0,0, 1,0) = (0,0,0,7),7 40. Also from the commutativity with yi(0) € U(1) C Ez 
(Theorem 4.7.3), we have 
(0, 0, 0, 071) — Q1 (8)(0; 0, 0, 7) = gi(A)a(0, 0, 1, 0) 
= ay; (4) (0,0, 1,0) = a(0, 0, 05,0) = (0, 0, 0, 6n), 

and so 07?5 = 6° for all 0. But this is a contradiction. Hence € 4 0, n = 0, 
that is, a(0,0,1,0) = (0,0,£,0). Similarly we have a(0,0,0,1) = (0,0,0, C). Since 
{a(0,0, 1,0), a(0,0,1,0)} = 1, we have £C = 1, and therefore 


a(0,0,1,0) = (0,0,£,0), a(0,0,0,1) = (0,0,0,€7"). 


Moreover, from the commutativity with A € Ez, 


(0, 0, 0, m m A(0, 0, £; 0) m Aa(0, 0, 1, 0) 
= aX(0, 0, 1,0) = a(0,0,0, —1) = (0,0,0, -€-"). 


Hence € = £1, that is, € = +1. In the case £ = 1, we have a € Eg (Theorem 4.7.2), 
so that a € z(E¢) = {1,w1,w71} (Theorem 3.9.1), that is, 


DW 0 0 0 

0 w' 10 0 Po 2 
a= 0 0 NE w =1,worw*. 

0 0 0 1 


Again from the commutativity with A, 


(0,0 X,0,0) = AX, 0;0,0) = E 0,0; 0) 
= —aA(X,0,0,0) = a(0, X,0,0) = (0,w’~'X, 0,0), 
for all X € Xe which shows that w' — oo, hence w’ = 1. Therefore a = 1. In the 


case € = —1, we have —a € z(Es), so that by the similar argument as above we have 
—a = 1. Thus we have z(£7) = (1, 1]. 


According to a general theory of compact Lie groups, it is known that the center 
of the simply connected compact simple Lie group of type E; is the cyclic group of 
order 2. Hence the group £; has to be simply connected. Thus we have the following 
theorem. 


Theorem 4.9.2. E; = (o € Isoc ($89) | o(P x Q)a-! = aP x aQ, (aP, aQ) = 
(P, Q)} is a simply connected compact Lie group of type Ez. 


4.10. Involution ; and subgroup (U(1) x E6)/Z3 of Ez 
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Definition. We define a C-linear transformation ( of Bl by 
(X, Y, £ 7) E (HG iY, ed in). 
Then, 1 = utile U(1) C Ez, ? = —1 € z(Ez) (Theorem 4.9.1) and so :* = 1. 


Lemma 4.10.1. ¢ is conjugate to À in Ez. 


Proof. For ô = o4 (So (os) (Lemma 4.8.1), we have 1 = 071A6. 


L induces an involutive automorphism 7 : E; — Ez; by 


Ua) =ar, oe Er. 
We shall now study the following subgroup (£7)! of Ez: 


(Ez) = {a € E7|ta=au} 
> {a € Ey | Aa = aA} = (Exz)^. 


Theorem 4.10.2 (E;) & (U(1) x Es)/Za, Za = (1,1), (w,w1), (w2, wD}, 


1, V3. 
gei ees 
Proof. We define a mapping o : U(1) x Eg — (E7)’ by 
c 0 0 0 8 0 00 
0 01 0 0 0 rør 0 0 
e&.8-e085 e0-| à | » o b?-|lo "il: 
0 (mugs 0 0 0 1 


Evidently (0, 8) € (Ez)'. Since q1(0) and @ are commutaive, is a homomorphism. 
We shall prove that « is onto. Let a € (£7)'. From ta = ot, a is seen to be of the 


form 


8 0M O0 8,6 € Home (3°), 

056 0 N a,b € Homo (3, C), 
a= ` ^C 

a Uu 0 M,N €37, 

0b 0 v ue, 


The condition a(0,0, 1,0), a(0,0,0,1) € 93€ implies that 
LM —0, vN=0. 


We shall first show that M = N = 0. Suppose that M z 0, u = 0. Then, the 
condition (a(0,0, 1,0), a(0,0,0,1)} = ((0,0,1,0),(0,0,0, 1)) = 1 implies that 


(M, N) = 1. (i) 


Hence we have N Z 0, v = 0. From 
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1 


—XxX 1 
—d(X x X)--nN 
M saa = D ( ) 7] 
n —b(X x X) 


we have 
(F(X x X) e nw) x (a(x x X) +N) = apo (8x Seidel, 
7 7 7 
(ox n eiert Zax xX) + nN) = ja(X)z (X x X) 


hold for all 0 Z 7 € C. Comparing the coefficients of 7, we have 


26(X x X) x N 2 a(X)8X (ii) 
5(X x X) x 6(X x X) = a(X)(det X)M (iii) 
(OX. 6(X x X)) + det X = 3a(X)b(X x X) (use (i)). (iv) 


ee 
a(X)detX = a(X)(det X)(M, N) = (6(X x X) x 8(X x X), N) 
— (6(X x X),5(X x X) x N) = SUX (OX x X), BX) 
- SUX) Ga (CX 8G x X) — det X). 
Hence we have a(X)det X = a(X)?b(X x X). Furthermore we have 
det X = a(X)b(X x X). (v) 


Indeed, from u = 0, we deduce that a Æ 0. Since a: 3€ = C is a linear form, the 
set (X € 3€ | a(X) #0} is dense in 3€ and the correspondence det X and b(X x X) 
is continuous with respect to X, (v) is also valid for X € 3€ such that a(X) = 0. 
Now, since a 4 0 and b Æ 0, (v) contradicts the irreducibility of the determinant 
det X with respect to the variables of its components. Consequently we have shown 
that M = 0. Similarly we can prove that N = 0. Therefore a(0,0,1,0) = (0,0, u, 0), 
o(0,0,0, 1) = (0,0,0,v). From the condition {al,a1} = 1, (al, od) = 1, we deduce 
that 


a(0,0,1,0) = (0,0, 4,0), @(0,0,0,1) = (0,0,0,577), n eC, (Tru) — 1. 


If we choose 0 € C such that 6? = pu and let 8 = q1(0)^!o, then 6(0,0,1,0) = 
(0,0, 1,0), 8(0,0,0, 1) = (0,0,0, 1). Hence, 8 € Eg (Theorem 4.7.2) and we have 


a=1(9)6, 8€U(1),8 € Es. 
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This shows ọ is onto. That Kery = {(1,1), (w,w1), (w?,w?1)} = Z3 is easily ob- 
tained. Thus we have the isomorphism (U(1) x Eg)/Za = (E7)’. 


Remark. (£7)' is connected as a fixed points subgroup under the involution + of 
the simply connected Lie group Es, Hence, to show that y : U(1) x Eg — (Ee¢)’ is 
onto, it is sufficient to show that qw. : u(1) ® eg — (e7)’ is onto, which is easily shown. 


4.11. Involution c and subgroup (SU(2) x Spin(12))/Z2 of E: 
We define an involutive C-linear transformation o of Bo by 
c(X, Y, 6) = (0X, oY, Eu 


which is the extension of the C-linear transformation o of qe. This is the same as 
c € F4 regarding as c € Fy C Eg C Ey. 


We shall now study the following subgroup (£7)? of E: 
(Ei)? = (a € Ez | oa = ao}. 
To this end, we define two C-linear mappings &, 4 : DUE — Dus by 
k = ®(-2E, V E1,0,0,—1), p —49(0, E1, E4,0). 


The explicit forms of k and p are given by 


X —KiX 
k i = B. , 1X = (FA, X) - AE, x (E, x X), 
7] 7] 
X 2FA xY + "EA 
Y m 2FA xX + EE: 
B E i (E1,Y) 
7] (E, X) 


More precisely, & and u are of the form 


1 X3 T2 "hh Y3 Yo 
K(X, Hae oth) = «( T3 £2 Tı b (s T2 yi DÉI 
12 Ti E y2 Ji m 
—é& 0 0 m 0 0 
= ( 0 & ml, | 0 =n? -yı ,-6n); 
0 ți G3 0 pps 
n 0 0 € 0 0 
HK. Y, £, n) = ( 0 n -y ps Oe ues =z m1): 
0 -7 m 0 —-31 & 


(2) Ifa € Ez satisfies ka = ak, then a also satisfies ca = ac. 
Proof. (1) These are checked by direct calculations. 
(2) Since o = exp rik, we have oa = (exp tik)a = a(exp mik) = ac. 
We shall first study the following subgroups (£7)"*" and ((£7)"")(o,2,,0,1) of Ez: 
(E7)"" = {a € Ez | ka = ak, pa = ap}, 
(ëng = (o e (Er)™ | a(0, Ex, 0,1) = (0, E1, 0, 1)}. 
Proposition 4.11.2. The Lie algebras (ez)? , (e7)"", ((ez)'^")(o,g, a of the 
groups (Ez)? , (Ez)'^", ((E7)*")(0,8,,0,1) are respectively given by 
(1) (e)? = ($ € e| o = $c) 
= {9(¢, A, —A,v) € er| 6 € (¢6), A € Q7). 
(2) (e;)^" = {8 € e7 | k6 = Pk, ub = Oy} 
de elt, Ae De (E1, A) = 0, 
EE \ 


= [nean v) € ez 


(3) ((e7)"") (0,21,0,1) = 19 € (ez)" | &((0, £1, 0, 1)) = 0) 
d € Ep, oE = 0, \ 
AE 3°, 2E x A2 7A J 


= Jas A, —TA, 0) € ez 


Proof. (1) It is not difficult to prove and so is omitted here. 

(2) Suppose that d = dia, A, —rA,v) € e; satisfies kh = OK and u$ = Hy. 
Comparing the £-term of «6P = kP, P = (X,Y,£,n) € BS, we have 

(A,Y)--(A Y) Yes. 
Let Y = Ei, then we have (A, E1) = 0. Next, comparing the 7-term of uo = Su, we 
have 
1 e 
EE EEN ) 

Since ¢ € (eg)?, we can set GF, = kE, k € iR (Lemma 3.10.1). Hence let X = Ej in 
(i), then we have k = - Conversely, if 6 = &(¢, A, —T A, v) € e; has the condition 
above, then from the following Lemma 4.11.3, we can see that 9 satisfies rd = dr 
and ue = du, 

Lemma 4.11.3. In 3€, the following hold. 

(1) For A € (3€)5, we have k1(A x X) = aA x aX, X € 3. 

(2) For $ € (eg)?, we have k1¢ = $n. 

(3) For A € (3€)5, (E1, A) = 0, we have k1A = —A and 

—ArA x (Ey x X) + (E1, X)A = 4E; x (Ax X) - (A, X), Xc3. 
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We shall now return to the proof of (3) of Proposition 4.11.2. 
If 6 = &(¢, A, -TA,v) € (ez)" satisfies 6((0, £1,0,1)) = 0, then 


v = —(A, E,) = —1(A, E1), 


so that v = rv. Together with Tv = —v, we have v = 0 and gE, = 0, furthermore, 
we have 2A x E, = TA (in this case, A € (3€), and (Ei, A) = 0 automatically hold). 


For v € iR, we define a C-linear mapping ¢(v) : 3€ — 3€ by 


olv) = 2v FA V Fi, 


that is, 
& mo T2 y [481 3 T2 
olv) T3 £o Bal = 3 T3 —2£2 —221 
v2 Ti &3 z2 —2Tı —2&3 


(Lemma 3.4.2.(2)). Then $(v) € (e6)”. 


Proposition 4.11.4. (1) a, = {®@(¢(v), of, —TaE\,v)|ae Civ € iR} 


o 


is a Lie subalgebra of (ez)? and isomorphic to the Lie algebra su(2). 


(2) The Lie algebra (ez)? is isomorphic to the direct sum of Lie algebras a, and 
(67) 09 
(ez)? c oO (ez TP, 
Proof. (1) The mapping e, : a1 > su(2) = (D € M(2,C)|7(‘D) = —D} defined 
by 


GE ( GE 


STU -SY 


gives an isomorphism as Lie algebras. Indeed, this is clear from 


E CR MEE vu ME 


and 
ECO aE,, —Tra E, v), 9(ó(p), bE, —Tb E, p) 
= &(¢(bra) — a(rb)), 2(bv — ap) EA, —2r(bv — ap) E1, (ra)b — a(r6)). 


(2) Using (1) above and Proposition 4.11.2.(2), the following decomposition of 


(e7)7, 


ó ov’) $ — ó(v^) 
E A aE A—aE D 
(en ue -rA |] ` ® GEN SS —TÀ-« m € « (er^, 
» v! v—v 


1 1 
where v’ = 3" + 3 E. QE), a = (E1, A), gives an isomorphism as Lie algebras. 
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Lemma 4.11.5. For a € C, we have 


o23(a) = a»(a)as(ra) € ((I7z)"") (o. po, 


where o;(a) € Ez,i = 2,3 are defined in Lemma 4.8.1. 


Proof. Since dëi. —raE;,aE;,0) € (e7)"", we have o;(a) = exp 9(0, —raE;, 
ak;,0) € (£7)"", i = 2,3. Since ag(a) and os(ra) are commutative, we have 


a23(a) = o»(a)asa(ra) 


= exp (0, -ra Ez — aEs, obs + rTaEs, 0). 


Since ®(0, —raE» — aEs, aE» + TaÉa,0) € ((e7)®”)(0,E,,0,1); we have o2a(a) € 
((E7)"”) to, E, ,0,1)- 


We recall the group 


Spin(10) = {a € Es | ak, = Ei) 
= {a € Es|ca = ac, a E, = Eli] C E: 


(Lemma 3.10.4). The group Spin(10) acts transitively on the 9 dimensional sphere 


s° = {( t z ,6,0,0) |£ € C,a e €, 3e + (00€ = 1}. 


Lemma 4.11.6. For a € ((Ez)"")(o,g, 9,1), we have 
oi, —E1,0,1) = (0, —E,,0,1) if and only if 0(0,0, 1,0) = (0,0,1,0). 
In particular, we have 
(o € ((Ez)")(,5, au |@(0, —E1, 0, 1) = (0, —F1, 0, 1)) & Spin(10). 


Proof. If a € (E7)** satisfies oi, £1,0,1) = (0, £1,0,1) and a(0, —£1,0,1) = 
(0, —E,,0,1), then we have a(0,0,0,1) = (0,0,0,1) and a(0, E1,0,0) = (0, £1, 0,0), 
which imply that a(0,0,1,0) = ap(0,£1,0,0) = pa(0,£1,0,0) = p(0, E1,0,0) = 
(0,0,1,0). The converse can be similarly proved. If a € Ee satisfies a(0,0,1,0) = 
(0,0, 1,0), then a € Es (Theorem 4.7.2), and from the condition ob = Ei, we obtain 
a € Spin(10), (Theorem 3.10.4). The converse also holds. 


We define an 11 dimensional R-vector space V!! by 


yh = (P eq? |KP = P,urAP = P,P x (0, F3,0,1,0) = 0} 


0 0 0 n 00 l 
zi ue E d s : : 0,7) |re & £e Cin e iR] 
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with the norm (P, P), given by 


(P, P), = 5 (uP, P) = Ber + (r6)E + (rn). 


Proposition 4.11.7. ((Ez)* (o, g, o,1)/ Spin(10) ~ S19. 
In particular, the group ((Ez)"*")(9,g,.9,1) is connected. 

Proof. S!? = (P € V!! |(P,P), = 1) is a 10 dimensional sphere. For o € 
((Ez)**")(o, 5, o1) and P € 519, we have aP € Si (Proposition 4.2.2, Lemma 4.3.3). 
Hence the group ((E7)®”)(0,E,,0,1) acts on S19. We shall prove that this action is 
transitive. To prove this, it is sufficient to show that any element P € S!? can be 
transformed to (0, —i E1, 0, i) € S1? by some o € ((Ez)")(o, p, o. Now, for a given 


0 0 n 00 
pe oe x |,lo oo 0,7) e 5”, 
0 r 0.0 0 
choose a € R, 0 < a < 7. such that 


27 
nie 


(1 TÉ — € = 0, then we choose a = Z). Applying az3(a) of Lemma 4.11.5 on P, then 
the 7-part of a23(a)P becomes 


tan 2a = 


2sin? a(E2, E3 x X) + r£ sinacosa — (Es, Y ) sin a cosa — cos? a 


= nsin? a + (r£ — £) sinacosa — cos? a 
1 
x 3676 — £) sin 2a — r cos 2a = 0. 
Hence we have 
023(a)P € S?. 


Since the group Spin(10) acts transitively on S? (Proposition 3.10.3), there exists 
B € Spin(10) = (el, C ((E7)"")(o,, a Such that 


Ba23(a)P = (i(E2 + Es), 0, 0, 0). 


Again, applying a23(—7/4) € ((£7)"")(o,2,,0,1) of Lemma 4.11.5 on the above, we 
have 
aos(—7/4)08023 (a)P = (0, —iF;, 0, i). 


This shows the transitivity of ((£7)"“)(o,,,0,1)- The isotropy subgroup of 
((E7)*")(o,2,,0,1) at (0 (Ex, 0.1) is Spin(10) (Lemma 4.11.6). Thus we have the 
homeomorphism ((£7)*^)(o, g, 9,1) / Spin(10) ~ 519. 


Theorem 4.11.8. (Le ri. nn = Spin(11). 
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(From now on, we identify these groups). 


Proof. Analogous to Theorem 3.10.4, we can define a homomorphism p : 
((Ez)")(,5,,01) > SO(11) = SO(V!!) by pla) = a|V. The restriction p' of p 
to (Es)g, coincides with the homomorphism p' : Spin(10) —^ SO(10) = SO(V?°) 
(where V? = (P € VH | P = (X,0,0,0)}). In particular, p' : Spin(10) + SO(10) is 
onto. Hence, from the following commutative diagram 

1 — Spin(10) — (QUE ugspa) co ET — * 
lp ip = 
1 —  SO(10 — SO(11) — Sg? — x 
we see that p : ((E7)")(,g,.o,1 — SO(11) is onto by the five lemma. Using the five 
lemme again, we see that Ker p coincides with Ker p'. Hence Ker p = {1,0} (Theorem 
3.10.4). Thus we have the isomorphism 


(UG) t, m, o, /11, 0) = SO(11). 


Therefore the group ((£7)*)(0,#,,0,1) is isomorphic to the group Spin(11) as the 
universal covering group of SO(11). 


Lemma 4.11.9. Fort € R, we define a mapping a(t) : B° — PE by 


D «3 T2 m Y3 Yo 
a(t) ( Za £9 mg "b yı |£, n) 
$2 Ti E y2 Yi m 
ett, elite, ep, eim ein ecitg, 
= ( eT £2 T1 D e "gs n2 yı , ere eit) , 
e yo Fy £3 e ys Ui 1]3 


then a(t) € (Ex). 


Proof. For v = it € iR, let diti = 2v E, V E, € (eg)?. Then, &(d(v), 0,0, —2v) € 
(ez)^" (Proposition 4.11.2) and a(t) = exp$($(v),0,0, —2v). Hence we have a(t) € 
(Er) 


We define a 12 dimensional R-vector space V!? by 


V? = {Pe PI |KP = P,urAP = P} 
00 0 n 0 0 
= {( oé x |,{0 0 0 0,7) |ze €,énec} 
0 T -rE 000 
with the norm (P, P), given by 
1 
(P, P), = 514 P, P] = Te + (16)6 (rmn. 


Proposition 4.11.10. (Ez) / Spin(11) = S. 
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In particular, the group (Ez) is connected. 


Proof. S!! = (P € V? | (P,P), = 1} is an 11 dimensional sphere. For a € 
(E;)"" and P € S!!, we have aP € S!! (Proposition 4.2.2, Lemma 4.3.3). Hence 
the group (E7)** acts on S!!. We shall prove that this action is transitive. To 
prove this, it is sufficient to show that any element P € S!! can be transformed to 
(0, E1,0,1) € S1! by some a € (E7)®”. Now, for a given 


00 0 n 0 0 
PE oe x |,[000 0,7) e S”, 
0 7 -rê 0 0 0 


we choose t € R such that e^? € iR. Applying a(t) of Lemma 4.11.9 on P, we get 
a(t)P e S”. 


Since the group Spin(11) acts transitively on S1? (Proposition 4.11.7), there exists 
B € Spin(11) = ((E7)"") (0,4,,0,1) such that 


Bo(t)P = (0, —iE4, 0, i). 
If we further apply a(—7/4) € (Ez)^" of Lemma 4.11.9 on the above, then we have 
a(—7/4)Ga(t)P = (0, E1,0, 1). 


This shows the transitivity of (E7)^". The isotropy subgroup of (F7)" at (0, £1, 0,1) 
is Spin(11) (Theorem 4.11.8). Thus we have the homeomorphism (£7)""/ Spin(11) 
c gH, 

Theorem 4.11.11. (Ez)^ = Spin(12). 
(From now on, we identify these groups). 


Proof. Analogous to Theorem 4.11.8, we can define a homomorphism 
p: (Ex)" > SO(12) = SO(V??) 


by pla) = a|V??. The restriction p' of p to (Es)®” coincides with the homomorphism 
p! : Spin(11) — SO(11) of Theorem 4.11.8. In particular, p' : Spin(11) — SO(11) is 
onto. Hence from the following commutative diagram 
1 — Spin(ll) — (Usch — S! — «x 
lp lp B 
1 — SO(ü1) — SO(12 — stu — x 


we see that p : (E7)^" — SO(12) is onto by the five lemma. Using the five lemme 
again we see that Ker p coincides with Ker p’. Hence Ker p = {1,7} (Theorem 4.11.8). 
Thus we have the isomorphism 


(Er) /{1, o} & SO(12). 
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Therefore the group (£7)" is isomorphic to the group Spin(12) as the universal 
covering group of SO(12). 


Theorem 4.11.12. The center z(Spin(12)) of Spin(12) is 


z(Spin(12)) = (1, 1,0 — o} = (1, 1) x {1,0} = Z2 x Za. 


And we have 
Spin(12)/{1,o} = SO(12), 
Spin(12)/{1, —1) S Spin(12)/(1, ^o] S Ss(12). 


Theorem 4.11.13. The group (Ez)" contains a subgroup 
y2(SU(2)) = tex(A) € Ex| A € SU(2)} 


which is isomorphic to the special unitary group SU(2) — (A € M(2,C)|'(rA)A — 
E. det A = 1). Here, for A € SU(2), a mapping q»(A) : P — PT is defined by 


& X3 T2 "h Y3 Wo 
p2(A)( T3 € ui].| Vs m y én) 


t2 Tı éz y2 Ui m 


&' za "al ml ya Fa 
= ( "Tal €9 miia mi y’ TAL 4T 
/ 1 Ji’ 1 


r? "i! £s Y2 
& eee ea E Dä € no \ lm n EE ES 
(Gah G0) 4G (2) (8) (Glatz 
lee o R 
DIN yi)? yo! yo J? y3” y3 j` 


Proof. The action of &(¢(v), of, —Ta E1, v) € ay (ott) = VE, V Ei, v € iR,a € 
C) on $3 is 


where 


$(ó(v), ob, -raEi, v) (X, Y £m) = (X, Y’, £m) 


(Cs SG) Gr CR SG) 


where 


2 -C S) 
CG) ose. 


S ) € SU(2), we have 


E 
Ke 
ns 
3 £» 
Lo! 
yo! 


Therefore, for A = exp mn 


=p 


exp(®((v), aE, —raEA, v)) = p2(A) € ex(SU(2)) C (Ex)*. 
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Lemma 4.11.14. The group (E7)? is connected. 


Proof. The group (E7)" is the fixed points set obtained by the involutive auto- 
morphism c of the simply connected Lie group £z, hence (E7)? is connected. 


Theorem 4.11.15. (E7)? = (SU(2) x Spin(12))/Zs, Z2 = ((E, 1), (- E, —o)). 
Proof. We define a mapping o : SU(2) x Spin(12) — (Ez)? by 


(A, B) = v2(4)8. 


Since the Lie algebras a; and (e7)"" of SU(2) and Spin(12) are elementwise commu- 
tative (Proposition 4.11.4.(2)), yo(A) € SU(2) and 8 € Spin(12) are commutative 
: q2(A)8 = By2(A). Hence y is a homomorphism. We shall show that q is onto. 


o 


Since the group (£7)? is connected (Lemma 4.11.14), to prove this, it is sufficient to 
show that its differential mapping y» : a1 © Iech — (ez)? is onto. However this 
has been already shown in Proposition 4.11.4.(2). Kery = { (E, 1), (— E, y2(—E))} = 
((E,1),(—E,—o)) = Zə (Theorem 4.11.13) is easily obtained. Thus we have the 


isomorphism (SU (2) x Spin(12))/ Za S (E7)°. 
Remark. We can give an elementary proof of Lemma 4.11.14 once we have proved 
the following three claims. 


Claim 1. Any element X € e GE can be transformed to a diagonal form by some 
OC (E¢)?: 


& 0 0 
ax= (0 & 0 1, “ee 
0 0 £s 


Moreover we can choose a € (Eg)? so that £ > 0, £3 > 0. 
Proof. Recall that i(E4 — E2)~, i(E, — E3)~, iFi(a), A1(a)(a € €) € (e6)”, then 
we can prove analogously as in Proposition 3.8.2. 


Claim 2. Any element P € (98€), = (P emt | oP = P} can be transformed to 
a diagonal form by some a € ((E7)?)o (the connected component of (Ez)? containing 
the identity 1): 


aP = (X,Y,é,n), X,Y are diagonal, £ >Q. 


Proof. Recall £(0,—rak;,ak;,0) € (e7)%, i = 1,2,3, then we can prove analo- 
gously as in Proposition 4.8.2. 


Claim 3. (Ez)? /(Eg)? ~ (993), = {P E Mı | oP = P). 
In particular, the group (E7)° is connected. 


Proof. Remark that o;(a) of Lemma 4.8.1 belongs to ((£7)7)o, then this claim is 
proved analogously as Theorem 4.8.3. The connectedness of (E7)" follows from the 
connectedness of (Eg)? S (U(1) x Spin(10))/ Z4 (Theorem 3.10.7) and (994); . 
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4.12. Involution ry and subgroup SU(8)/Z5 of Ez 
We consider the involutive complex conjugate transformation Ty of P, 
TI(X, Y, 8,0) = (17X, TYY, TE, Tn), 
where y is the same as y € Go C F4 C Eg C Er. 
We shall study the following subgroup (E7)'? of Ez: 
(Er)? = {a € Er| rya = ary} 
= {a € E |a = ay} = (Ez)^. 


To this end, we consider R-vector subspaces ($°),,, (B°)_-, of PO, which are 
eigenspaces of ry, respectively by 


(PO) = (Pe Po |ryP = P} 
= {(X,¥,6,n) e Bo |X, Y e DL én € R}, 
GRILL = (P e S? |ryP = -P} 
(OG Y, £n) e S | X,Y € Q9), 6n € iR), 
= (TO Galen 


These spaces (PI), (38€)... are invariant under the action of (E7)77 and we have 


II 


the decomposition 
Bo = (Po) ry e DT = DÉI LTE ry. 


In paticular, P is the complexification of (DÉI Le PBC = ((P°)-+)°. 


Analogious to Section 3.11, we can define the R-linear mapping k : M(4, H) > 


M(8,C) 
k( (a+ bea) )= (C5 2) a,b c C. 


Lemma 4.12.1. Any element B € su(8) is uniquely expressed by 
B=k(D)+e.k(T), D € sp(4),T € 3(4, Hin 


B-JB B+JB 
Proof. For B € su(8), let Di = eae PEN 


5 € M(8, C), then we 


2e1 


have ER 
Di* 2—Di,JDi = DAJ, 


T = T, JT -TJuny-0 
Then, D = k !(D1), T = k !(T1) € M(4, H) are the required elements. To prove 


the uniqueness of the expression, it is sufficient to show that 


B=D,+e1T, 


Di Lef = 0, Dı € k(sp(4)), Tı € k(3(4, H)o) implies Cı = Tı = 0. 
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Certainly, from the condition, we have JD, + e1JT, = 0, so Di J + e3T1J = 0, and 
so that D1J — eıTı J = 0, that is, Dı — eıTı = 0. Together with the first equation, 
we have Du = Ti = 0. 


After this, we will use the C-linear mapping g : 3° — 3(4,H)°, g(M +a) = 
1 
=tr(M) ia 
2 1 , the homomorphism o : Sp(4) > (Es)'*, p(A)X = 
ia* — M - St (M)E 
g- (A(gX)A*), X € 3€ and its differential mapping p» : sp(4) > (e6)77, ¢.(D)X = 
g- (D(gX) + (gX)D*), X € 3€ which are defined in Section 3.12. 
Proposition 4.12.2. The Lie algebra (e7)77 of the group (E7)™7 is 
(e)? = {8 € e7| T78 = Sry} 
= (9(6, A,-7A,0) € e716 € (e), A € Deal 
= (9(v.(D), a (T), —39 (T), 0) € e; | De sp(4), TE 3(4, H)oj. 


The Lie bracket |B1, B2] in (e7)77 is given by 
bio. Ai, qus 0), oz, A2, zë, 0)] T (o, A, aya, 0), 


where 
$ = [61,092] — 2A1 V y A2 + 242 V y A3, 
A = $1A2 — $2 A1. 


Proof. It is not difficult to verity them.. 
Analogous to Section 3.11, we define a C-vector space (8, C) by 
6(8,C) = (S € M(8C)|'S = —S), 
and a C-linear mapping ky : 3(4, H)° — 6(8, C)€ by 


kj; (Mi +iMə) = k(M1)J + ik(M3)J, Mı, M» € 3(4, H), 


where J = diag(J, J, J, J) € M(8,C), J = E 3 


Definition. We define a C-linear isomorphism x : B° — 6(8, C)€ by 


xCX, Y, £g) = ku (ox — SE) Tek; DEN - iB). 


Proposition 4.12.3. (e7)77 = su(8). 


This isomorphism is given by the mapping p» : su(8) — (e7)77, 


e«(B)P = x~'(B(xP) + (xP)'B), Pest. 
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Proof. We first prove that for B € su(8) we have y,(B) € (ez). 
(i) For B= k(D), D € sp(4), we have 
P= (X Y.6n) 
SE 7) 
E k(oX - 5 = E)J 4 ek(g (7Y) - TB) J 


= on = Sn) J + ak(D)k(gQY) - ZEIL 


ek(ox - ŠE) J'k(D ) +erk(9( (VY) - 2E)J'k( D) 


=k(D (ox -£8))s+e8(D g(VY) -iE))J 
«(ox -$B)D *) I + erk( g(7Y) )- 3E)D "Ju 


= k(D(gX) + (gX)D*)J + ek(D(g(yY) + (g(9Y))D*)J 
= k(g(o«(D)X))J + erk(g(ex(D)(VY))) J 
x 


(recall y.(C)X = g ! (C(gX) + (gX)C*)) 
(p«(D)X (px(D)X 0 0 0 X 
a? ypx(D)yY i ( 0 TQ«(D)r 0 0 Y ) 
0 x 0 0 oollz 
0 0 0 0 0/ Xm 
= x(9(o. (D), 0, 0, 0) P). 


Hence, we have o, (k(D)) = $(o.(D),0,0,0) € (e7)77. 
(ii) For B = ek(T), T € 3(4, H)o (denote T = gA, A € (3°%),+) 


P-(X,Y&m 
XS k(oX 2 S gra ek(gQY) = ZB) J 
= e1k(T)k(gX - DE = k(T)k(g(Y) = 4B) J 


+erk(gX = S E)J"k(T) = k(gY) = zE) J'k(T) 


= k(-Tg(yY) — gY )T + nT)J + esk(T(gX)  (gX)T — €T)J 
= k(-2gA9 g(4Y) + ngA)J + esk(29A o gX — 69A)J 
«( —39(4A x Y)- ia, Y)E+ ngA) J 


| 


1 
+erk(29(7A x 7X) + SA X)E - &gA) J (Lemma 3.12.1) 


—24A x Y +A 0 -2yA 0 A X 

e 2Ax X—€yA 2A 0  —4A 0 Y ) 
=A (A, Y) TX 0 A 0o 0 £ 
n 


(—4A, X) —yA 0 0 0 
= x(8(0, A, —5A,0) P). 


Hence we have y,(e,k(T')) = 9(0, A, —yA, 0) € (ez). 
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Consequently we see that the mapping y : su(8) — (e7)77 is well-defined. We can 
easily check that y, is onto. Finally, we have to prove that vg, is a homomorphism 
as Lie algebras. However this follows from the following Theorem 4.12.5, so that we 
shall omit the proof. 


Lemma 4.12.4. The group (E7)™7 is connected. 


Proof. The group (£7)" is the fixed points set by the involution 7^ of the simply 
connected Lie group Ez, hence (E7)'* is connected. 


Theorem 4.12.5. (Ez)? = SU(8)/Z2, Zo = (E,—E]). 
Proof. We define a mapping y : SU(8) — (E7)77 by 


p(A)P = X7 (A(xP)'A, Pest. 


We first prove y(A) € (E7) 7. To prove this, for the differential mapping Y+ : su(8) > 
(e7)"? of v, 
e(D)P = x '(D(xP) + (xP)'D), Pe B®, 

it is sufficient to show that y, is well-defined, that is, y.(D) € (e7). However 
this fact is already shown in Proposition 4.12.3. Evidently y : SU(8) —^ (E7)™7 isa 
homomorphism. Since p, : su(8) — (e7)77 is onto and (E7)"* is connected (Lemma 
4.12.4), o : SU(8) > (E7)? is also onto. Kerp = (E, —E) = Zz is easily obtained. 
Thus we have the isomorphism SU(8)/Z2 = (Ez). 


Remark. Without using Lemma 4.12.4, the fact that the mapping o : SU(8) > 
(E7)77 is onto will be followed from two claims. 

Claim 1. For a € R, a;(a) of Lemma 4.8.1 belongs to y(SU(8)). 

Proof. o;(a) = exp(®(0, —aE;, aE;,0)) € exp y.(su(8)) (Proposition 4.12.3) = 
p(exp(su(8))) € e(SU(8)). 

Claim 2. Any element P € (M°),, = (P € M° | r4 P = P) can be transformed 
to a diagonal form by some a € «(SU (8)): 


aP —(X,Y,£,n, X,Y are real diagonal, & > 0. 


Proof. Let P = (X,Y,€,n) € (MO). If € £ 0. Then 


Koch 


TYY =Y, X — z(Y xY), TÉ — €, T1] — 1]. 


dn 


Since Y € DL, we have yY € (3°);4 , so that g(4Y) € 3(4, H)o. Hence, there 
exists D € Sp(4) such that 


D(g(4Y))D* is real diagonal. 
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Then 
yy(D)yY —g !(D(g(5Y))D*) is real diagonal, 


e(D)X = ea» (zv x Ge = zoe x auf Dat) is real diagonal. 


In the case £ = 0, by the same proof of Proposition 4.8.2, we can choose a € y(SU(8)) 
so that 
aP —(X,Y,£,n, X,Y arereal diagonal, 0 Z & € R. 


If £ < 0, apply o1(x) of Claim 1 on it, then £ becomes € > 0. 


Now, we will return to the proof of the surjection of y : SU(8) — (E;)'* using 
Claims 1, 2. For a given o € (Ez)7?, consider the element P = ol € (9:1)... We 
first transform P to a diagonal form (Claim 2) by some 8 € y(.SU(8)), and we have, 
in a similar way to Theorem 4.8.3, 


a1(a1)  os(a2) laa(as) Bai = 1, 


where a; — LE ri (n; is a diagonal element of Y). Since n; € R, we have o;(a;) € 


w(SU(8)) (Claim 1). If we put à = o1(a1) ` taz2(a2) Josias "o, then, & € Eg 
(Theorem 4.7.2) and o satisfies r»yà = dro, Hence à € (E6) = y(S'p(4)) (Theorem 
3.12.2) C e(SU(8)), Therefore a = 3~'a3(a3)a2(a2)a1(a1)a € y(SU(8)). This shows 
that y is onto. 


4.13. Automorphism w of order 3 and subgroup (SU(3) x SU(6))/Z3 of 
Ez 


We define a C-linear transformation w of order 3 of B° by 
w(X, Y, 6,0) = (wX, wY, ml, 


This w is the same as w € Gp C F4 C Es C Ex. 


We shall study the following subgroup (LE: If of E: 
(E7)" = {a € E7| wa = aw]. 


We consider the group E7,c replaced with C in the place € in the definition of 
the group Ez: 


Exc = {a € Isoc((86)*) |a(P x Q)a™ = aP x aQ, (aP, aQ) = (P,Q)}. 
As in Section 4.7, the group E£7,c¢ contains a subgroup 


Ee,c = {a € E7,c|a(0,0, 1,0) = (0,0, 1, 0)}, 
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which is isomorphic to the group ((SU(3) x SU(3))/Za) - Z2 (Proposition 3.13.4). 
The Lie algebra ez,c of the group E7,¢ is given by 


ezc = ($(6, A, -TA,v) | $ € es0, A € (Ie)°, v e iR) 
(Theorem 4.3.4). In particular, the dimension of ez,c is 
dim ez,c = 16 + 18 + 1 = 35. 
As in Theorem 4.8.3, we see that the space 
(Mo): = (P € (Mc)°|Px P =0, (P, P) = 1} 
is connected and we have the homeomorphism 


Ez c/Esc ~ (te). 


Lemma 4.13.1. E; c has at most two connected components (in reality has two 
connected components). 


Proof. From the exact sequence "ol bs cl > mo(Ez,c) > mo((99te)1), that is, 
Z2 — T0(E7.c) — 0 (Proposition 3.13.4), we see that 7(£7,c) is 0 or Ze. 


Let h’ : C — C be the R-linear isomorphism defined by 
h'(a-4-bi)—-a-bei, a,becR. 


Now, let V, W be C- and C-vector spaces, respectively. A linear mapping f : V > 
W is called a C-C-linear mapping if 


f(av) =h'(a)f(v), aeC,veV. 
Similarly, a C-C-linear mapping g : W — V is defined. 
Definition. Let / : C€ — C be a C-C-linear mapping defined by 
h'(a+bi) =a+be1, a,beC. 


Now, let A?(C9) be the third exterior product of C-vector space CT" and we define 
a C-C-linear isomorphism f : ($85)€ — A?(C9) by 


& X3 T2 " Y3 Yo 
r( X3 € m |.| 9s m y 6) = M tykein ej Aer 
22 Tı Ze yo Jı m i<j<k 
(te. €2,:::, eṣ} is the canonical basis of C? and Tijk € C are skew-symmetric tensor: 


i j k 
Tyjgk = Sgn E » 2 STM where 
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1 
X156 — h & 

P 
z256 = h' (T3 


1 
X356 = h' (x2 


$523 = h' (J3 


) ) 
) (£2) 
) (71) 
£423 — h'(m), £431 = h'(ys) £a = A’ (Yo), 
) (n2) 
) ) 


y 
$623 = h' (y2 


The inverse mapping f7! : A?(C9) > (Pa)? of f is given by 


h(x156) h(£164, T256) h(£145, T356) 
h(x£256, T164) h(x264) h(z245, 364) 
h(xase,T145) h(x364, T245) h(a3a5) 
f 5 GEIER = h Ce? e e 
Ge (£523, Z431) ` baal ` h(zsiz,T631) 
h(xe23,3412) h(x631, Z512) h(x612) 
h(z123) 
h(x456) 


where h: C 6C > C°,h: C 5 C are C-C-linear mappings defined respectively by 


b b— 
h(a, b) = a: e BE, a,b € C, 


h(a+be1)=a+bi, a,bc R. 


It is easy to see that 
f(h(a)P) =a(fP), aeC,Pe(mo). 


The group SU(6) acts naturally on A°(C°), that is, the action of A € SU(6) on 
a ^b^c € A*(C) is defined by 


A(a ^b^c) = Aa ^ Ab ^ Ac. 
Hence, the action of D € su(6) on A?(C^) is given by 


D(a^b^c) = Da^b^cct a^ Db^c-cta^b^ De. 


Lemma 4.13.2. (1) Any element D € su(6) is uniquely expressed by 
B L v(E 0 
Bep e)*8G Sch B,C € su(3), L € M(3,C),v € eR. 
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(2) The Lie algebra ez,c is isomorphic to the Lie algebra su(6) as Lie algebras: 
ez,c = su(6). 


This isomorphism is given by the mapping yc : su(6)  ez.c, 


ee! 5 o) la Ag) 7 96e.) HE e, ent 
where óc ` su(3) @ su(3) — es,c is defined by de LD. OLK = h(B,C)X + Xh(B,C)*, 
X € (3c)? (Lemma 3.13.3). 


DL 


Proof. (1) For D = E C" 


) € su(6), B', C” € u(3), L € M(3,C), we let 


v=t(B')=-t(C'), B-B'-IE C-C' ZEB, 


then we have the result. 


(2) This is the direct consequence of the following Proposition 4.13.3, so we will 
omit its proof. 


We define the action of the group Z2 = Il. ek on the group SU (6) by 


"ULCUS ine e sl l 


that is, 


a (a JE 0 A E SCH 0 JEN E 
Ao, Age -E 0 Az, 422 -E 0 -Ay An)’ 
where E, Ai; € M(3, C), and let SU(6)- Z2 be the semi-direct product of the groups 
SU (6) and Z2 under this action. 
Proposition 4.13.3. Exc — (SU(6)/Z3) > Zo, Z3 = {E wE, ui? E), y= 
1, v3 


E d s 


Proof. We define a mapping v : SU(6) - Za => Ez,c by 


P(A, 1)P = f (AP), VASP =f (AGP), Pe Be)®. 


We first have to show that (A, 1) € Ee To prove this, it is sufficient to show that 
the differential mapping v. : su(6) — ez,c of v: 


v.(D)P = f (D(fP), Pete 


coincides with the mapping vc ` su(6) — ez,c of Lemma 4.13.2. We put 


B L v(E 0 
p-( 5. ote 2) 
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bu bie b13 l 1 lie lia 


hu bog ` boa loy lon loa 
—bi3 b23 ` bas lai Loo 133 v[(E 0 
DES S5 E. = € su(6), 
-hi =la Ja C11 C12 C13 3\0 =E (6) 
liz Ion Jan ës C22 C23 
l3 Ion —l33 in —Ē23 C33 
where b;; = —byi, Cii = — Cii, b11 + b22 + b33 = C11 + 022 + C33 = 0,7 = —v. 


(1) For P = (0,0, 1,0), 9.(D)P is calculated as follows. 
P = (0,0, 1,0) 
s e1 A €2 ^ €a 
H. De, ^ez ^ ea +e; ^ Dez ^ e3 + e1 ^ €z A Dea 


V ES = = 

= (bs + je A €z A €3 — l11€4 ^ e2 ^ €3 — l12€5 ^ €z ^ €3 — l33665 ^ €2 ^ ea 
V E = D 

BO + le ^en \e3—Ines Aes ^ei — [2261 ^ e5 ^ €3 — l23€1 A eg ^ ea 


V = = = 
+ (bes + ie A e2 ^ e3 — 3164 ^ e1 ^ e2 — I32€5 ^ €1 ^ €2 — 133e6 ^ €1 ^ €2 


0.0 0 
0.0 0 
0 00 9 
fot —h(li1) —h(l»1, liz) —h(l31,l33) —Th(L) 
— I T = 
"huis, lax) —h(laz) "hus, las) —ive, 
—h(lis,l31) —h(l23,l32) ` —h(laa) 
h(v) i 
0 
GHB Cu —2rh(L) o dut 
j 0 
= 2h(L) Tóc(B,C)r- Z -rh(L) 0 
0 h(L) —ivei 0 ! 
—rTh(L) 0 0 ivei 0 


= &(¢0(B,C), h(L), —-rh(L), -ive1)P. 
(2) For P = (E1,0,0,0), v. (D)P is calculated as follows. 
P = (E1,0,0,0) 
Eu €1 ^ e5 ^ eo 
-P, De, ^ eg ^ eg + e1 ^ Des ^ eg + e1 ^ es ^ Deg 


V = = = 
= (bs + le ^ e5 ^ eg — b12€2 ^ es ^ eg — b13e3 Aes ^ eg — l3164 ^ es ^ e6 


V 
+l22€1 A €2 A Cer l32€1 A €3 A eş + C12€1 A e4 A Ce + (co; = = et A €5 A Ce 


V 
+l23€1 A €5 ^ e» + l33€1 ^ €5 ^ €3 + C13€1 ^ €5 A eut (css — =e A e5 A Ce 
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Li 
h (bus E — 7 —h(c12,b12) —h(c13, b13) 


3 
Sh T12) 0 0 
—h(b13, T13) 0 0 
A 0 0 0 
0 h(la3) —h(los, 132) 
0 —h(139, 153) h(lo3) 
0 
—h(lii) 
éc(B,C)E, + TE E, 
= 2h(L) x Ey = d(óc(B, C), h(L), —rh(L), —ivei) 
0 
-(rh(L), E) S 


(3) For P = (F1(1),0,0,0), v. (D)P is calculated as follows. 

P= (F1(1), 0, 0, 0) 

DH gd eA ea des AERA ER 

HA. (Dez A e4 ^ es + €2 ^ Deg ^ es + €2 ^ e4 ^ Des) 

+(De3 ^ eg ^ e4 + e3 ^ Deg ^ e4 + e3 ^ ea ^ Deg) 
V - = 

= (bises ^ e4 ^ es + (bo; + =) es A^ e4 ^ €5 — b93€3 ^ €4 ^ es — l23€6 ^ €4 ^ 65 
V 

+l11€2 ^ €1 A^ es + l31€2 ^ e3 ^ e5 + (cu — =) €2 ^ e4 ^ €5 — €13€2 ^ €6 ^ 65 
V 

+li2€2 ^e4^ ey, + I39€9 ^ e4 ^ e3 + (cos = =) €3 A Ce ^e4-— C23€2 ^ e4 ^ ec) 


V - 
+(biser ^ eg ^ €4 + 09362 ^ eg ^ e4 + (bss + =) €3 ^ eg ^ €4 — l32€5 ^ ea ^ €4 


V 
+l13€3 Aei \e4 + l23e3 AN e2 A €4 + C23€3 ^ €5 ^ e4 + (css be = )es ^ eş ^ €4 


V 
+l11€3 ^ eg ^ €1 + l21€3 ^ eg ^ eo + (eu = =) €3 ^ eg ^ €4 — €C1263 ^ eg ^ es) 


0 h(b13, c13) 0 
m V V 
* h(bo3 + 23) h(b22 — c33 — 3 —b33 + ¢33 + =) 
h(c12, 012) * —h (b23 + coa) 
d —h(loa + 132) h(li3, 131) * 
* 0 —h(lii) 
h(lo1,132) * 0 
0 


—h(lo3 + 133) 


151 


Wey 
: 
2h(L) x FA(1) = 9(6c(B, C), h(D), -rh(D),-ivei) |. 
0 
—(h(L), FQ) : 
(4) For the other generator of $8659, that is, P = (X,0,0,0),(0,X,0,0) where 
X = E;, F;(1), F;(e1),i = 1,2,3 and P = (0,0,0,1), we have also 


det D. C)fA (1) + F,(1) PO) 


f (D(fP)) = 9(6c(B, C), (D), -Th(L), —ive1)P. 


Thus we see that v(A,1) € Erc for A € SU(6). Since v(E,c)P = P, we see 
v(E,c) = € € Goc (= Aut(C)) C Fic C Esc C Ezo. We shall show that 
v : SU(6)- Z2 — Ez,c is a homomorphism. For this purpose, we first show 


f AQ P) = f ((AdJ3))AFfP), Ae SU(6), P € (el, 


Furthermore, to show this, it is sufficient to show that for D € su(6) instead of 
A € SU(6). Now, 


i is a homomorphism. Indeed, for example, 


V(A, €)u(B, 1)P = v (A, 9(f ^ ES (fP))) 

f (Af (GP) = f (AF (A375) B)(FP))) 

= f ((A(eB))(fP)) = TE 
Thus, for A € SU (6), we have v(A,c) = (A, 1)y(E, €) € Ez,c. Since v induces a 
surjection V. : su(6) — ez,c, v : SU (6) — (E7,c)o (which is the connected component 


II 


of Ez œ containing the identity 1) is onto. However e = v(E,c) ¢ (E7,c)o. Indeed, 
for any A € SU (6), 


3 “(Aad ABA Ac) =GABAE, a,b,ce C’ 


does not hold. Therefore E c has just two connected components (see Lemma 4.13.1). 
Hence v : SU(6) - Za > Ez c is onto. Ker = {E,w1E, w1? E) x 1 = Za x 1 easily 
obtained. Thus we have the isomorphism (SU(6)/Z3) - Za = Ez c. 


We identify (Be II & (M(3, C)€ © M(3, C)€) with 33€ (using the identification 
Jc] e M(3, C)€ with 3€ in Section 3.13) by 


(0X, Y 6m), (M, N)) E (X 4M Y -E.N Sak 
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Further, we define a C-C-linear mapping u : M(6, C) > M(3,C)° a M(3,C)° by 


i e ny 
M»i M22 
E pue — Aalen ` Matz (M22 + Mii)e , M2 — a) 
= (2 ge eee ye), 
2 2 2 2 
where M;; € M(3, C). The inverse mapping j^! : M(3, C)€ 6 M(3,C)° — M(6,C) 
of u is given by 


—No SS Nie M» + Miei 


H (Mı + iMa, NEIN) = (Cu cp Nə — Nye, 


) » M;i Ni € M(3, C). 


Lemma 4.13.4. For D € su(6) and M € M(6, C), we have 


u(ED*) = v. (D) (uT). 


Proof. Let 


fh Bo EN v/E 0 
»-( 5. D)«s(5 5) eso, 


M= —Nə — N61 M» + Miei 
= Mə — Miei Nə — N1e1 


M=M, +iMə2, N = Ni +1No. 


i Mi, Ni € M(3,C), 


Then we have 


v«(D)(uM) 
= P(oc(B, C), h(L), —Th(L), —ivei)(M, N) 
det D, C) + zivei —2rh(L) 0 h(L) 


1 
2h(L) TÓc(B,C)r — zre —rh(L) 0 
0 h(L) —ivei 0 
—Th(L) 0 0 ive, 


C)M + zive M — 2rh(L) x N 


ooze 


2h(l) x M - Tóc(B, C)r N — Siwe 
(h(L), N) 
-(rh(L), M) 
—Mh(B,C) + NTh(L) + give M 
—Mh(L) — NTh(B,C) — zie 


0 
0 
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(using ¢¢(B,C)M = Mrh(B,C)* = —Mh(B,C) and —2rh(L) x N = Nrh(L) etc.) 


E 
E ns by simple calculations --- 


m -Nə — Nie, Mə + Miei ( -B -L "d E 0 ) — MD* 

E Mə + Miei No RR Nie, L* —-C 3 0 —E zx d 

Definition. We define a C-C-linear isomorphism f : 3€ — A?(C5) & M(6,C) 
by 


f(Po+(M+N))= f(Pe) + (M +N), 
Po +(M +N) e (o)l 6 (M(3,C)€ © M(3,C)9) = PP. 
The group SU(3) x SU(6) acts on A?(C9) & M(6, C) by 


(Q, AX (a ^ b^ c) - M) = V (Aa ^ Ab Ac) + QM A", 


where QM means E 2) Ge i) = [o oui) , Mi; € M(3,C). 


EE) Moo QM» Oz: 
Theorem 4.13.5. (E7)” = (SU(3) x SU(6))/Z3, Zs = {(E, E), Ian E, au E) 
1 
(w? E, w? E)) wy = 73 st S 


Proof. We defined a mapping v : SU(3) x SU(6) — (E7)" by 


Y(Q, A)P = f^ ((Q,A(fP), PERS. 


We first have to prove that v(Q, A) € Ez. To prove this, since e(Q, E) € (Eg)" C 
(E7)"^, it suffices to show that (E, A) € Ez. Moreover, it is sufficient to show that, 
for the differential mapping a, : su(3) © su(6) — ez of v, v.(0, D) coincides with 


$(óc (B, C), h(L), -rh(L), —iver) € ez. 


However, this is already shown in Proposition 4.13.3 and Lemma 4.13.4. Since 
($89), = (P e PS |wP = P) = (Bel, obviously we have wy (Q, A) = v(Q, Aw, 
hence w(Q, A) € (Ez)". Evidently v is a homomorphism. We shall show that v is 
onto. Let a € (E7)”. Since the restriction a’ to ($8), = (Bel of a belongs to 
Ec, there exists A € SU(6) such that 


aP = f (A(P) or aP-f (A(fP), P eBo) 


(Proposition 4.13.3). In the former case, let 8 = v(E, A)- o, then leif = 1, 
hence 8 € Gg. Furthermore, 8 € (G3)" = SU(3) (Theorem 1.9.4), so there exists 
Q € SU(3) such that 


B(Po + (M+ N)) = Pe - Q(M 4 N) 2 Pe - (QM - QN) 
— (Q, E)(Pc - (MN), Pot+(M+N)€ 8° 
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Hence we have 
a= P(E, A)B = P(E, Aw(Q, E) = v(Q, A). 


In this case, this shows that w is onto. In the latter case, consider the mapping 
y : PO 5 Pl, (Pe - (M -N)) 2 Pe -(M--N),, Pot(M+N)ER°. 


Then, au € Go C F4 C Eg C Ez. From the same argument as Section 1, we have y1Q € 
(E7)", hence 7 € (G3)" = SU(3). However this is a contradiction (Theorem 1.9.4). 
Therefore that ~ is onto is shown. Kery = ((E, E), Lo E,u4 E), (w1? E,u1? E)) = Za 
is easily obtained. Thus we have the isomorphism (SU(3) x SU(6))/Z3 = (Ex)". 


Remark 1. The group Ey has a subgroup which is isomorphic to the semi-direct 
product ((SU (3) x SU (6))/ Z3): Z2 (the action of the group Z2 = {1, y} to the group 
SU(3) x SU(6) is 4(Q, A) = (Q, Ad(J5)2)). 

Remark 2. Since (E7)" is connected, the fact that v : SU(3) x SU(6) > (E7)” 
is onto can be proved as follows. The elements 


Gu, G23, Gas, Gon Gase + Gay, | Gar — Gre, 
G24 + G35, | Gas — G34, Goe+Gs7, Gaz — G36, 
A1, Ale) DO), Pie), (E1—- El", (E»-Es)" 
Al), Flea), HQ), Ale), EP Ên 1, 1=1,2,3 


forms an R-basis of (e;)". So, dim(e;)" = 10 + 14 +6 x 3+1 = 43 = 8 + 35 = 
dim(su(3) @ su(6)). Hence ¢ is onto. 


4.14. Complex exceptional Lie group E;C 
Theorem 4.14.1. The polar decomposition of the Lie group EXC is given by 
E & Er x R9, 


In particular, E;C is a simply connected complex Lie group of type Er. 


Proof. Evidently E7© is an algebraic subgroup of Isog(®°) = GL(78,C). If 
o € Ex, then, the complex conjugate transpose a* with repect to the inner product 
(X,Y): (aX,Y) = (X,a*Y) is a* = TAa! A717 € Eat. Hence, from Chevalley's 
lemma, we have 


EC ~ (Ero NU(®°)) x R? = E7 x RY, d-133. 


Since E; is simply connected (Theorem 4.9.2), E; is also simply connected. The Lie 
algebra of the group E7© is e;C, so E;C is a complex simple Lie group of type Ez. 


4.15. Non-compact exceptional Lie groups E;(;,E;.5; and E7_25) of 
type Ez 


155 


Let 


P = 3(3,€E) 9 J(3,€) S RER, 
P = 33,C)033,C)OROR. 


For P,Q € 38 or P’, we define an R-linear mapping P x Q : 38 — 98 or P — P as 
similar to Section 4.1. And we define a Hermitian inner product (P,Q), in Bo by 


(P, Q)c E (c P, Q). 


Now, we define groups E77), Ber au and E7(_25) by 


Era) = (o € Isog(9)) |o(P x Q)a ^! = aP x aQ}, 
Eu a = {a € Isoc(B°) | a(P x Qja7! = aP x aQ, ab aQ)s = (P. Q)«). 
E(.55) = {a € Isog(8) | o(P x Q)a ! =aP x aQ}. 


These groups can also be defined by 
Er SS (B79), Ers) &(Ej) ^, Ero) & (Er°)’. 


Theorem 4.15.1. The polar decompositions of the groups Bac, E75) and 
Er(—25) are respectively given by 


K 


E77) SU (8)/ Z2 x SC, 
Exs) ~ (SU(2) x Spin(12))/Z; x RI, 
(U(1) x Eg)/ Za x R™. 


K 


Batz 
Proof. These are the facts corresponding to Theorems 4.12.5, 4.11.15 and 4.10.2. 


Theorem 4.15.2. The centers of the groups E77), Eq—5) and Evz(_25) are the 
group of order 2: 


zl baren) = Za, 2(Ey~5)) = Z2, z(Er(-25)) = Za. 
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5. Exceptional Lie group Es 


5.1. Lie algebra ci" 
Theorem 5.1.1. In a 133 + 56 x 2+ 3 = 248 dimensional C-vector space 


e =e OP OPS OCSCEC, 


if we define a Lie bracket [R3, Ro] by 


[(($1, Pi, Qu, 11, $1, t1), (95, P2, Q2, T2, 82, 12)] = ($, P,Q,r, $,1), 


where 
$ = |81, 2] + Pi x Qo— P» x Q1 


P = Pı Po — B2 P, + ri Po —reP, + 81Q2 — 52Q1 
Q = $1Q»5 — $3Q1 — riQ» + r2Q1 + tı Po — t2 Pı 


1 1 

r= Saal Q2} + gu» Qi} + sila — soty 
1 

s= gue Po} + arise — 2rasi 


1 
t= Salt Q2} — 2rite + 2roti, 


then eg? is a C-Lie algebra. 
Proof. Among the definition of the Lie algebra, the relations 


[Ri, Ro ck Rs] m [Ri, Ro] ate dÉ Rs], 
[kRı, Ro] = k[Rı, Ro], ke C, 
[Ri, R2] = —[Re, RF] 


are evident, and we are left to show the Jacobi identity, which can be proved by direct 
calculations as follows. 


[Ri, [R2, R3] ] + [Re, [R3, Ri] ] + [R3, [Fa Ro] 
=---(using [6, P x Q] = BP x Q + P x BQ (Proposition 4.3.2), 


(P x R)Q - (Q x R)P + 1, R}P — 4P, R} - HP,Q}R = 0 
(Lemma 4.1.1.(3), {P,Q} + {P,Q} = 0 (Proposition 4.2.2.(2)) ete.) --- 
= 0. 


5.2. Simplicity of ef" 
We use the following notation in eg: 


© = (,0,0,0,0,0), — P- = (0, P,0,0,0,0), 
Q- D (0, 0, Q, 0, 0, 0), T E (0, 0,0, r, 0,0), 
87 —(0,0,0,0,5,0), — t. = (0,0,0,0,0,2). 
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Theorem 5.2.1. The C-Lie algebra eg? is simple. 


Proof. We use the decomposition of egf: 
gef = Gei @ RS, 


where R = DÉI OP OCSeCOC. Let p : eg? — e;C and q : eg? — f£ be 
projections of eg° = e77 & SI. Now, let a be a non-zero ideal of es. Then p(a) is 
an ideal of e77. Indeed, if d € p(a), then there exists (0, P, Q,r, s,t) € R? such that 
(9, P, Q,r, s,t) € a. For any 94 € e;, we have 


02 EAR (9, P,Q,r,s,t)] = ([81, P], Pi P, 91 Q, 0,0, 0), 


hence In, 9] € p(a). 

We shall show that either e; Ca 4 {0} or Sos {0}. Assume that e;Cna = {0} 
and RI Na = {0}. Then the mapping pla ` a > e7© is injective because RC Na = {0}. 
Since p(a) is a non-zero ideal of e;€ and e7© is simple, we have p(a) = e;€. Hence 
dimc(a) = dimc(p(a)) = dimce (e77) = 133. On the other hand, since e;€ Na = {0}, 
q|a : a — &° is also injective. Hence we have dimc (a) < dime (8C) = 56x 2+3 = 115. 
This leads to à contradiction. 


We now consider the following two cases. 


(1) Case e;€ Na Æ (0). From the simplicity of e;€, we have e;€ N a = e7%, hence 
a D e77. On the other hand, we have 


a > [$(0,0,0, 1), (0,0, 1,0)-] = (0,0,1,0)7, 
a > [G(0, 0,0, 1), (0,0,0, —1).] = (0,0,0, 1)_, 
a > [(0,0,1,0)7,(0,0,0,4)-] 2 17, 

a > [(0,0,0,1)..,(0,0,4,0).] =1_, 
a»[17,1.] 2 1, 

a> [17 +1-,Q7 +P]=P +Q, 


Therefore, a D e;€ & RO = eg? which implies a = eg. 


(2) Case R na Z {0}. Let R = (0, P, Q, r, s, t) be a non-zero element of R°Na C a. 
(i) Case R = (0, P,Q,r, s, t), P #0. We have 


a> [L, [L., [L, R]]] = [1, [1_, (0, P, —Q,0,25, —22)]] 
= [1, (0,0, P, —25,0,0)] = —(0,0, P,0,0,0) = — P. . 


We choose Pj € pud so that P x P, 40 (Lemma 4.5.3) and choose ® € e; so that 
[b, P x Pı] 4 0. (Since ec simple, the center of e; consists only of 0, so such & 
exists). Then we have 


a> [Ð, [P17 , P_]] = [D, P x Pi]. 
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Hence this case is reduced to the case (1). 
(ii) Case R = (0, P,Q,7r,s,t),Q #0. The argument is similar to (i). 
(iii) Case R = (0,0,0,r,8,t),r £0. For 0 Z P € 98^, we have 

[P^, Kei (0, 0, 0, —$, 0, 2r)] ] 


aD [P7, BE [1-, R]]] A 
[P , (0,0, 0, 2r, 25,0)] = (0, —2r P, 0,0,0, 0). 


Hence this case is reduced to the case (ii) above. 
(iv) Case R = (0,0,0,0,5,t), s #0. We have 
a> [1_, R] = (0,0,0, —5,0,0). 


Hence this case is reduced to the case (iii) above. 
(v) Case R = (0,0,0,0,0,t),t 4 0. The argument is similar to (iv). 
Consequently, we have a = eg”, which proves the simplicity of egC 


For R € eg? we denote ad R : eg? — es^, that is, adR(R4) = [R, Ri], by O(R) = 
adR. Since eg? is simple (Theorem 5.2.1), we obtain an isomorphism of Lie algebras 
eg? = ges! = {O(R) |R e eet) 
by assigning O(R) to R. Moreover, ea^ is isomorphic to the algebra 


Der(eg?) = [8 € Homo (eg?) |O[R1, Ro] = (OR, Ro] + äi OR»]). 
Hereafter we often denote O(R) by R identifying es = Der(eg”) 
5.3. Killing form of egf 


Definition. We define a symmetric inner product (R4, R5)s in eg? by 
&riT2 At) s2 S105, 


(Ri, R2)s = ($1,935); — {Qi, Po} + {Pi, Q2} 
where R; = (®;, Pj, Qi, ri, Si, ti) € egC. 
Lemma 5.3.1. The inner product (R3, R2)g of eg? is eg? -adjoint invariant: 
([R, Ri], R2)s + (Fa, [R, Ro])s =0, R, Ri € es. 


Proof. ([R, R;], R2)s 
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[5,41] + P x Q1— Pı xQ 
PP, dP ł rP rı P I SC 51Q 
$Q1-21Q0—-7rQ1+1Q+tP, HP 


US QI + HPQ} + au , SS 
8 


1 
ge P,} + 2rs, Aris 


-HQ Q1} - 2r + 2rit t2 
=... (using (e. 81], 9»); + (21, [D,»]); = 0 (Lemma 4.5.1.(1)), 
(9, P x Q); = {@P,Q} (Lemma 4.5.1.(2)) etc.) -- 
= —(R1, [R, Gë 


Theorem 5.3.2. The Killing form Bg of the Lie algebra eg? is given by 


Bs(Ri, R2) 
= —15(R1, als 
= —15(81, 45); + 15(Qi1, P3) — 15{P, Q2} + 120r1r2 + 60t S29 + 60s1tə 


= > By(1, 62) + 15{Q1, Po} — 15{ P1, Q2} + 120rire + 60t452 + 60s te, 

where Ri = ($;, Pi, Qi, ri, Si, ti) € eet and Bz is the Killing form of ect, 

Proof. Since cs" is simple (Theorem 5.2.1), there exist k € C such that 

Bs(Rı, R2) = k(Rı, Bols, Ri € eg”. 
To determine k, let Ry = Rə = (0,0,0,1,0,0) = 1. Then, we have 
(1,1)3 = —8. 
On the other hand, since 
(1, [L, (®, P,Q,7, s, t)]] = [1, (0, P, -Q, 0, 2s, —2t)] = (0, P,Q, 0, 4s, 4t), 


we have 
Bg(1,1) = 56x 2--4x 2 = 120. 


Therefore k = —15. Thus we have Bg(R1, Ro) = —15(R1, Ra)a. 


5.4. Complex exceptional Lie group Ex” 


Definition. The group Eg is defined to be the automorphism group of the Lie 
algebra es: 


er = {a E Isoc (eg?) | alRi, Ro] = laRı, aRə]}. 
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Theorem 5.4.1. The group Eg? is connected. 
Proof. Denote by Inn(egC) the subgroup generated by the inner automorphisms 
exp(O(R)), R € eg© in the automorphism group Aut(egC) = Es] of the Lie algebra 
es”. It is known that Aut(egC)/Inn(esC) = {1} holds for the C-algebra of Es type 
(see for example, Matsushima [19]), that is, 


Aut(egC) = Inn(es). 


Since Inn(eg@) is connected, Eg° which is equal to Inn(egC) is also connected. 


Remark. We can also prove the connectedness of the group Es? from the fol- 
lowing fact. For R € eg, we define a C-linear mapping R x R : eg° — eg? by 


1 
(Rx R)R, = O(RP R, + 35 PU BAR, Rees, 
and we define a space 29° by 
wm? = {R € es] |R x R-0,R #0}. 


Then we have 
Eg? /(Es°)i_ c 2°, 


where (EC), = {a € Eloi = 1_} = exp((0,0, B®, 0,0, C)) Ez. The connect- 
edness of Eg? follows from the connectedness of (Eg°);_ and 25°. (See Imai and 
Yokota [13]). 

The Lie algebra of the group Eg© is Der(eg©) © est". and therefore we have shown 
that EgC is a complex Lie group of type Es, since we will show in Theorem 5.6.2 
that egC is a Lie algebra of type Es. It is known by the general theory of Lie groups, 
that if a complex Lie group of type Es is connected, then it is simply connected, and 


hence we have obtained the following result. 


Theorem 5.4.2. Eg? is a simply connected complex Lie group of type Es. 


5.5. Compact exceptional Lie group Es 
We define C-linear transformations A, A! of egC respectively by 


HE P, Q, T, S, t) = (LAT, AP, AQ, T, S, t), 
AL, P, Q, r,s, t) = ($, Q, —P, =r, = =s), 


where A in the right hand side is the same as A € E; defined in Section 4.3. The 
mappings À and A preserve the Lie bracket in eg, that is, A. V € Aut(esC) = Eg”. 
We set 

Ae AN ss AA 
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Finally, we denote by 7 the complex cojugation in eg”, that is, 
zt, P,Q,r, s, t) = (TPT, TP, TQ, Tr, 7s, TL), 
where 7 in the right hand side is the usual complex cojugation in the complexification. 


Definition. We define a Hermitian inner product (R1, R2) in es by 
1 Ge 
(Ri, Rə) = -qg Ba(tARi, Ra). 


Proposition 5.5.1. The Hermitian inner product (R4, R3) in eg? is positive 
definite. 


Proof. Let Ri = (8i, Pj, Qi, ri, si ti) € eg°,i = 1,2. Since TAR, = (TAP, AM!7, 
TAQ1, TAPA, —Tr1, Tl, —781), we have, by Theorem 5.3.2, that 


(Ri, Rə) 
= TAP A711, $5); + (Pi, P») + (Qi, Q2) + 8(711)re + 4(781)82 + A(rt1)to. 


Hence, it is sufficient to show that (o Ad A" Ir, 45); is positive definite. Let di = 
(Qi, Ai, Bi, vi), i = 1,2. Since TM&41A tr = O(—7 oiT, -T Bi, —TA1, Ti), we have 


8 
(TAD, AW TT, als = 2(7 G17, $2)6 + A(A1, A2) + 4(B1, Bo) + Sir, 


Therefore, it is enough to show that (7'¢17, $2)s is positive definite. Let 6; = ee 
ge. Oj € hU € Jof, i = 1,2. Since r!ó1r = —76,7 + TT, we have 


(r'óir, 62)6 = —(751T, 62)4 + (T3, To). 


Consequently, it is sufficient to show that —(7ó17,02)4 is positive definite, which can 
be seen, however, from the fact that the following set 


V2[E1, Fa(ei)], V2[E1, Fs(e;)], V2[E;, FA (ei)], 0xicx', 


1 > m 
— [Fi (e:), (e); 0xi«jszT 


v2 


forms an orthonormal C-basis of f, with respect to the inner product (zë, 52)a. 
Thus the proposition is proved. 


Definition. We define a group Eg by 


Eg {a € BE | (aR, aRə) = (Ri, Rail 


= Joe nee | Tia = arn}. 


Theorem 5.5.2. The group Eg is a compact Lie group. 
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Proof. Ea is a compact Lie group as a closed subgroup of the unitary group 
U(248) = U (eg) = {a € Isog(eg®) | (aR1, Ro) = (Ri, Rail. 
Theorem 5.5.3. The Lie algebra eg of the group Es is 


eg = {RE egC |TAR= R} 
= ((6, P, —TAP,r,s, s) € eg? |G € e7, PE P°,r € iR,s € C). 


Proof. For R = (9, P, Q, r, s,t) € eg©, since 


TAR = (rA®A7!7, TAQ, TAP, —Tr, —Tt, —TS). 


the condition TAR = R is equivalent to TA® = PAT, Q = —TAP, Tr = —r,t re, 
hence we have the theorem. 


Proposition 5.5.4. The complezification of the Lie algebra eg is eg’. Hence eg 


is simple. 


Proof. For R € eg“, the conjugate transposed mapping R* of R with respect to 
the inner product (Ri, R2) of es€ is R* = TARAT € es^, and for R € egC, R belongs 
to eg if and only if R* = —R. Now, any element R € eg@ is represented by 
e oe R+R* R-R R+R* 


i 


i 2 TEES 23 ° i 


C 


Hence es! is the complexification of eg. Since gef" is simple (Theorem 5.2.1), eg is 


also simple. 
Analogously as in eg”, for R € eg, we identify R with O(R) and regard eg & O(es). 
Theorem 5.5.5. The polar decomposition of the Lie group Eg is given by 
E? ~ Eg x R”. 
In particular, the group Eg is simply connected. 


Proof. Evidently Es? is an algebraic subgroup of Isoc(es^) = GL(248, C). For 
a € Ex’, the conjugate transposed mapping o" of a with respect to the inner product 
(Ri, H3) is a* = TAa! Ar € Ex. Therefore, by Chevalley's lemma, we have 


Eg? ~ (Es? N U(es£)) x R? = Eg x RÀ, d—248. 
Since Eg] is simply connected (Theorem 5.4.2), Eg is also simply connected. 
5.6 Roots of et" 


Theorem 5.6.1. The rank of the Lie algebra eg? is 8. The roots of eg? relative 


to some Cartan subalgebra are given by 
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(Ak — Al, (Ak + Al, 0<k<l<3, 
1 
Ak gua — us), 0<k <8, 

1 1 

Zich = Al T Au = Aa) sis gts = ua), 
1 1 

£5(—ro SE Au bag Au eg Aa) mu gts EE ua), 
1 1 

£5(-Ao + Ay +A2 +A3) = 3 u3 — pa), 
1 1 

tz Ao — A1 + A2 + A3) SE u3 — pa), 
1 1 

tz ào — An + Aa — As SS H — u2), 
1 1 

Ez (7o + At + Aa - As) € 5n = ia); 
1 1 

*3( An An A2 4 Aa) x 3 Hh — p12), 
1 1 

lc = Au ZE Au + Aa) zE 2 Hi — 12), 

2 
(m. zv). 0<k<1<3, 
1 2 

Met (m - zv), 0&3, 

1 1 2 
£5(-Ao = Au SEI Au == Aa) mm E Ke £v), 
1 1 2 
+5( Au E Au Tr A2 — Aa) epe (52 - zv). 
1 1 2 
*35(-4o +A, +A2 + A3) = (zia - £v), 
1 1 2 
+5( An — Au F A2 + Aa) Ez un (sus - zv). 
1 1 2 
*3( An — Au CT A2 — Aa) bs (zrs - zv). 
1 1 2 
£5(—o Uds Au n AQ = Aa) zb (sus > a"), 
1 1 2 
+5( Au Au A2 + A3) aE (us - s"). 
1 1 2 
£5(-Ao —Ay+rA0+ Aa) Ee (s = er) 

1 ; 
z(u-zver) — 18383 
1 1 
Ak (5 +5”) tr, 0<k <8, 
1 1 1 
+5( Au T At — A2 — A3) oe E ECH aT. 
1 1 1 
+5( Ao + Ar — Ag — Az) + E - zv) dd. 
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EET EEEE T Gz + zv) dei 
E EE Gz + zv) +r, 
+H Ao HAr HA +A) E (Sus +50) m 
"T Note Cee ee (Sus à 3”) EK 
EET EE (Sus + 3”) ig 
BE E pase (Sus +: zl +r, 

+2r, 

vir 


with ui + ua + u3 = 0. 


Proof. Let 7 be the Cartan subalgebra of e7° given in Theorem 4.6.1, then 
5 = {(@(h),0,0,r,0,0) | P(h) € bere C} 


is an abelian subalgebra of eg? (it will be a Cartan subalgebra of egf). 


I The roots of e7© are also roots of es". Indeed, we have 
[(@(h), 0, 0, r, 0, 0), (&, 0, 0,0, 0,0)] (ëtt), 4], 0,0, 0,0, 0). 
II We have 
[((@(h), 0, 0, r, 0, 0), (0, P,0,0,0,0)] = (0, (9(A) + r) P, 0,0, 0, 0), 
and using the same notation as in Theorem 4.6.1, we also have 
($(hs + H. 0, 0, v) VY r1)(X, Y, €, n) 
= ((hs + H 25 r)X, (hs - Ñ + ze r)Y. (o 06 Cv o). 
3 3 


By putting Y = 0, = 7 = 0, we obtain 


1 
the root uk — 3” +r by letting X = Ex, 


1 1 
the root + Ak — gia — 3" +r by letting X = Fi(a),a = ey + ie4+k. 


We can also obtain roots by letting X = F(a), F3(a). 
By putting X = 0,6 =7 = 0 and further Y = Eg, Y = F;(a), we can again roots. 


By putting X = Y =0,€ = 1,7 = 0, we can again the root v +r. Similarly, we can 


obtain the roort —r + r. 


By using 


[(($(h), 0, 0, r, 0, 0), (0,0, Q, 0,0,0)] = (0,0, (®(h) — r)Q, 0,0,0), 
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we can also obtain roots. 


III From the relations 


[($(h), 0, 0, r, 0), (0,0, 0,0, 1,0)] = (0,0,0,0, 2r, 0), 
[(($(h), 0, 0, r, 0), (0, 0,0, 0,0, 1)] = (0,0,0,0,0, —2r), 


we obtain the roots 2r and —2r. 


Theorem 5.6.2. In the root system of Theorem 5.6.1, 


1 1 
ar = Sin i — Ae — As) + z ts — pn), 


2 2 
@2 == E a3 = 2r, 
1 1 
4 = ua — BY — 7, as = As — 5 (ua — us), 


ag =A2-A3, A7=A1—A2, ag—v-r 


© and 


is a fundamental root system of the Lie algebra eg 
H = 203 + 4a2q + 6a3 + 5a4 + 4a5 + 306 + 20 + 308 


is the highest root. The Dynkin diagram and the extended Dynkin diagram of eg? are 
respectively given by 


Proof. In the following, the notation nyn2---ng denotes the root nya; + n2a2 + 
-»»+ngag. Now, all positive roots of eg? are expressed by 


A-A,=2 34 3 2 10 2 90-3172. 4 6 5 4 3 2 3 
An Ans A 3 4 3 2 1 1 2 AtA.=2 4 6 5 4 3 1 3 
Rpg ds E AE SO ae E 
à1—23—-0 0 0 0 0 0 1 0 à +à =0 12 2 2 2 1 1 
Au Asaz 0 00 01 1 O0 à +à3=0 12 2 2 1 1 1 
A2-A3=0 0000 1 0 0 A2+A3=0 12 2 2 1 0 1 
1 
do + zim — ua) = 2 4 65 3 2 1 3 
1 
Ar + 5(H2 — Hs) = 0 122111 1 
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1 


2 


Ne + F(z Hs) =0 1 2 2 
ER 
M- Sit m)=2 8 4 3 
M- m- m)=0 0 0 0 
E E 0 0 
An — 5(u2— u3) =0 0 0 0 
1 1 
go +A + Ag — Az) + 5 (us — i) = 1 
Eo +A — dot As) + (us - ui) = 1 
I-A + dots) + Ss - i1) 21 
ii -A — Ae As) + ilus- i) = 1 
Sie Xi tM- As) - 5s ~ in) = 1 
EE MX) - Sin - in) = 1 
5o An £X X) 7 5 — m) = 1 
5o — = A As) TEE 
E-A £X - As) + Se el) 
o Ar — A2 + A3) HT DOEN 
Sie +A a As) Sin - i2) 21 
SC A de + Al + Si u3) =1 
Zi -A + A As) — Si el) 
500 — X — Ae +s) - 5 (bin 7i) = 
(Ao Au — À2 — A3) Gin u3) =1 
So + Aa + As) — 5 (41 ER 
in av =0 1100001 
iiv 0 0.11000 1 
-us - Sv =0 1 


NLRNMILENMIRNMIF NI ratäl ratäl rGatälta kälrabälkatälratäl ra NILE MIE w]e ble 


1 2 
Aotsm—gv=2 454 
1 2 
AG GAL ay = 2 3.5 4 
1 2 
Art 3m — 3v —0 1 1 
1 2 
AL — git qv =0 0 1 
1 2 
Az + 5h — gv =0 1 1 
1 2 
ài — zH t 3v =0 0 1 
1 2 
As + yn SE 1 1 
1 2 
Aa 5h t+ av =0 0 1 
1 2 
An +A +A2—As) + sha gu = 
1 2 
An +A —A2+ As) + sha gu = 
i Oe Oe) ! yen 
0 2 3 5/2 qus 
1 2 
Ào À A2 Aa) 52 gue 
1 2 
An +A +A2—A3) — shat gu = 
1 2 
Ao +t = Az +A) = un gv Il 
1 2 
An — Au + An Aa) 52 gui 
EO EE i cd 
0 2 3 92 gem 
1 2 
An +A +A2+A3) tuu - vcl 
1 2 
An +A —A2— A) + gua — 9v = 
Veer ee en ee za 
0 2 3 5/3 3” = 
1 2 
An — A —A2+A3) +343- gu = 1 
1 2 
An +À +A2+A3) — gua rSv = 1 
1 2 
An A A2 Aa) 3/3 Sc 
ee i 
0 2 3 Eies 3^— 
2 
An — A —AatAs)— gus t Sv = 1 


m 
Q 
Ka 


1 
pyc Supra 
: +r=0 
Dës 


1 
—w3+sv+r=0 


3 
: =0 
mi 3” r= 
yO 
H= gu tr 
1 — 
H3 3" T 
bodas 
CR idR 
1o 1 S 
SES 
e E 
DEN NOE 
1 1 S 
SE e 
ONDE RR 
E olx 3E 
d. 1 8 
ALES R 
TET 
SEN "E 
T. 1 
E EE 
DS. ET 
Sief 3” r = 
Told 3 
pegs DI 
E 
"E QE 
yr "gi 
go primes 
E A 
penis esc 
1 1 8 
Sief 3” r = 
1 1 


1 
Aa A3) Se ech 2 3 3 2 2.1 2 


1 
FA = As) + Sua b gu tral 2 4.38 22-1 2 


3 
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NINI kälrabäl ratälratkälratälrakälratälratälrz käl rakälratäl ratälratäl ratälrakälratäl — r5| —rb.5| 5 05] — r5] — NIANI rz 


An 
An 
An 
An 
An 
Ao 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 
An 


An 


TM + Az — As) — İvtr=1 

"Tr Au À2 Aa) siu iv r=1 
1 

+A da +s) + 5H qt 

GEET 

+r, — An Aa) — € r=1 

GE dats) — gia ivre] 
1 1 

Art Ag+ As) + suet gurr= 
1 

Au + Au Aa) t Gu + goa 
1 

EE EE 
1 

— Ai +22 + As) - gia Sv rl 

ET S 

— AL — AQ — 3) + 5! + 3v r= 
1 

EE EE EE 
1 

Au — A2 Aa) Gu SE 
1 

Au — A2 — A3) — 3" r=1 

DEE + aus + gute = 
1 

EE giis url 
1 

+ Ay — A2 — As) — Fa 
1 

+21 — A2 Aa) T 3” r=1 

A À2—A : : t+r=1 

A e As) + Sus + dy tr = 

A àÀ2—A J : = 

ZATA 3) t 5/3 + 3v r= 
1 

Au + A2 — A3) — arc 
1 

Au À2 — A3) — 3? r=1 

A À2 +r E: l +r=1 

T^ 2 3) + zi Së = 

+A tio ts) + gust Svo r= 


1 1 1 
gro + Ar Ao + Aa) ie Gs 3.5 4 3 2 1 2 
1 1 1 
gro + Ai + As Aa) ie 3” r=1 3 4 4 3 2 1 2 
E eee et ee Ce ee ett or eq 4 O04 
2 0 1 2 3 r obs 3” r= 
1 1 
Bo An — a Aq) she Sero 1111001 
l 1 1 
3o À1— Au Aa) PUE gd 23 2 1001 
1 1 1 
500 - Ar - Aat s) - gus - qv -r—1 22 2 1001 
v-r =0 00 00 00 1 
2r =0 0100 0 0 0 
vtr =0 01 0 0 0 0 1. 


Hence IT = {a1, oz, os is a fundamental root system of egf 


of h is 


. The real part bp 
bn = {(P(h), 0, 0,7, 0) | $(h) € (b7)R,7 € R}, 


3 3 e 
(where d(h) = (ol Y AH, + e» u;Ej) 0,0, v) € (b+) (Theorem 4.6.2)). The 
k=0 j=l 


Killing form Bg of es€ on hp is given by 


3 3 
Bg(h, NI = 60 ` A! +30 XC ujmy’ + 40v + 120rr’, 
k=0 j=l 
c 8 3 
for h = (®(h),0,0,7,0), h’ = (G(h’),0,0, r’,0) € b, where di) = $( 3 XH + 
k=0 


(£ u;E;) © 0,0, v), @(h') = Bus AË (£ iE;) "nn 2 € (pn, Indeed, 
j=l k=0 j=l 


Bg(h,h’) = 5 Br((h), (M) + 120r (Theorem 5.3.2) 


3 3 
5 
— RC 2. AAR +3 2. Bj + 4vv') +120rr’ (Theorem 4.6.2) 


3 3 
= 60 Au 30M 5 pj tty’ + 40vv/ + 120rr'. 
k=0 j=l 
Now, the canonical elements Ho, € bp associated with o; (Bs(Ha, H) = a(H), H € 
bg) are determined as follows. 


1 
Ha = BEZ Hı — Hə — H3) 9E E,)7,0,0,0),0,0,0,0,0), 
1 1 


elt 15 0,0), 


1 
Ha, = (9( Ki - Ba - E ~ 0,0, i 
: gp ie Ere let 120 
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1 
Ha, = (0,0,0, —,0,0), 
i 60 0,0 
Ha, = (6( (E, 255 — Ba)”, 0,0 —).0,0 : 0,0) 
a, = (S( sat E 27 £3 "Ir 1997277 190! ^ D 
1 
Ha. = SE H; — (Ez E5)),0,0 D 0 ,0,0,0,0), 
1 
He Lëlz H — H), We D 
1 
Ho, = (9(— ie ey 0, 0,0,0,0), 
Hs (ol x F 0 D 
S 0, 0,0, ' 10 0,0, — i 
Thus we have 
1 1 1 1 
(01,02) = Bei Has) = d 120^ * 9?1551395 — 3j 
and the other inner products are similarly calculated. Consequently, the inner product 
induced by the Killing form Bg between o1,02,:::, os and —y are given by 
is Qi] = Lm | = 1,2,3,4, 5,6,7,8, 
(ai, ai) a» o! 
1 ; 1 
(ai, 011) = gy 1—1,2,...,6, (a3, ag) ~~ ep 
(a;,a;) — 0, otherwise, 


bes we PE SC E EAT e i) — M, p= 1,2, ,4,9,6,8, 
( Hs ul 30° ( H, o7) 60° ( H, ai) 0, i 3 5,6,8 


using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 


eg”. 


According to Borel-Siebenthal theory, the Lie algebra eg has five subalgebras as 
maximal subalgebras with the maximal rank 8. 
1) The first one is a subalgebra of type A; ® Ez which is obtained as the fixed 
points of an involution v of eg. 
2) The second one is a subalgebra of type Dg which is obtained as the fixed points 
of an involution Ay of es. 
3) The third one is a subalgebra of type A» & Ee which is obtained as the fixed 
points of an automorphism w of order 3 of eg. 


4) The fourth one is a subalgebra of type Ag which is obtained as the fixed points 
of an automorphism ws of order 3 of eg. 


5) The fifth one is a subalgebra of type A4 ® A4 which is obtained as the fixed 
points of an automorphism zs of order 5 of eg. 


These subalgebras will be realized as subgroups of the group Es in Theorems 
5.7.6, 5.8.7, 5.10.2, 5.11.7 and 5.12.5, respectively. As for Theorems 5.10.2, 5.11.7 and 
5.12.5, we refer to Gomyo [9]. 
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5.7. Involution v and subgroup (SU(2) x E7)/Z2 of Es 
We shall first study the following subgroup (Es aa of Ee: 
(Es J 1-1 = {a € Eg? |o1 = 1,017 —17,01. =1_}. 


Proposition 5.7.1. (Bs Ji- BLEU 


Proof. For 8 € E; , we define a C-linear mapping B ee — eg] by 


AdB 0 0 00 0 
0 80000 
E 0 0 6 0 0 0 
0 0.0 10 0? 
0 0 0 0 1 0 
0 0 0 0 0 1 
where (Ad3)® = OI. dee It is easy to check that B € (Es At Con- 
versely, if oe Es satisfies al = 1,al~ = 1^ and ol. = 1., then a is of the 
form 
Bi B2 Bi Bı € Homec (ezf), 
Bo, B2 Boz £2, 83, B23, B32 € Homo ($8), 
Bai a2 Bs £21, 831 € Homc(ezC , 8^), 


£12, 613 € Homo (PI, e7°), 
ai € Homo(ez?, C), 
bi,ci € Homo (PI, C). 


KA by Cy 
a2 b» C2 


coor OO CO CH 
ba MN o Mt Ma Bt) 
kä CO CC Ch CH 


a3 bs 3 
From the relation [a®, 1] = [a®, a1] = a[®, 1] = 0, that is, 


0 = [(818, 08219, 8319, a19, oo, a3®), (0, 0, 0, 1, 0, 0)] 
= (0, — £219, £319, 0, —2a2®, 2a34), 


we obtain 321 = 31 = 0 and a3 = ag = 0. Furthermore, from [a®, 17] = [a®, a17] = 
a[®,1—] = 0, that is, 


0= ME 0, 0, a19, 0, 0), (0, 0, 0, 0, 1, 0)] = (0, 0, 0, 0, 2a1®, 0), 


we obtain ou = 0. Using the fact that [wP~,1] = [aP7, a1] = a[P~,1] = ob, 
that is, 
— (612P, BaP, B3 P, bi P, ba P, b3 P) 


= (Us 85 P, £33 P, bi P, b5 P, b3 P), (0, 0, 0, 1,0,0)] 

= (0, —b2P, £32 P, 0, —2b5 P, 2b3P), 
we obtain G12 = 632 = 0 and bı = be = bg = 0. Similarly, from [aQ_,1] = 
[aQ_,al] = alQ_,1] = aQ_, we obtain 613 = b23 = 0 and cy = cg = ca = 0. 
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Thus we have seen that a is of the form 


By 0 0 0 

Ing o | 
0 0 & Ji 
0 0 0 E 


1 
By applying a on [(0, P, 0,0, 0,0), (0,0, Q,0, 0, 0)] = (P x Q,0, 0, =R Q}, 0,0), we 
obtain 


BY(P x Q) = BP x BQ, (82P, 63Q} = {P,Q}, (i) 


1 

since [(0, a P, 0, 0, 0, 0), (0,0, 93, 0, 0, 0)] = (a.(P x Q),0,0,— (P. Q), 0,0). Again, 
1 

by applying c on [(0, P, 0, 0, 0, 0), (0, Q, 0, 0, 0, 0)] = (o. 0, 0, ge Q}, 0, 0) , We obtain 


IP b2Q} = (LP. QJ. (ii) 
Further, by applying o on [($,0, 0,0,0,0), (0, P,0,0,0,0)] = (0, ØP, 0,0,0,0), we ob- 
tain 

(819) (B P) = B» (9 P). (iii) 


From (i), (ii), we have 


182 P, £3Q] => J-P. BQ}, P, Q € pI, 


hence 32 = 33, which we denote by 3. If we put 3~'P in (iii) in the place of P, we 


obtain 
BP = 8987. 
Therefore, from (i), we have 
B(P x Q8 = BP x BQ, 
which implies that 8 € E7°. Thus the proof of Theorem 5.4.1 is completed. 
Definition. We define a C-linear mapping v : egf — eg? by 


v(9, P, Q, r, s, t) Se (9. = P,—Q,r,s,t). 


Then v € Eg and v? = 1. Note that v is the central element —1 of Ey regarding as 
an element of Eg (see Theorem 5.7.3). 


We shall study the following subgroup (Es)” of Es: 


(Eg)" = {a € Es | va = av}. 
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Lemma 5.7.2. Ifa € Eg satisfies al_ = 1_, then it also satisfies al = 1 and 
el- =: 
Proof. Let al = ($6,P,Q,r,s,t). From the relation [o1,1.] = [al,al_] = 
o[1,1.] = —2a1- = —21_. we have 
—21_ = [(8, P,Q, r, 5, t), 1_] = (0, 0, —P,3,0,—2r), 


from which we obtain P = 0,5 = 0,r = 1. Further, (ol, oli = (1,1) = 8, that is, 
(B,D) + (Q, Q) 4- 8 + 4(rt)t = 8, which implies that dë = 0, Q = 0,t = 0. Therefore 
al = 1. By applying a on [17,1..] = 1, we obtain ol = 17 by a similar method to 
the above. 


To find the structure of the group (E)", we shall first study the following subgroup 
(Eg)i. of Es: 
(Es)ı_ = {a C Eg | al_= Lo 
Theorem 5.7.3. (Eg). S Ex. 
Proof. (Eg) = (£s)1,1-,1_ (Lemma 5.7.2) 
— (ac (Es )11- 3. |rÀa = ary} 
= {a € E;€ | rÀa = arà} (Proposition 5.7.1) 
= (a € E;€ | rÀa = arà} (by the correspondence to Proposition 5.7.1) 
= E; (Lemma 4.3.3.(4)). 
Remark. We define a space W: by 
20, = {R € eg] | R x R — 0, (R, R) = 4} 
(see Remark of Theorem 5.4.1), then, we obtain a homeomorphism 
Es/ E7 = M1. 
(See Yokota, Imai and Yasukura [53]). 


Theorem 5.7.4. The group (Eg)” contains a subgroup 
y3(SU(2)) = (es( 4) € Es] Ae SU(2)} 
which is isomorphic to the group SU(2) = {A € M(2,C)|(r'A)A = E,detA = 1}, 


where, for A = E 2 € SU(2), p3(A) : eg° — eg is defined by 
1 0 0 0 0 0 
0 al -rbi 0 0 0 
0 bl ral 0 0 0 

y3(A) = 

0 0 0 (Taja — (Tb)b —(ra)b a(rb) 
0 0 2a(rb) a? —(rb)? 
0 0 0 2(ra)b —b? (ra)? 
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Proof. For A = K an = exp x p € SU(2), we have (A) = 


b Ta p iv 
exp(O(0, 0, 0, iv, p; —rp)) € (LES, 
Lemma 5.7.5. The group (Eg)? is connected. 
Proof. (Es)" is connected as a fixed points subgroup of the involutive automor- 
phism v of the simply connected Lie group Eg. 
Theorem 5.7.6. (Es)? = (SU(2) x E7)/Z2, Za = ((E,1, (CE, —1)}. 
Proof. We define a mapping y : SU(2) x E; > (Es)? by 


(A, B) = vs(A)B. 


Since y3(A) € y3(SU(A)) and 8 € E; commute, o is a homomorphism. Since (Eg)” 
is connected (Lemma 5.7.5), to prove that q is onto, it is sufficient to show that the 
differential mapping Y+ : su(8) & ez — (eg)" of v is onto. But which is not difficult to 
see. Indeed, we have 


(es)" = (O(R) € O(eg) | vO(R) = O(R)v} = {R € es| vR = R} 
= {(8,0,0,r,s,—Ts) |Ð € e7,r € iR,s E€ Ch. 


Kery = {(E,1),(—E,—1)} = Zə is easily obtained. Thus we have the isomorphism 
(SU(2) x E7)/Z2 S (Es)”. 


Remark. We can prove directly that o is onto without using the connectedness 
of (Es)" (Lemma 5.7.5), (see Imai and Yokota [13]). 


5.8. Involution Xy and subgroup S's(16) of Es 
We define a C-linear mapping An : egf — eg] by 
(4, P, Q, EI t) = (ABAF, AJQ, —AyP, =r, —t, —s). 


Then ày € Es and (Ay)? = 1. 


We shall study the following subgroup (Eg)*7 of Es: 


(E^ = {a € Fs | Jya = ady} 
= {a € Es | Tya = ary} = (Es). 


We define an R-linear mapping l : M (8, C) —^ M (16, R) by 


(eu + iya)) = ( ( oR 2 h Tki, Yki € R. 


—Ykl Tkl 
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Further, we define J, J € M(16, R) b 


f1 0 pu (9 1 
I = diag(I,---, I), = SE J = diag(J,---, J), rf) ak 


then IJ = —JI, and for X,Y € M(8,C), we have 
(1) KXY)-I(X)(Y), 
(2 Il(X)-2l(rX), JUX)=1(X)J, 
(3) tX) 2 l(r'X). 
Lemma 5.8.1. (1) /(u(8)) = (B € so(16)| JB = BJ}, 
1(G(8, C))I = (B € so(16) | JB = —BJ]. 
(2) Any element B € so(16) is uniquely expressed by 
B —I(D') -l(S)I, D' €u(8), S € 6(8,C) 
=1(D) +\(S)I+l(icE), D € su(8), S € 6(8,C),c € R. 
Proof. (1) If D € u(8), then we have JI(D) = ((D)J and *l(D) = l(r'D) = —l(D). 
Conversely, suppose that B € so(16) satisfies JB = BJ. Let B=1(D), D € M(8,C). 
Then, the relation 


I(—-D) = -B =*B =*I(D) = I(T*D) 
implies r*D = —D, that, is, D € u(8). Next, for S € 6(8, C), we have 


—I(S)1J, 


JI(S) -1(8)JI = 
(8)) = Il(r*S) = —Il(rS) = -l(S)I. 


USO =" I'( 
Conversely, suppose that B € so(16) satisfies JB — —BJ. Since the element BI 
satisfies JBI = BIJ, we let BI =1(S),S € M(8,C). Then the relation 


l(-S)I = -B =*B =*I + (U(S)) = Il(r*S) = (tS) 


implies —S = *S, that is, S € G(8,C). 
B—-JBJ B+JBJ 

The following Lemmas 5.8.2 and 5.8.3 are properties of the mappings x : (B°),, — 
6(8,C) and p, ` su(8) — (eg) of Section 4.12, and will be used in the proof of 
Theorem 5.8.4. 


(2) Let B — and use (1) above. 


Lemma 5.8.2 The Lie E Px : Sp(4) — (ec) defined by (p,D)X = 
g^ (D(gX) + (gX)D*), X € 3€ of Theorem 3.1.2 satisfies 


yx([gX1, 9X2]) 22033 V 7X2- X2 Vv yXi), Xi, Xa € 9€. 
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Proof. Note that [gX1, 9X2] € sp(4). Now, since 
g(2(X1 V 4.X2)X) X eg 
1 
= g((y X2, X)X1 + 3o TX2)X ee 4y X2 x (Xi x X)) (Lemma 3.4.1) 
1 
= (7X2, X)gX1 + 5(X1, X2)9X — AgXa o (gX1o gX) + (9X3, X)gXo 
+(yX2,yX1,yX)E (Lemma 3.12.1), 
we have 
g(2(Xı V Xe = X» V yX1)X) 
= —49X2o(gXi10gX) --AgX10(gX20gX) 
= —gXagXi1gX — gXogXgXi — 9XigXgX» — gXgX19 Xo 
49gXi1gXog X + gX19 X9 Xa + gXogXg.X1 + 9X g.Xo9g X1 
= [gXi. 9Xs]gX — 9X[gX1, 9X2] = (Cos [g-X3, g.X2]) X ). 
Consequently, since g is injective, we have the lemma. 
Lemma 5.8.3. For S, S1, S2 € 6(8, C), we have 


Q0) An Lëlz (GS). 
(2) tr(S1TS5 E SaT S1) = Ai(x- 191, Xx 585b 


1 
(3) pa (EE — S2751) — ztr(517S2 — Sait) 
= 4(Ay "ën x x71S2 — Nyx 7189 x x 181). 
Proof. (1) Let x 1$ = P = (X,Y,£,n). Then 


XAyx 18 = LE, Y 6,9) = x(YY:—7X, 9, —£) 
= (eso - 28) + (a(x) - ZE 
= —i(k (ox - $5) i (ut KÉEN 
= -—ix(X,Y,6,n) = —ixP = -1S. 
(2),(3) Let x-18; = P; = (Xi, Tj, £n), i = 1,2. Noting 


1 
$1795 — Set Sy — zl = SoT$1) € su(8), 


we have 


$1785 = XPiTxPo = x(X1, Y1, &, m)rx(X2, Y2, Ca, N2) 


en - 2) «(rera - 8) ross Se 


+ik(9(7¥2) e hg J) 
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- (iss Zlatan - he) (ons Se 


—ik(9(7¥2) = P p)) j 
= -k( (9X; = Zu (9x2 - &g) + (so) z Tp) (soa) P dall 
aire. e) (as - £s) - (oxi Bean - Be) 
Therefore 


SiT Se = S5T94 
= —k(gXigXa — gXagXi + g(yY1)g(»Y2) — g(5Y2)g(Y1)) 
—ik(g(»Y1)g X2 — g(yY2)gX1 — gX19(9Y2) + 9X2g(5Y1)) 


—mgX2 + 2gX1 + &g(yYa) — &g(yY1)) + SÉ — moi lb 


= k(—[9gX1, 9X2] — [g(yY1). 9(7¥2)I) 
+ik(g(2yX1 x Ya — 2yX2 x Ya +m Xa — 9X1 — &Y»  £yYi)) 


+5((X1, Y2) — (Xo, Y1) + £192 — €2m))E (Lemma 3.12.1) 


(denote D =—[gX1, 9X2] — [9(7¥i), 9(7¥2)] € sp(4), 
A —24X4 x Yo — 24X3 x Yı +m Xo — X1 Era Xo + &yYi ei) 


= kD + ik(gA) + SIP, DIE 


Taking the trace of both sides, we obtain 

tr(S1r85 — $5784) = 4i{ Pi, Po} = Ai(x 181, x 185). 
and the expression above equal to 

S1T95 — SəT S1 — serons, — SəT S1) = kD + ik(gA), 


On the other hand, we have 


Yı X» 
—yXi Y» 
AyP, x Po = x 
KE : Th E2 
—6& n2 
1 
iene VY; X2 V yX1) 
1 
10% x Yo +m Xo + é&27Y1) 
EX 
1 
or x X3 + &Yo + myX1) 


s (0. Y2) — (X2, 4 X1) — äis — €2€1)) 


Therefore, 
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AYP x Py — MP» x Pi 
1 
2 
(2yX1 x Yo — 2*4 X2 x Yi +m Xo — go X1 + £2yYy — 1 V2) 


(—X1 VYX + X3 V 4X1—4Y1 V Y - 43Y2 V Yi) 


(2X5 x 4Y1 — 2X1 x Yo ny X1 — MYX2 + &Yo — &Y1) 
0 


qnd d 
2 SÉNG 74-774 0) (Lemma 5.8.2) 


= des (5D + ik(gA)) 


Ble ele 


1 1 
= ae (irs; = Sot S1 ES gr ($1752 = Sjr$,)E). 


Theorem 5.8.4. The Lie algebra (eg)? of the Lie group (Ex) is given by 


(eg)? = (0e O(es?) | A40 = OM 
= (O(9, P,—yP,0,8,—s)|G € (e?) ^, P e (B), s € R} 


and (es)? is isomorphic to the Lie algebra so(16) by the mapping C : so(16) — (eg) 
defined by 


C((D) +1(S)I + ((icE)) = Oto, D, 22x 19, 2x71, 0, 2c, — 2c), 


where D € su(8,S € 6(8,C),c € R, and y, : su(8) — (ez), x : DË kans > 
G(8, C) are mappings defined in Section 4.12. 


Proof. It is not difficult to see that the first half of the theorem and that ¢ is 
onto. We will prove that ¢ preserve the Lie bracket. 
(1) SCD), ((D2)] HD, D2] 
= Oe, LD. D2], 0,0, 0,0,0) = O([p D1, Dal, 0,0,0,0, 0) 
= ët, Dı, 0,0, 0,0,0), te, D», 0,0, 0, 0, 0)] 
= [G (D1), OD, 
(2) CID), tem = (((DS — Se D = ¢((DS + S+D)I) 
= 6(0,22yx 1 (DS + S*D),2x—1(DS + S+D), 0,0,0). 
On the other hand, 


[CL CD); C(165)1)] 
[8(v.«D, 0,0,0,0,0), O(0, 22/yx 1S, 2x 5, 0, 0, 0)] 
O(0, Zi, D)Ayx 18, 2(p.D)x 18, 0, 0, 0). 


Since (v. DA = Acte, D) and (o«D)x-1S = x 1(DS + StD), they are equal. 
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(3) CID), I(icE)] = CID, ick] = Q0 = 0 

Ov. D, 0,0,0,0,0), O(0, 0,0, 0, 2c, —2c) = [C1(D), Cl(icE)]. 
1(51)1, 1(S2)T| = Cl(S1TS9 Ge SaT$1) 

E (i (sir; mere aisen 2 Sait) 


(4) ¢ 


EE E S,r$3)E)) 
= e(e. (si; Lin geg - S;r1)E).0, 0, 0, 


—Fir(Si783 — S3751), SÉ = ERC 
= O(4(Ayx71S1 x x71 Se — Ayx71S2 x x71S1), 0,0, 0, 
{x~191, v1 So} — {x71S1,x71S2}) (Lemma 5.8.3). 
On the other hand, 
[SICS I, G(1(52)1] 
= [O(0, 2Ayx~1S1, 2X7 +91, 0, 0, 0), O(0, ZA 1S2, 2x 715, 0, 0, 0)] 
= SET x 2x-185 — 2Ayx7! x 2x 15,,0,0, 


1 
SEI) 2x 7185) + {2A7x7*S2, 2x Të), 


HORIS 2Xyx "ëch, Ce, 2y-153}), 
which equals to the above. 
(5) det, e = cG1GeS)7) 
= O(0, 4Myx-1(icS), Ax! (cS), 0, 0,0) 
= 6(0,4x-!(cS), CAMyx-1(cS),0,0,0) (Lemma 5.8.3) 
= [8(0,0,0,0,2c, —2c), O(0, 22x18, 2x 7 $, 0, 0, 0)] 
= (Click), UCS). 
Finally, 
(6) Cica E), lica E)] = Cllici E, icoE] = C0 = 0 
= O(0,0,0,0, 2c1, —2c1), @(0, 0, 0, 0, 25, —2c3))] 
= [Cl (iei E), Cl(icoE)). 
'Thus we have proved Theorem 5.8.4. 


The group (E&)^* is connected as a fixed point subgroup under the involution 


dy of the simply connected Lie group Es. Therefore, by Theorem 5.8.4, (Eg)*7 is 
isomorphic to one of the following groups 


Spin(16), SO(16), Ss(16), SO(16)/Z». 


Precisely we have (Eg) = S5(16), below we will give an outline of the proof. 
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We will use the Lie algebra 
esis) = (es^)? = {R € eg” | ryR = R} 
(see Section 5.13). Now, consider the eigenspace decomposition of eg° by Ys: 


Ser ® (es^) 


eg = (eg 


, 


-Ay 


ei. = {9 € Dei 1379 = 639) = {R € es? [ÄR = R} = (05°), 
(ii) z = {0 € Deriest | yO = Ac) = {R € es | MR = — R), 


Since we have 
(les bla = (leel) = (easy x, = (aal, 


(es x.) x = (Ces kal x, = (sm) x, 


we obtain the following decomposition of egg): 
es(s) = (t9) O (eng). zy 


Since (egg) yy = S5(16) (Theorem 5.8.4), this is the Cartan decompposition of egg). 
Since Iess IT, Less) 5] C COSA we obtain a representation p of (egg))*7 to 
Las! X. 


e(R)R, = [R, Ri], Re (eg), fa € (est). 2. 


which is irreducible. (See, for example, (8.5.1) of Goto and Grosshans [11]). Fur- 
thermore, the complex representation Y? of y to (((ea(s))_x,)° = (ene) z is also 
irreducible, since (es(s))_x, is simple (see (8.8.3) of the same book). The following 
lemma follows from above mentioned results. 


Lemma 5.8.5. The representation of the group (Eg) to (es(8)). 34 is irreducible. 


Proposition 5.8.6. The center z((Es)7) of the group (Es)? is a group of order 


z((Eg?) = (1,39. 
Proof. Evidently, {1,\7} C 2((Es)*7). Conversely, let o € z((Eg)*). Since 
the representation of (Eg)*7 to (es) z irreducible (Lemma 5.8.5), we see, by using 


Schur’s lemma in the theory of groups, that the action of œ on c) is constant. 


Therefore, there exists an element k € C such that 


aR=kR, Rc (es^). s... 

Since the Killing form Bg(R, R’) is invariant under a: Bg(aR, aR’) = Bg(R, R'), we 
have 

K^ Bs(R, R’) = Bs(aR, oR’) = Bs(R,R), R,R' € (es^) 5, 
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which implies that k? = 1. By Theorem 5.8.4, we have (est Wi = s0(16, C) which is 
simple, and hence we see that (egC)^* ey 


(s) = [3 I, Ri] | Res Ri € (es) s. }. 


k,l 


is generated by (eg 


Consequently, o satisfies k?1 = 1 on CREN that is, the identity mapping. When 
k = 1, we have a = 1 , when k = —1, we have a = dy. Thus we have proved the 
theorem. 


It follows from Proposition 5.8.6, that (Ex) is isomorphic to one of the following 
SO(16), Ss(16). 


There are only two, up to equivalence, complex irreducible representations of the 
Lie algebra so(16) of dimension 128. In fact, one can obtain the following table, by 
calculating the dimension of dominant roots by virtue of Weyl’s dimension formula 
(see (7.5.9) of Goto and Grosshans [11]): 


ui juin w2 2w? ws w4 Ws Lie w7 Ws 


16 135 120 5304 560 1820 4368 8008 128 128 
hence the dominant root of dimension 128 is either w7 or wg. (Here, w1,w2,--+,we 
are fundamental weights). On the other hand, Spin(16) has two complex irreducible 


representation A;g* and Ajg_, called spinor representations. Furthermore, both of 


Ajo? and Ais are not representation of SO(16). Now, by Lemma 5.8.5, (Es)^ has 
a complex irreducible representation (eg) ^" of dimension 128, which implies that 


(E) is not SO(16). So (Ex)? must be Ss(16). Thus we have proved the following 
theorem. 


Theorem 5.8.7. (Eg? = Ss(16). 
Remark. We define an involution C-linear transformation o of eg by 
c($, P,Q,r, s,t) = (obo, cP, oQ,r, s, t). 
This is the same as c € Fy C Eg C Ez C Ex. We define a subgroup (Ea)? by 
(Eg)? = {a € Es | oa = ac). 


Then we have 
(Eg)? & Ss(16). 


Indeed, we can prove that the Lie algebra (eg)? of the group (Eg)? is isomorphic to 


the Lie algebra so(16) = (X € M(16, R)|* X = —X}. Hnece as the same the case the 
group (Eg), the group (Fs)? have to the semi-spinor group S$s(16). However the 
proof of (Eg)^" = Ss(16) & (Eg)? is not concretely. M. Gomyo [10] find the group 
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S's(16) explicitly in the group Es (although the definition of the group Es is different 
from Es in Section 5.5). 


5.9. Center z(Ea) of Es 


Theorem 5.9.1. The center z(Es) of the group Es is trivial: 


z(Es) = {1}. 
Proof. Let a € z(Es). The relation va = ov implies that a € (SU (2) x E7) = 
(SU(2) x E7)/Z2 (Theorem 5.7.6), and soa € z(y(SU(2) x Ez)). Therefore by 
Theorem 4.9.1 we have 


—q«(E,1)-1 or a= (F,-1)= 
However v ¢ z(Eg) (Theorem 5.7.6). Hence a = 1. 


5.10. Automorphism w of order 3 and subgroup (SU(3) x E¢)/Z3 of Es 


In this section (also in the following Sections 5.11 and 5.12), we use the same 
notation as egC, (Ri, R3), 7A, w, even if these are different from those used in the 
proceeding sections. 


We consider a 27 x 3 = 78 dimensional C-vector space 


Xi 
Q9? - (x = | x | |X E30} 
Xs 
In (3€9)?, we define an inner product (X,Y), a Hermitian inner product (X,Y), a 


cross product X x Y, an element X - Y of sí(3, C) and an element X V Y of e6? 
respectively by 
(X,Y) SCH (X, Yi) + (X5, Y2) + (X3, Y3) € 
(X,Y) = (X1, Yı) + (X2, Y2) + (X3, Y3) € 
X» x Y3 = Yə x X3 


XxY=|X3x Y, -Yx X4 
X1 x Yo — Y4 x X2 


(X,Y1) (XL Y2) (X5, Yz) 1 
X.Y- (Xo, Yi) (Xo, Y2) (Xo, Y3) — 3(X, Y)E € sl(3, C), 
(Xa, Y1) (Xa, Y2) (Xa, Y3) 


XVY =X VÝ 4 Xo V Yo + Xa VYs € ef, 


Xi Yı 
where X = | X; |, Y =| Yo | € (3°). Further, for ¢ € Homec (3°), D = (dij) € 
X3 Y; 
Xi 
M(3,C) and X = | Xə | € (3°), elements ¢X, DX € (3°)? are naturally defined 
Xs 
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by 


KEE du Ei + dio X2 + di3X3 
eX = | Xo}, DX = | d21Xı + d22X2  d23Xa 
X3 d31Xı + d32X2 + d33X3 


Theorem 5.10.1. In an 8+ 78+ 27 x 34+ 27 x 3 = 248 dimensional C-vector 
space 
eg” = sl(3, C) 6 ec? & (3C? e G9), 
we define a Lie bracket |R4, Ro] by 


(Di, $1, X, Y 1), (D2, $2, X 5, Y 2)] = (D, o, X, Y), 
where í i 
D = Dy, Dg] + 1*1 -Yo - 1*3 Yi 
1 1 
o= Ion, ba] + SE VYo- ae Y 


X= $1X2—05X1-4-D1X2 — Da3X1 — Yi x Yo 
Y = pY 2 -'ó3Yi1— 'DiYo - | DY i + Xi x Xo, 


then eg becomes a C-Lie algebra of type Es. 


Proof. Let Ce = «C PP @P° o CO ep EC be the C-Lie algebra constructed 
in Theorem 5.1.1. We define a mapping f UC — eg? by 


f($(o, A, B, v), (X, Y, & n), (Z, W, 6; w), T, S, t)) 


2 1 1 
—L —— — 
3 i 2 2^ —2A —2B 
1 
-( gu. EE t Ei Z ; Y y 
1 1 X -W 
5" E a dui 


then we can prove that f is an isomorphism as Lie algebras by straightforward cal- 


1 : i c 
culations. Thus we have the isomorphism eg" = eg”. 


Using the Killing form of Sc which is obtained in Theorem 5.3.2, we see that the 
Killing form Bg of es" is given by 


5 
Bs(Ri, Rə) = 60tr(Dı D2) + zP $2) + 15(X4, Kei + 15(.X5, Yı) 


(Ri = (Di, $i, Xi, Yi) € e87), where Be is the Killing form of gef. We define a 
complex conjugate transformation TÀ of eg? by 


TA(D, à, X,Y) = (-7'D, —r*ór, -rY , -7 X). 
And we define a Hermitian inner product (R4, Rọ) in eg? by 


(5, Ro) = —Bg(Ri, TAR2). 
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Then we have 
(R5, Re) = 60tr( Dı (7! D3)) + 5 Belén, n ec) t 15(X,, X3) - 15(Y 4, Y 3). 
Now, as in Theorem 5.5.3, we see that 
Eg = {a € Aut(eg?) | (aR1, aR2) = (R4, Rail 

is a simply connected compact Lie group of type Es. 

We define a C-linear transformation w of egC by 

w(D,¢,X,Y) =(D,¢,wX,wY), 
V3 


1 
where w eS € C. Then w € Eg and w? = 1. 
Now, we shall study the following subgroup (E) of Es: 
(Eg)" = {a € Es | wa = ow). 


Theorem 5.10.2. (Es)" = (SU(3) x Es)/Za, Za = ((E,1), ob, AU, (wE, 
wl)}. 
Proof. We first define a mapping ou : SU(3) — (Eg) by 


yi(A)(D, $, X, Y) = (ADA™, KI AX, SE 


We have to prove that y1(A) € (Eg)". Indeed, since the action of Dı = (D1,0,0,0) € 
su(3) C sI(3, C) C eg is given by 


(adD,)(D, Q, X, Y) = ((adD1)D, 0, DX, SR DY), 
for A = exp Di, we have yı (A) = exp(ad(D1)) € Aut(esC). And from 


tr(AD,7'A(r*(ADor*A))) = tr(ADi(T/D3)A^!) = tr(Di(7*D2)), 
(AX, AY) = (X,Y), 


we see that yı (A) € Es. Evidently, wq1(A) = y1(A)w, hence, yı (A) € (Eg)". Next, 
we define a mapping y2 : Eg — (Es)” by 


£2(0)(D, 6, X, Y) = (D, oda Toko", 


We have to prove that y2(a) € (Es). Indeed, since the action of an element di = 
(0, 9/,0,0) € eg C ec C eg? is given by 


(oda WD. KI X, Y) = (0, (ad¢')¢, o X, Mal 


for a = exp ¢’, we have yo(a) = exp(ad(¢’)) € Aut(esC). And from 
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Be(od1a !, rt (agoa !)r) = Be(od1a ~t, artara!) = Beldi, T'¢27), 
(aX,'a tY) = (X,Y), 


we see that yo(a) € Es. Evidently, wp2(a) = v2(a)w, hence, y2(a) € (Es)". Now, 
we define a mapping y : SU(3) x Eg — (Eg) by 


(A, a) = e1(A)ex(a). 


Since y1(A) and g»(o) commute, y is a homomorphism. It is not difficult to show 
that Kery = ((E,1), (wE,w?1), (v? E,w1)} = Sa, Finally, since (Es)” is connected 
as the fixed points subgroup by automorphims w of the simply connected group Eg 


and i 
(es)” = {R € e8] | wR = R, TAR = R} 


= {(D, ¢,0,0) € e8] | D € su(3), 0 € eg} S su(3) Dee, 
y is onto. Thus we have the isomorphism (SU (3) x Eg)/Za S (Es)”. 


5.11. Automorphism w3 of order 3 and subgroup SU(9)/Z3 of Es 


In order to construct another C-Lie algebra of type Eg, we investigate the prop- 
erties of the exterior C-vector space A*(C*), Let e1,---,€, be the canonical C-basis 
of n-dimensional C-vector space C” and (a,y) the inner product in C” satisfying 
(e;,e;) = 6;;. In A*(C”), we define an inner product by 


(zi A+++ A Br M A+ A Yr) = det ((ai,¥,)), k>1, 
(a,b) =ab, a,be A°(C") =C. 


Then, ei ^: A ei, ii < ++: < ip forms an orthonormal C-basis of A*(C™). For 
u € A*(C"), we define an element xu € A"-^(C") by 


(*u,v) = (u^v,ei ^: Aen), ve A" (Cn). 
Then, * induces a C-linear isomorphism 
x: Beie Ea" d Eee 


and satisfies the following identity: 


The group SL(n, C) naturally acts on A*(C”) as 


A(ai Ac AEk) = Ami ^c AA, Al-l. 
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Hence the Lie algebra sl(n, C) acts on A*(C") as 
k 
Dien, Ag) A 21n A Dejn ^g, D1=0. 
j=l 


Lemma 5.11.1. For A € SL(n, C), D € sl(n,C) and u,v € A*(C"), we have 
(1) (Aw LA loi = (u,v), (Du,v) + (u,—!Dv) — 0. 

(2) *(Au) ="A-l(xu),  *(Du)- D'Lea, 

For u,v € AF(C") (1 € k € n), we define a C-linear mapping u x v of C” by 


n nn— k 


(u x v)g = «(v ^*(u^x)) + (-1) (nu, ol, re, 


n 


Since tr(u x v) = 0, u x v can be regarded as element of sI(n, C) with respect to the 
canonical basis of C”. 


Lemma 5.11.2. For A € SL(n, C), D € sl(n,C) and u,v € A*(C”), we have 
(1) A(ux v)4^! = Au x A^ 1v, [D,u x v] = Du x v + u x (-!Dv). 

(2) '(uxv)-2vxu, r(uxv)-r(u) x r(v). 

(3) tr(D(u x v)) = (-1)"-*(Du, v). 


Now, we construct another C-Lie algebra est! of type Es. 


Theorem 5.11.3. In an 80 4- 84 4- 84 = 248 dimensional C-vector space 
es^ = sl(9,C) @ A (C°) e AC, 
we define a Lie bracket [R1, Ro] by 
[((D1, u1, v1), (D2, us, v3)] = (D, u, v), 
where 
D = (Dy, Dg] + u1 x v2 — U2 x v 


u = Dius — Dou, + «(V1 ^ v3) 


v= t Divo H t Dovi «(U4 A u2), 


then eg? becomes a C-Lie algebra of type Es. 


Proof. In order to prove the Jacobi identity, we need the following Lemma. 


Lemma 5.11.4. For u,v, w € A?(C?), we have 
(1) uxx(vAw)+v x *(wAu)+w x *x(uAv) =0, 


(2) (ux ww — (v x w)u + *(*(u x v) Aw) = 0. 
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Proof. Let u = u1 A Uz2 ^u3,U = U4 ^ Us ^ ug and w = uz; ^ ug ^ ug. For 
x,y € C?, we have 


N 


((u x v)æ, y) = («(v A *(u A ell, y) + z(u, v)(z. y) 


w 


2 
= —(xA u, y ^ v) + 35 v). y) 
= (m^us^us,v)(ui,y) — (£ ^ui ^us, v)(us, y) 


+(e At Anselin y) — s (uso) Gs) 


Hence 
(u x vie = (£ ^ua ^ us, v)u + (u1 A&A us, v)u»2 


1 
(ui ^ ug ^c, v)us — z% le, 


Using this identity, 
(u x *(vA w)+vu x x(w Au) +w x *(uAv))x 
9 
= SO (ui As A Uj- ATA Den AU, er A+ A €9) ty 


j=l 
— (u1 A+++ A Ug, €1 A+++ ^ €9)@ = (ii). 


Denote x = E Tiei, Uj = E ujyey and U = (ujk) € M(9,C). Hence we have 


9 
(ui ^ A Uj- Am A Uji Ac A Ug, 61 Ac A eo) = A jktk, 
k=1 


(ui A+++ A U9,€1 ^: ^ eg) = detU, 
where ga is the cofactor of uj; of the matrix U. Therefore 
(ii) = GE Cy U jk uj = (detU)a: = »» LEU; kUji€s = (detU)a: 
m i,j,k 
= Xo xy (detU)óy;e; — (detU)x = 0. 
j,k 
Thus (1) is proved. Next, let u = ui ^ u2 ^ uz and v = v1 ^ v2 ^ va. Using (i), for 
any a € A3(C®), we have 
((u x w)v — (v x w)u, a) 
= (((u x w)vi) ^ v2 ^ vs, a) — (((u x w)va2) A vı ^ va, a) 


+(((u x w)v3) ^ v4 ^ v2, a) — (((v x w)ui) ^ u2 ^ Us, a) 


+(((v x w)u2) ^ u1 ^ ua, a) — (((v x w)us) ^ u1 ^ U2, a) 
3 3 


= —(u, w)(v, a) + 5 3 (u: A Ui41 A Vj, w)(ui42 A Vipi Gaz, 0) 
i=1 j=1 
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3 
+(v, w)(u, a) — 5 3 In A Vj A Uj+1; w)(uiai A Uj+2 A Uj+2; a) 
i=1 j=1 
= —(uAv,w a) = —(s(*(u^v)^w),a). 
Thus (2) is proved. 
From Lemmas 5.11.1, 5.11.2 and 5.11.4, we can prove that eet is a C-Lie algebra. 
Therefore Theorem 5.11.3 is proved. 


We will show that the Lie algebra est! given in Theorem 5.11.3 is also the Lie 
algebra of type Eg. Since we can not give explicit isomorphism between this eg? and 
es" of Theorem 5.1.1, we shall show that this eg? is simple. 


Theorem 5.11.5. es = sl(9, C) & A3 (C°) A*(C9) is a simple C-Lie algebra of 
type Es. 
Proof. We use the decomposition 
es? =sl(9,C)@q, q= A3(C9) & A3 (C9). 
For a subset I = {i,j,k} (i < j < k) of {1,2,---,9}, we put 
e; —ei^ej^exc re 


Now, let a be a non-zero ideal of g = est. 


(1) Case sl(9, C) Na = {0} and qnia = {0}. Let p: g — sl(9, C) be the projection. 
If p(a) = 0, then a is contained in q, which contradicts q N a = {0}. Hence, p(a) is a 
non-zero ideal of sI(9, C), so we have p(a) = sI(9, C). For an element D = $55 H; € 
sl(9,C), H; = Eu — Ego, there exists an element (u,v) = (X; Uer; vjes) Eq 
such that (D,u,v) € a. Since [(D,0,0), (X, u, v)] = (0, Du, -^Dv) € qna {0}, we 


have 
02 Du = 3 uDer = 23 uer = 6X urer, 
I IER) 139 
0--'Dv = -3X vjez+6%_ vjes, 
BER) E 


i.e., ur = 0 and v; = 0. Then, 0 Z (D,u, v) = (D,0,0) € sl(9,C) na = {0}. This is 
a contradiction. 
(2) Case sl(9,C) Na Æ {0}. Since sl(9,C) Ma is a non-zero ideal of sI(9, C), we 
have sI(9, C) C a. For any e; ^ ej; ^ ex, € A?(C?), put 
1 >a 
D = 3 Eu + Ey; + Ekk)— Eu, l4i,j,k. 


Since (D,0,0) € sI(9, C) C a, we see that 


(0,e; ^e; ^ ex,0) = [(D,0,0), (006; ^e; A ex, 0)] € a, 
(0,0,e; ^ e; ^ ex) = [(D,0, 0), (0,0, Ce; ^ e; ^ ex)] € a. 
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It follows that q C a. Hence we have a = g. 


(3) Case qN a # {0}. Let R = (0,u,v) be a non-zero element of og In the 
case u # 0, we put u = >>, urer. Without loss of generality, we may assume that 
u(123) = 1. Putting Bu = (Eu — Ejj,0,0) € g and T = (0,0,e1 ^ e2 ^ e4) € g, we 


hav 
Gë 0 ES ad(T )ad($37)ad(S27)ad($17)ad(S3¢)ad(So5 )ad(S14)R 


= (—Es4,0,0) € s(9,C) n a. 


Then we can reduce this case to the case (2). In case v Z 0, we ca similarly reduce 
to the case (2). 


Thus the simplicity of g has been proved. Since the dimension of g is 248, we see that 
g is a Lie algebra of type Eg. 


Proposition 5.11.6. The Killing form Ba of the Lie algebra eg] = alt, C) & 
A?(C9) & A?(C9) is given by 


Bs((Di, un, vı), (Də, U2, v3)) = 60(tr(D1 D2) + (u1, v2) + (u2, v1)). 
Proof. We consider a symmetric bilinear form B of egf: 
B((Di, ui, v1), (D2, u2, v2)) = tr(D1 D2) + (u1, v2) + (u2, v1). 


Using Lemmas 5.11.2, 5.11.4, we see that B is egC-adjoint invariant. Since eg? is 


simple, there exists k € C such that Bg(R1, Re) = kB(R1, R5) for all R; € eg°. To 
determined k, let R = Ry = Ro = (Fy, — E»5,0,0) € egC. Then we have 


Bs(R, R) =120, B(R,R)=2. 


Therefore k = 60. 
We define a complex-conjugate linear transformation TÀ of eg? by 
TA(D, u,v) = (—7! D, —rv,—ru). 
and we define a Hermitian inner product (A, R2) in eg? by 
(Ri, R2) = —Bs(Rı, TÀR2). 
Then we have 
(R5, Re) = 60(tr(Dı7T* D2) + (u1, Tu2) + (v2, rv1)). 
As in Theorem 5.5.3, 
Eg = {a € Aut(eg®) | (aR1, aR2) = (Ri, Rail 


is a simly connected compact simple Lie group of type Es. 
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We define a C-linear transformation ws of eg? by 


w3(D, u,v) = (D,wu, wv), 


1 
where w = SC + E € C. Then, aus € Eg and w33 = 1. 


Now, we study the following subgroup (Ee In of Es: 
(Es) = {a € Es |wao = aws}. 
Theorem 5.11.7. (Es)? S SU(9)/Z3, Z3 = {E, wE, w? E). 
Proof. We define a mapping e ` SU (9) — (Es)? by 
c(A)(D,u,v) = (ADA 1, Au,! A 1v). 
q is well-defined: et A) € (Es). Indeed, for A = exp X, X € su(9), we have 


exp(ad(X,0,0)) (D, u,v) = (exp(ad(X)D, (exp X)u, (exp(—' X))v) 
= (Ad(exp X)D, (exp X)u, ‘(exp X)-!v) 
= y(exp X)(D, u, v). 


Hence e A1 € Es. Clearly w3y(A) = y(A)w3. Therefore et A) € (Eg). Obviously 
y is a homomorphism. We shall show that o is onto. Since the Lie algebra (eg)? of 
the group (Eg)? is 


(es)"* = {R € es€ | TAR = R,w3R = R} = ((D,0,0) € es^ | D € su(9)} & su(9), 


the differential q. of y is onto. Since (Es)"* is connected, y is also onto. It is not 
difficult to see that ker o = {E,wE,w?E} = Za. Thus we have the isomorphism 
SU (9)/Za S (Eg). 


5.12. Automorphism z; of order 5 and subgroup (SU(5) x SU(5))/Zs of 
Eg 


We shall construct one more C-Lie algebra of type Es. 


Theorem 5.12.1. In a 48 + 50 x 4 = 248 dimensional C -vector space 


ta" = 900810 0820.2 8.1, 
(suffices are considered mod 5) where 


Go = sl(5, C) @ sl(5, C), 
gı =O? 8 A?(C5) 29, g2 — P (09) 8 C? —g s, 


we define a Lie bracket [R1, Ro] as follows. 
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90: 90] C go 
90:91] C & 
9o: 82] C 82 
9o: 82] C 9-2 
90:91] C 9-1 
91:91] C 9o 
92: 9—2] C 9o 
91:81] C 92 
9-1,9-1] C 9-2 
92,92] C 9—1 
9-2; 9—2] C 91 
91,92] C 9-2 
91, 9—2] C 8» 
958 (Co 
9.2.98] C 8.1 


(C1, D1), (C2, D2)] = ([C1. C2], [D1, D2]), 
(C, D), x & a] = (Cz) 8a + z Q (Da), 

(C, D), b 8 y] = (Cb) & y +b 8 (—'Da), 
(C, D), c 8 z] = (-'Ce) 8 z +c 8 (Dz), 


(C, D), w & d] = (—*Cw) 8 z + e& (—‘Dz), 
z &a,w 8d] = (-(a,d)z x w, (x, w)a x d), 
bG y,c& z| = ((y, z)b x c, (b, c)z x y), 
$160901,22 @ ag] = (23 ^ 22) Gi *(a1 A a2), 


b; @ y1, bz ys] = *(b1 ^ b2) & (yi ^ Yo); 


2Qa,b@y| = *(b A x) @ *(xa/ y), 


b y, w 8d] =*(*bA w) 8 *(d ^ y). 


Then eg? becomes a C-Lie algebra. 


Proof. In order to prove the Jacobi identity, we need the following Lemma. 


Lemma 5.12.2. For x,y,z € A!(C?) = C? and a,b,c € A? (CÈ), we have 


N 


3 
4 


6 


( 
( 
( 
( 
( 
( 
(7 
( 


8 


1) xaAx(bAc)+x*bA x(cA a) +x*cA x(a ^b) = 0, 

) «(aA «(eb A a)) +%(DA x(xaA x)) 4: ^*(a ^ b) =0, 
) *G(m^y)^z)-(z.z)y — (y. 2)@, 

) we ^s(*a ^y) *(y ^--(a^z)) — (x, y)a — 0, 

5) x(aA x*(bA x)) — x(*b ^ («a ^z)) — (a, b)z = 0, 

) axx(bAx)+bx x(aA x) — ax x x(aAb) =0, 

) «(sa^m)xy-—s(*a^y)xz-c-ax(rz^y =), 

) (a^b)e = *(«(a^c) ^b) — z(a.b)c - (b, c)a, 


(9 (x x y)a = — * (y ^ *(x^a)) + EA 


5 


Proof. (1) Let a = a; ^ a2, b = a3 ^ a4, c = a5 ^ aṣ and a; = Ya ouer, Since 


(ka A *(BA c)), æ) = (a, *(b^c) ^x) 
= (a1, *(b ^ c)) (a2, £) — (ao, *(b A c)) (a1, £) 
= (ay Ab Ac, e1 ^+: ^eg)(as, £) — (a2 ^b ^c,ei A++- ^ es)(a1, £), 


we have 


«(xa A *(b ^ c) + xb ^ *(c ^ a) + *cA x(a ^ b)) 
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jl t=1 
Qij @11 Q15 
S 2; G21 Q25 
- - M det e; =0 
j=l 
a6; 461 a65 


(2) Using (1), we have 
(x(a A x(xbAæ))+*(bA^x(xa ^a)) +g ^ (a b), c) 
= (*b^m,c^a)-- («a ^a,b^c)- (*«c^m,a^ b) 
= (sa, *b ^ *(c ^a) -- a ^*(b^c)-F*c^s(a^b)) — 0. 
(3) For any v € A! (C?) = C?, we have 
(*(&(m ^ y) Az), v) = (a ^y, z ^v) = (a, z)(y, v) — (y, 2)(@, v). 


This shows (3). 
(4),(5) Let a = a; ^ a». Since 


y)(a,b) — (a1, y)(z ^ as, b) + (as, y)(z ^ a1, b), 


(z^a,y^b)- (a, 
= (a,y A x(xb ^z)) = (a1, y)(z ^ as, b) — (as, y)(z ^ a1, b), 


(xbA gz, xa ^ y) 
we have 
(z ^a,y ^ b) 4- (sb^a,*a ^ y) = (x, y)(a, b). 
Using this identity, we have 
(x ^ k(*a ^g) 3 *(y ^*(a ^x)) — (x, y)a, b) 
= («b ^am,*a^y)- (x^a,y^b)— (x, y)(a, b) — 0, 
(x(a ^ (b ^ a)) — «(kb A «(*a ^ z)) — (a, b)x, y) 
= (x ^b,y^a)-d («a ^am,*b^qy)-— (x, y)(a, b) = 0. 


(6) Since 
(æ x y)z,v) = -( ^ z,y ^v) + $(æ, y)(z, v) = (y, 2) (2v) — z (as) (sv). 
we have 
(e x y)z = (y, 2) — Sie giel () 


For v, w € A! (C?) = O°, we have 
((a x «(b ^a))v, w) 


a,w ^*(b^ao)) — wlan b), x)(v, w) 
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= (v, w)(a, *(b ^ x)) — (a1, w)(w ^ as, *(b ^ zl 


-F(a2, w)(w ^ a1,*(b ^ zl — Ziele ^ b), x)(v, w) 


2 
= 5 (a Ab), a)(v, w) — (a1, w)(b ^ Y ^w ga, erh: ^ es) 


-F(a5,w)(b ^ x ^w ^a, e1 ^t ^ es), 
((b x x(a ^ z))v, w) 
s Adoos babes Ziele ^ b), a) (v, w) 
= (v, w)(*(a ^ b), v) + (a1, w)(b ^ » ^w ^ az,e1 ^+ ^ eg) 
EUST UN LEN E Ziele ^ D), (v, 2). 
Using (i), we have 
(aes tb a n seca CT cis e xp e (a SOEN b), ae 
ES ee 
(7) We have 
((a. x (@Ay))v,w) = (@ ^ y ^w, v Aa) ~ z (a.a ^ yos w) 
= (æ, v)(y ^ w, a) — (y, v) ^ w, a) + z (a.a ^ y) (os) 
= (x, v)(«(*a ^ y), w) — (y, v)(«(«a ^ æ), w) + SÉ ^ y)(v, w). 
E 
TOS UN Laan EA 
SA EEN aig: 
—(x(xaA £) x yw = —(z,v) x (sa ^y) — EEN v)y. 
Hence (7) is proved. 
(8) Let a = a4 ^ az and c = c; ^ cs. Since 
E A Av BS z (a,b) (v, w) 
z ~(a1,w)(@ ^ az, b) + (az, w)(æ ^ a4, b) + =(a,b)(v, w), 
we have 
(a x b)e = —(a1 ^ c1, b)ay ^ eo + (a1 ^ C2, b)az ^ ei 


4 
+(a2 A^ c1, bio ^ c2 — (a2 ^ C2, b)ay ^ ei + z(a bie, 
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On the other hand, for d € A?(C?), we have 
(*(x(a@ ^ c) ^ b), d) = (a^ c, b ^d) 
= (a, b)(c, d) — (a1 ^ c1, b) (aa ^ es, d) + (a4 ^ es, b) (a3 ^ e1, d) 

t (a5 ^C, b)(aı ^ C2, d) m (a2 ^ C2, b)(a1 ^C, d) = (c, b)(a, d). 

Hence (8) is proved. 
(9) Using (i), we have 
2 
(x x y)a = (y, a1)? ^ az — (y, a2)£ ^ a1 — zl, y)a. 

On the other hand, we have 

(— (y ^ ale ^a), b) = —(x ^a, y ^ b) 

> (y, ai) (x ^ a2, b) m (y, a»)(x Aa, b) dei (x, y)(a, b). 

Hence (9) is proved. 


From Lemmas 5.11.1, 5.11.2 and 5.12.2, we can prove that egC be comes a C-Lie 
algebra. Furthermore we have the following theorem. 


Theorem 5.12.3. The Lie algebra e8? = gg 6 g1 6 Go 6 g 9 D g. 4 is a C-simple 
Lie algebra of type Es. 


Proof. We shall show that eg? is simple. For this end, we use the decomposition 
g = es^ = goi © 815 € q, where 
goi = {(C,0) € go |C € st(5, C)) = st(5, C), 
go? = {(0, D) € go | D € st(5, C)} S sl(5, C), 
q 81 9 82 O 8 2 D 9—1- 


I 


Now, let a be a non-zero ideal of g. There are three cases to be considered. 

(1) Case go Na = {O},go2 Ma = (0) and qa = {0}. Let pi : g — Joi 
(i = 1,2) denote the projection. If p;(a) = {0} and po(a) = {0}, then a is contained 
in q, which contradicts q N a = {0}. Hence, without loss of generality, we may 
assume that pi(a) = Oo, because go, is a simple Lie algebra. For C = m Hi € 
sl(3,C) where H; = Ej; — Ess, there exists (D, 91, 92,92, g—1) € Go, € q such that 
(C, D, 91, g2, 9—2, g—1) € a. Since 


[(C, 0), (C, D, 91, 92, 9-2; 9-1)] 
T. (0,0, IC, ol, [C, 92], IC, g-2]; [C, g-1]) €qna- {0}, 


we have [C, gi] = 0 (i = 1,2, —2, — 1). Since any eigenvalue of ad X is not 0, we have 
gi = 0. Then we have (C, D) € gy Ma. Since 


[(C, D), (E45, 0)] = (5F45, 0) € Go NG, 
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we have go; N a Z {0}. This is a contradiction. 


(2) Case gg, Na A {0} or goo Na Æ (0) . We may assume that go, N a Z {0}. 
Since gg, is simple, we have go, C a. Since [gg1, g;] = g; (i = 1,2, 2, — 1), we have 
q C a. Since 


a 2 [81,81] > [e1 8 (e1^ ez), e1 Q (e1 ^ ea)] = (0, — E23), 


we have go; N a Æ {0}. It follows that go. C a. Hence we have a = g. 


(3) Case qN a Z {0}. Let R = (91, 92, 9-2, 9-1) (gi € g;) be a non-zero element 
of qa. In the case gı Æ 0, we put gı = iss gijkei Q (ej ^ ex). Without loss of 
generality, we may assume that oz Æ 0. Putting Sijjj = (Ei; — Ejj, Ekk — Eu) € go 
and T = e2 © e ^ eo € g. ,, we have 


ad(T )ad(91553)ad(S1415)ad(91314)ad(91213) R = (— E12, 0) € 801 Ma. 


Then we can reduce this case to the case (2). In the case g; Æ 0 (i = 2, —2, — 1), we 
can similarly reduce to the case (2). 


Thus the simplicity of g has been proved. Since the dimension of g is 248, we see 
that g is a C-Lie algebra of type of Es. 


Proposition 5.12.4. The Killing form Bg of the Lie algebra eg? = sl(5,C) & 
sl(5,C) ® g1 ® go 9 g. 3 D g., is given by 


Bs(Ri, Rə) = 60(tr(C1C2) + tr(Dı D2) SS (21, w»)(ai, d2) — (25, W1)(a2, di) 
—(Y1, 22)(b1, 02) — (Y2, 21)(b2, €1)), 
where R; = (Ci, Dj, £i Q ai, b; Q Yj, Ci € Zi, Wi C) d;) € eg”. 
Proof. We consider a symmetric bilinear form B of eg@: 
B(Ri, Rə) = tr(C C2) + tr(D, D2) md (21, w»)(ai, d2) ec? (£2, w;)(a», di) 
—(Y1, z2)(b1, €2) — (Y2, 21)(b2, c1). 
Using Lemmas 5.12.1, 5.12.2, we see that B is egC-adjoint invariant. Since eg? is 


simple, there exists k € C such that Bg(R1, R2) = kB(R1, R5) for all R; € eg°. To 
determined k, let R = Ry = Rə = (Ey, — E22,0,0,0,0,0) € e87. Then we have 


Bs(R,R) =120, B(R,R) =2. 


Therefore k = 60. 


We define a complex-conjugate linear transformation TÀ of eg by 


TA(C,D,m @a,b®y,c® z,w ® d) 
= (-7'C,-7'D, Tw Q Td, TCQ rz, Tb Q Ty, TL & ra). 
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Further we define a positive dfinite Hermitian inner product (A, R2) in est! by 
(Ri, Re) = —Bs(R1, TAR2). 


Then, we have 


(Ri, Rə) = 60(tr(C17*C2) + tr(Dı7* D2) + (21, T£2)(a1, TA2) + (Yi, TY2)(b1, Tb2) 
+(z1, TZ2)(C1, TC2) + (w1, Tw2)(d1, Td2)). 


As in Theorem 5.5.3, 
Eg = {a € Aut(eg?) | (aR, aR) = (Ri, H3)] 


is a simply connected compact simple Lie group of type Es. 


Let ¢ = exp(27i/5) € C and we define a C-linear transformation z5 of eC by 
zs(C, D, 915 92: 9-2; g-1) = (C; D, ¢(91); C (ga), C3(g_2), WEN 


Then z5 € Eg and z5° = 1. 


Now, we study the following subgroup (Es) of Es: 
(Es) — {a € Eg | 25Q = azs}. 


Theorem 5.12.5. (Ex) = (SU(5) x SU(5))/Zs,Zs = ((E,E), (CE, 2 E), 
(CE, CE), (Ç'E, CE), (CE, CE)}, € = exp(27i/5). 


Proof.@We define mappings y1, p2 : SU(5) — Es respectively by 


Läit, D, © a,b y,c& z,wed) 
= (ACA4^!, D, (Ax) Q a, (Ab) & y, (‘A71e) & z, (A71 w) & d). 
c2(B)(C,D,m ®a,b®y,c® z,w®d) 
= (C,BDB™,« ® (Ba),b® (‘B"'y),c 8 (Bz), w 3 (‘B'd)). 
pı and ye are well-defined: y1(A),y2(B) € Es. Indeed, for Z € su(5), we have 
(Z, 0) € go and 
explad(Z,0)(C,D,£z & a,b y,c& z, w 8 d) 
= (exp(ad(Z))C, D, ((exp Z)a) 8 a, 
((exp Z)b) & y, ((exp(—'Z))e 8 z, ((exp(—'Z))w) 8 d) 
= (Ad(exp Z)C, D, ((exp Z)x) & a, 
((exp Z)b) & y, (exp Z) e) ® z, (exp Z) ^w) & d) 
= yi(expZ)(C,D, £z ®a,b®y,c® z,wad). 
Hence y;(A) € Aut(eg©) = Es. Using Lemma 5.11.1, we have 


Let Al), v1 (A) H2) = (Ri, R2). 
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Therefore y1(A) € Es. Similarly y2(B) € Es. 
Now, we define a mapping y : SU(5) x SU(5) > Es by 


(A, B) = v1( A)e2(B). 


Since yı(A) and y2(B) commute, o is a homomorphism. We shall show that ¢ is 
onto. Since (eg)** = su(5) @ su(5), the differential y, is onto. It is not difficult to see 
that 


Ker o = {(E, E), (CE, C E), (CE, CC E), (OE, CE), (C E, C E)) = Zs. 


Further, since (Ea)^* is connected, y is onto. Thus we have the isomorphism (SU (5) x 
SU(5))/Zs = (Eg). 


5.13. Non-compact exceptional Lie groups Egg) and Eg_24) of type Es 


Let 


(gg) = e) OP OP e RO ROG R, (where ez) = (ez€)7?), 
ég(-24) = tr(-25) PPSPOROROR, (where eg 25) = (e7°)). 


C 


For Ri, R2 € gas Or €g( 24), we define a Lie bracket [Ri, R2] as similar to eg“ of 


Section 5.1. Now, we define groups Bast and Ba au by 


Egg) = {a € Ison(egs)) | a[ Ri, Ro] = [o aRə]}, 
Es(—24) = {a € Isog(es(-24)) | a£, Ro] = laRı, aRəļ}. 


These groups can also be defined by 
Egg) = (Es°)77, Es(—24) Š (Ef Y. 


Theorem 5.13.1. The polar decompositions of the Lie groups Egg) and Eg(—24) 


are respectively given by 


Egg) c Ss(16) x RT, 
(SU(2) x E7)/ Z x RI, 


K 


Es(—24) 
Proof. These are the facts corresponding to Theorems 5.8.7 and 5.7.6. 


Theorem 5.13.2. The centers of the groups Egg) and Ba au are trivial: 


2(Egsy) = {1}, z(Es(-24)) = {1}. 
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